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The BHK Interpretation ({A,V,—} fragment)

¢

(AANB)t ~ At x BTt
(AvB)t ~ AtwB*

(=A)*

R

AT =0

AT = “proofs of A"



Nelson's Strong Negation (Nelson, 1949)

(AANB)T =~ At x BT (AANB)™ =~ A" wB~
(AvB)t ~ AtwB* (AVB)™ =~ A" xB~
(AT ~ A~ (A ~ A*

AT = “proofs of A" A~ = "refutations of A"



Starting point: a BHK interpretation for classical logic

Can we recover classical logic by extending Nelson's system as follows?
o 1 . i ?
AP ~ AT = A A® ~ AT = AT

AT = "“strong proofs of A" A~ = "strong refutations of A”

A® = “classical proofs of A” A® = “classical refutations of A”
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» From the point of view of proof normalization,
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Starting point: a BHK interpretation for classical logic

Can we recover classical logic by extending Nelson's system as follows?

A® L oAm o A AS L AT = A-
AT = "“strong proofs of A" A~ = "strong refutations of A”
A® = “classical proofs of A" A® = “classical refutations of A"

» From the strictly logical point of view,
this gives us classical logic.

» From the point of view of proof normalization,
it is not clear how to normalize a cut A% / A®.

Our approach is based on the (mutually recursive!) equations:

AP ~ A9 = AT AP ~ A% = AT



Starting point: a BHK interpretation for classical logic

(ANB)T ~ A% x B
(AvB)t ~ A®wB®
(-A)F =~ A®

AP~ AS = AT

At = “strong proofs of A"

A® = “classical proofs of A"

(AANB)™ =~ APuWB®
(AVB)™ =~ A®xB°
(ﬁA)_ ~ A®
AC ~ A = A-
A~ = “strong refutations of A”

A® = “classical refutations of A”
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Natural Deduction

Pure propositions A 1= a|AANA|AVA|-A

Propositions P = At strong affirmation

Example rules

rEAt TEB*
M- (AAB)

Int

FE(AAA)"
M- A+ '



Nelson's strong negation

Pure propositions A = a|AANA|AVA|-A
Propositions P = At strong affirmation
| A~ strong denial

Example rules

r-A* rrB* [ A" [+ B~
Int v~
r=(AAB)* r=(AvB)~
+ —
M= (AL AAY) s M= (AL VA) By

reA7* ' FeA~



System PRK

Pure propositions A =

Propositions P

Example rules

r-A® rrB®

M- (AAB)*

ME (AL A A)T
M A

a|ANA|AVA|-A

AT
A-
AD
A

Int

+

i

strong affirmation
strong denial
classical affimation
classical denial

r-A° TFB°

Iv—
M- (AvVB)
[+ (A1 Vv Ag)_
— LV,
M+ A,'O !



System PRK

Pure propositions A = a|AANA|AVA|-A

Propositions P = At strong affirmation
| A~ strong denial
| A® classical affimation
| A° classical denial

Example rules

r-A® r1+B® r-A° rt+B°
AT Iv—
r=(AAB)*" r-(AvB)~
IMF (AL A A)T M (A VA~
( ) EA ( ) B
M A® M- A°

A strong affirmation AT is canonically proved with an introduction rule.



System PRK — Noteworthy rules

Absurdity Negation
FEAY THA reA° reA®
ABs i —— =7
r-p M (~A)* [ (~A)

il -/

- + — -
TECAT L TECA
M A® M A®

Classical formulas

EAG%A+I+ EA@%A*I
—— 10 — 10~
- A® - A°
r-A® [ A° r-A° T+ A®
EO* EO~

M- A" M-A



System PRK — Noteworthy rules

Absurdity Negation
FEAY THA reA° reA®
Aps —— It ———1"
r-p M= (-A)" M- (-A)"

il -/

— + —/ -
TECAT TR
M A® M A®

Classical formulas

F,AGFAJFI . F,A@I—A‘I
—— 10 — 10~
- A® - A°
r-A® [ A° r-A° T+ A®

EO* EO~
r- At M- A-

A classical affirmation A® is canonically proved by assuming A® and

proving A™.



System PRK — Admissible rules

Weakening Cut
r-p NPFQ THP
Nner~Pr MN-Q
General absurdity Contraposition
r'-pP TP NPFQ P classical
N-eQ rQe~F P~
Where:

Substitution

Mr-Q
Ma:=A] F Qla:=A]

Strengthening

P~ FP P classical

r-p

(A AT (AT AT (AT AT (AT A
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System PRK — Properties

Theorem (Embedding + conservative extension)

F A holds classically  if and only if F A® holds in PRK

Strong propositions behave constructively

The classical excluded middle  (AV —A)®  always holds.

The strong excluded middle  + (AV —A)t  does not hold in general.

11
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The calculus A\FPR¥

We assign explicit witnesses to proofs:

t,s,u,...

X
trdp s

(t,s)*

0

()

case®t [p.5][,.q.1]
vt

pEt

Ofyp)t

te-s

variable

absurdity

AT/ V™ introduction
AT/ V™ elimination
vt / A” introduction
VT / A elimination
—% / =~ introduction
- / =7 elimination
classical introduction
classical elimination
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The calculus A\FPR¥

Type system (excerpt)

FrFt: At Ths:A”
HFtraps: P

ABS

Mx:A9Ft: A"

Io*
M= O&Ae). t: A®

rEt:A° TFs:B®

Me(t,s)” : (AvB)~

FTFt:A® TEs:A®

l-tets: At

Iv

14



The calculus \PRK

Reduction rules

m ((t, 2) %)

case® (inF(t)) [x.s1][x-52]
pr(v*e)

(Of.t) et s

<t1, i‘2>+ [ o] in,-_(s)

inf (t) »a (s1,9)"
(v't) va (v7s)

Of. (t e x)

BX/BY
N BY

BY /BA
8L /82
BY /By
—

| 2 VN

}

>y

J

Lo B

l

&

ti
si[x:=t]
t
t[x:=s]

(tio"s)pa (so t;)
(to's)pa(siot)
(se"t)pa (to s)

tif x & fv(t)
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The calculus A\FPR¥

Theorem (Subject Reduction)
fr-t:Pandt—sthenlFs:P.

16



The calculus A\FPR¥

Theorem (Subject Reduction)
Iffr'-t:Pandt—>sthenlFs:P.
Theorem (Duality)
1.THt:Pifand only if T+ F t+: Pt
2. t — s if and only if t1 — s+

where —* flips all the signs and exchanges dual connectives (A, V).
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The calculus A\FPR¥

Theorem (Subject Reduction)
fr-t:Pandt—sthenlFs:P.

Theorem (Duality)
1.THt:Pifand only if T+ F t+: Pt
2. t — s if and only if t1 — s+

where —* flips all the signs and exchanges dual connectives (A, V).

Theorem (Convergence)
APRK is confluent and strongly normalizing.
» The main difficulty in the SN proof is how to deal with the mutually
recursive types AP ~ A® = At and A® ~ A® = A~
» The SN proof is via a translation to System F with non-strictly
positive recursive types, relying on a result by Mendler.

16



The calculus A\FPR¥

There have been many computational interpretations of classical logic:
1. Parigot's Ap.
2. Barbanera and Berardi's symmetric A-calculus.
3. Curien and Herbelin's \uji.
4. Krivine's ..
5 ...

APRE provides a new computational interpretation for classical logic.

17



The calculus A\FPR¥

Example: conjunction
Taking:

def
<ta 5> = OC(A/\B)ey <t75>+
def _ .o
mi(t) = O?—X;A,-e)“?(t o O (Anay)e)- Ni (x)) " x
Classical introduction and elimination of conjunction can be derived:

rEt:A¥ Tks:B® Tt (ALAA)®
Mk (t,s): (AAB)” M Em(t): A9

The standard computation rule for projection can be recovered:

71','(<1.'1, t2>) —* t;

18



The calculus A\FPR¥

A more interesting example: implication

In classical logic, implication is derivable from negation and disjunction.

This can be extended to the computational level.

Let (A— B) ¥ (A V B).
Abstraction and application can be defined with their expected types:

def .

Ax.t = Q(*;:(A:B)e).lng*'(t[x:zxy])

def _ _

X, = OZ;AG)'( X'y, o OC:(_‘A)G).V+Z)) o z

def + st +
X,y,z d_f 1 (yo O (A=B)O) Iny (O(i:(—\A)e)'V Z))

ef +
tes = IC(XBG) -

case™ (t. O _(A=B)®)" <(O( (ﬁA) ) V_S) >_)

[(y ﬂA)GB) Ssgr p(y e O C-Aaey Y “x)]
[(z:BeB 4 .+ X]

The standard (3-reduction rule can be recovered:

(Ax.t)@s =™ t[x:=s]

19
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Kripke Semantics

A Kripke model for PRK is a structure M = (W, <, VT V).
(Enjoying appropriate technical conditions).

Forcing (excerpt)

M, w ik ot <~ a€eV}
MowlFa~ — acV,

M,wli-(AVB)” < M,wl-A® and M,wl- B®

M, w - A® — M,w KA forall w >w

Theorem (Soundness and Completeness)

r=~pP ifandonlyif T IFP
21
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Further Extensions

Second Order \"R¥
We have extended AP** with implication, co-implication, and
second-order quantifiers:

Pure propositions A = ... |A—=A|AXA|Va. A|Ja. A

» All of the previous results can be extended to this setting.

» The SN proof requires a completely different strategy, using
reducibility candidates.

Intuitionistic \PRK

We have identified an intuitionistic subset of A"FX,
The key is, essentialy, to identify A® with A" rather than with A® — AT,

23
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Contributions

» We studied an extension of the BHK interpretation.
Key idea: A® ~ A°® = AT

A classical proof of A is a transformation that converts
classical refutations of A into strong proofs of A.
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Future Work

» Relate \"™™* with existing classical calculi.
» Extend \"™ with dependent types.
» In System F, {3,A,V, L, T,—} can be derived from {V,—} .
This is not true in second-order PRK (!)
Can we identify subsets of “computationally adequate” connectives?

26



