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Definition 1.
Environments (T, A, ...)
Env u
o} Env
. Env — Env
Variables (z, y, ...)
Var(—) Env - U
Z : Var(D)
S Var(I') — Var(eI')
Terms (¢, s, ...)
Tm(—) Env — U
. Var(I') — Tm(I")
X : Tm(el) = Tm(D)
@ Tm(T) = Tm(T') — Tm(T)
Renamings (p, o/, ...)
Ren(—,—) : Env—Env—U
Ren(T', A) of Var(T') — Var(A)
T— : Ren(I',;A) = Ren(eI',0A)
tp(z) <
To(S() = S(p())
r(—,—) : Ren(I;A) —» Tm(") — Tm(A)
r(pz) ¥ ple)
r(p,At) = Ar(tp,t)
r(p,@(t5) £ @(x(p,1),x(p.5))
Substitutions (o, o', ...)
Sub(—,—) : Env—Env—-U
Sub(l,A) % Var(T) — Tm(A)
ff— ¢ Sub(T’;A) — Sub(eI',eA)
fto(z) < z
o (S(x) = x(S,0(x))
sub(—,—) : Sub(T,A) = Tm(T) — Tm(A)
sub(o, ) def o(x)
sub(co, A t) LY sub(fto,t)
sub(c, @(t,s)) ¥ @(sub(o,t), sub(c, s))

: A — A for the function given by f%(a) = a and f**1(a) = f(f"(a)). By abuse of
We write t™(p, t) for the result of

Iff:A— A we write f7
notation we usually write directly p instead of r(p,-) and o instead of sub(o,-).
iterating n times r(p, —), that is:
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Lemma 2 (Commutation of renaming for variables). (1"*1p)((1"S)(z)) =

Proof. By induction on n:



1. n=0: Then (1p)(S(z)) = S(p(x)).
2. n=m + 1: By case analysis on x:

+l. x =7Z:
("2 p) (A" S)(Z))
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+2. z = S(y):
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Lemma 3 (Commutation of renaming). r(1"*1p, r(1"S,t)) = r(1"S,r(1"p,1)).
In particular, when n = 0, we have r(1p,z(S,t)) = (S, r( t)).

Proof. By induction on ¢:

1. t=ux:
F(IHp RIS 2)) = =17, 1S (@)
= 1" p(A"S (2))
= 1"S{"p(z)) by lemma [2]
— =S 1" p(x)
= r(1"S,r(1"p,2))
2. t=M\s:

(1" p (1718 s)
AT(172 p r(1741S | s))
Ax(1"H1S, x(1"Hp,s)) by IH
r(1"S, Ax(1" ., 5))
r(1"S,x(1"p, A s))

r(t"*p,x(1"S, X))

3. t = Q(s,u): Straightforward by TH.

Lemma 4. r(1"S,r"(S,t)) = r" (S, t)
Proof. By induction on n:
L. n=0: r(1°S,r%(S,t)) = r(1°S,t) = (S, t) = r'(S,t).

2. n = n+1:

r(t"trS, " (S 1) = r(T(1"S),x(S,r"(S,1)))
= r(S,r(1"S,r"(S,t))) by lemma [3]
= r(S,r"1(S,1)) by IH
= r*2(8S,t)

Definition 5 (Substitution of the first variable).
[] : Tm(T)— Sub(eI',T")
@ <
1S@) € z



Lemma 6 (Commutation of substitution/renaming for variables). (1"*1o ) ((1"S)(z)) = (1" S, ("0 )(x)).
Proof. By induction on n:

1. n = 0: By case analysis on x:

+1. x =7Z:
(" +Ho) (1" 8) (@) = (fro)(S(Z))
= 1(S,0(2))
= r(1"S, ("o )(z))
+2. z = S(y):
(o) (1" 8) (=) = (o) (S(S(y)))
= 1(S,0(S(y)))

2. n=m + 1: By case analysis on x:

+1l. v ="7Z:
(o) (17S)(2))

r(1™1S,Z)

r(17418 (170 )(2))
18, (10 (x)

+2. x = S(y):

(") (178)(@)) 12 )((T’”“S)(S(y)))
2o ) (P(1™S))(S()))
ﬂm—Q—Q ) ((Tm )(y)
Y)))

)
T o)) (S((1™ S )(
v)))
) by TH

(S, (e (1S )(

(S, r(Tm (1™ o) (y)

(1(17$),x(S., (17 )(y)) by lemma 3
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Lemma 7 (Commutation of substitution/renaming). (1”10 ) ((1"S)(t)) = r(1"S, (1" )(t)).
In particular, when n = 0, we have (0 )(S(t)) = r(S,o(t)).

Proof. By induction on ¢:

1. t = z: Then:
(o) (1"S)(@) = (" a) (1"S)(2))
= r(1"S, ("0 )(x)) by lemma [f]
= r(t"S,(1"o)(x))
2. t=Au:
(o) (1"S)(Aw)) (" H2o) (11 S) (w))

(1718, (1741 0) () by TH
(1", (170 ) (Au))
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3. t = Q(u,r): Straightforward by TH.

Lemma 8 (Weakening for variables). (1" [s] )(1"S)(z)) =z
Proof. By induction on n:

1. n=0: Then [s](S(x)) = z.



2. n=m + 1: By case analysis on x:

+1. x =17:

(s (118 )(2))

+2. = S(y):

(s S ) (S ()

Lemma 9 (Weakening). (1" [s])(z(1"S,1))
In particular, when n = 0, we have [s](x(S, t)

Proof. By induction on ¢:

1. t = 2: Then

(" [s])(x(1" S, z))

2. t=Auw

3. t =ty to: Straightforward by IH.

= (s (™S) (S(y)))

= (™ s)(S((1™S)(y)))

= (™ [s]) (S((1™S)(v)))

= (S, (™ [s])((1™S)(y)))

= r(S,y) by TH
= Sy

(" [s)H(1" S (z))

(" [s)("S (2

z by lemma [g]

(1" [s] ) (A (1S, u))
A (TS w))
Au by IH

Lemma 10 (Substitution lemma for variables). (1" [u] )((1"[s] )(x)) = (1" [[u](s)] ) (1" H [u] )(z))

Proof. By induction on n:
1. n = 0: By case analysis on z:

+1. x =17:

(" [ul (1" [s]) ()

+2. = S(y):

(" [u) (1" [s]) (=)

2. n=m+ 1: By case analysis on x:

= [u([s](Z))

= [ul(s)

= [[ul(s)](Z)

= [[ul(s)](Z)

= [[u)(9)]((1[u])(Z))

= (" [[ulS)D" [ul )(2))
[u)([s)(S(y)))
[u(y)
[u](y)

[[u]($))(x(S, [ul (1)) by lemma [J]
[[u] ()] (1 [u] )(S()))

(" [l () (A" [u] ) ()
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= S(y):

+2. x

by lemma [7]
by lemma

by TH

A~ — ~— —~

N N =
o — — —

—_ =~ =

—

Lemma 11 (Substitution lemma).
In particular, when n = 0, we have |

Proof. By induction on t:

&l
I

by lemma [I0]

2. t=Ar:

Q(ty,t2): Straightforward by TH.

t

3.



