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Abstract. The two Girard translations provide two different means of obtaining
embeddings of Intuitionistic Logic into Linear Logic, corresponding to different
lambda-calculus calling mechanisms. The translations, mapping A — B respec-
tively to !A — B and !(A — B), have been shown to correspond respectively to
call-by-name and call-by-value.

In this work, we split the of-course modality of linear logic into two modalities,
written “!” and “e”. Intuitively, the modality specifies a subproof that can
be duplicated and erased, but may not necessarily be “accessed”, i.e. interacted
with, while the combined modality “!e” specifies a subproof that can moreover
be accessed. The resulting system, called MSCLL, enjoys cut-elimination and is
conservative over MELL.

We study how restricting access to subproofs provides ways to control sharing in
evaluation strategies. For this, we introduce a term-assignment for an intuitionis-
tic fragment of MSCLL, called the A'*-calculus, which we show to enjoy subject
reduction, confluence, and strong normalization of the simply typed fragment.
We propose three sound and complete translations that respectively simulate call-
by-name, call-by-value, and a variant of call-by-name that shares the evaluation
of its arguments (similarly as in call-by-need). The translations are extended to
simulate the Bang-calculus, as well as weak reduction strategies.
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1 Introduction

The propositions-as-types correspondence links computation and logic, relating types
with propositions, programs with proofs, and program evaluation with proof normaliza-
tion. The prime example is the simply typed A-calculus, which corresponds to intuition-
istic propositional logic. The correspondence has been extended to many other calculi
and logics, including Linear Logic (LL) [16]. Linear Logic proposes a resource con-
scious approach to logic, in that only formulae prefixed with an exponential modality
can be duplicated and erased. In LL, there are two exponential modalities: of-course (“!”),
allowing duplication/erasure on the left, and why-not (“?”"), allowing duplication/erasure
on the right. These modalities recover the ability to duplicate and erase formulae in a
controlled way, making LL a suitable language to model resource-sensitive phenomena
such as concurrency, memory management, and computational complexity.
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Girard [16] discusses two possible ways of embedding intuitionistic logic into LL,
mapping the intuitionistic implication A — B respectively to !A — B and to !A — !B,
where “—o” stands for the linear implicati0n3. Maraist et al. [23] observed that these
translations can be used to extend the propositions-as-types correspondence to provide
a logical foundation for evaluation mechanisms.

The most well-known evaluation mechanism for the A-calculus is perhaps call-by-
name (CBN), in which arguments to functions are re-evaluated upon each use. The
theory of CBN has been thoroughly developed, e.g. in Barendregt’s book [11]. On the
other hand, in the call-by-value (CBV) evaluation mechanism [27], arguments to func-
tions are evaluated once and for all; then their value can be recalled upon each use.
Call-by-value is less deeply studied in the literature than CBN, but it has been gain-
ing attention since its theory is subtle and corresponds more closely to the evaluation
mechanism behind most programming languages.

Embeddings Encode Evaluation Mechanisms. The first Girard translation (-)N op-
erates on formulae by mapping A — B to AN — BN It operates on terms in such a
way that a A-calculus application ¢ s is mapped to N !sN in a linear A-calculus*. Here
“I” is a term constructor, which corresponds to an instance of the !-introduction rule,
also called promotion. The key point is that the argument s of an application is prefixed
with “1”. This enables the (arbitrary) term s" to be freely copied or discarded in V, as
dictated by CBN. In this sense, the first translation provides a logical foundation for the
CBN evaluation mechanism.

The second Girard translation (-)" operates on formulae by mapping the intuitionis-
tic implication A — Bto !AY —o !BV, It operates on terms in such a way that a A-calculus
application 7 s is mapped to der(¥) sV. Here, der(-) stands for an appropriate operation
in the target language that corresponds to the !-elimination rule, also called dereliction.
The key point is that the argument is not prefixed with “!”, which means that it must be
evaluated before being consumed, as dictated by CBV. This translation prefixes values,
such as Ax.r, with a promotion, resulting in !(Ax. r’). Consequently, only values will
end up being copied or discarded.

Linear Logic with Restricted Access. In this work, we propose a logical system that
arises from splitting each exponential modality into two new modalities. We refer to
this new system as Linear Logic with Restricted Access, and formally as MSCLL, to re-
flect that we study the fragment with Multiplicative, Sharing, and aCcess connectives.
The exponential of-course (“!”’) modality of LL is split into two modalities in MSCLL:
a sharing modality “!” and an access modality “e”, that “grants” access to a subproof.
The sharing of-course of MSCLL turns out to be weaker than the exponential of-course
of LL but, by abuse of notation, we denote it using the same symbol “!”. Dually, the ex-
ponential why-not (“?”) modality of LL is split into a sharing modality “?” and an access

3 Sometimes the second embedding is defined as mapping A — B to (A —o B). This is just an
apparent difference, which is canceled out by adjusting the translation of sequents accordingly.

4 Girard’s original translations target Linear Logic presented in sequent calculus style. We follow
here Maraist et al. [23], in which the target language is presented as a linear A-calculus, in
natural deduction style.
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modality “o” in MSCLL. The resulting system MSCLL is a conservative extension of
Multiplicative Exponential Linear Logic (MELL), in which the combined modality ““!e”
plays the role of the exponential of-course modality of LL. The operational intuition is
that the sharing modality “!” in MSCLL specifies an expression that may be duplicated
and erased, but it may not necessarily be used or accessed. The combined modality “!e”
specifies an expression that may, additionally, be accessed, i.e. its contents can be made
to interact with the surrounding computational context.

Embedding Call-by-Name and Call-by-Value. Following, we revisit Girard’s trans-
lations, but this time targetting the A'*-calculus, a linear A-calculus based on MSCLL.
Our CBN translation (-)N operates on formulae by mapping A — B to !eAN — BN,
It operates on terms by mapping a A-calculus application 7 s to N lesN, indicating that
the argument may be freely copied, discarded, and accessed. This mimics the original
translation of CBN to LL. Our CBV translation (-)V operates on formulae by mapping
A — Bto !eAY — leBY Tt operates on terms by leaving the translation of the argument
of an application intact, mapping ¢ s to req(der(")) sV. As before, der(:) is an appro-
priate operator corresponding to !-elimination, while req(-) stands for e-elimination.
At the same time, the translation maps values such as Ax. # (roughly’) to leAx. . Thus
an argument sV cannot be copied, discarded, or accessed at all unless later, after further
evaluation, it takes the form !ev, for some value v, in which case v can be copied. This
too mimics the original translation from CBV to LL. The CBN and CBV translations
are proved to be sound and complete, in the sense that two A-terms are interconvertible
in the source language if and only if they are mapped to interconvertible terms in the
target language.

Call-by-Sharing. The two translations above suggest a “missing link” translation (-)°
that maps A — B to !eéAS — eBS. This translation cannot be expressed directly in
a linear A-calculus, because the “e” modality is used as a stand-alone operator. A A-
calculus application ¢ s is now mapped to 75 !s%, meaning that the argument can be
copied and discarded, but not accessed yet. A value such as Ax.r is now (roughly)
mapped to eAx. 7S. Thus an argument s° cannot be accessed unless, after further eval-
uation, it takes the form ev, for some value v, in which case v can be accessed. The
fact that arguments cannot be accessed until they become values means that the eval-
uation mechanism can keep references to a single shared copy of the argument, until
it becomes accessible. This translation suggests an evaluation mechanism that we dub
call-by-sharing (CBS).

Call-by-sharing bears a strong resemblance to call-by-need (CBNd), an evaluation
mechanism introduced by Wadsworth in 1971 [29]. Both in CBNd and in CBS, argu-
ments that are not used may be discarded without being evaluated. A reference to a
shared argument may be freely copied, but the argument itself can only be copied after
it has been evaluated to a value. Nevertheless, there are some subtle differences between
CBNd and CBS, and in particular CBS achieves less sharing than CBNd (see the dis-
cussion in Section 5). Unfortunately, there does not seem to be a way to embed CBNd
into A**.

> Intuitionistic variables will be mapped to modal variables.
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Bang Calculus. Another approach towards providing a common framework to ex-
plain CBV and CBN is the Bang-calculus [15]. It is an untyped lambda calculus that
has explicit constructors in the syntax for promotion (!-introduction) and dereliction
(!-elimination). It was motivated by the fact that Girard’s original CBN and CBV trans-
lations of the intuitionistic logic into LL made use of logical exponentials (promotion
and dereliction) that were not reflected in the syntax. The aim was thus to introduce an
intermediate formalism between lambda calculus and proof nets, a graphical notation
for LL proofs [16], that allows explicit use of “boxes” to mark values. Soundness and
completeness of these translations with respect to reduction was proved by Guerrieri
and Manzonetto [17] for slightly different notion of reduction for the Bang-calculus
than that of [15]. The Bang-calculus can in fact be embedded into our A'*-calculus and
this embedding is both sound and complete.

Contributions. A summary of the contributions are as follows:

1. The introduction of a new logic called MSCLL (“Linear Logic with Restricted Ac-
cess) that enjoys cut-elimination and is conservative over MELL. It provides a split of
each exponential modality into a sharing modality and an access modality.

2. A term assignment for MSCLL, the A'*-calculus, which operationally distinguishes
between two kinds of expressions. Sharable expressions can be discarded, and refer-
ences to shared expressions can be duplicated, but they cannot be accessed, and thus
they can remain shared. Sharable accessible expressions can moreover be accessed,
and they are copied whenever access to them is requested. This distinction allows to
formulate the CBS evaluation mechanism.

3. Translations from CBV and CBN to A'® that are sound, complete and preserve normal
forms.

4. The presentation of the call-by-sharing calculus (CBS), and a translation from CBS
to A'* that is sound, complete and preserves normal forms.

5. A weak evaluation mechanism for 1'* that can simulate weak evaluation strategies in
CBN, CBV and CBS, with soundness and completeness results.

6. A translation from Ehrhard’s Bang-calculus to A'* which is sound, complete and
preserves normal forms.

Structure of the paper. We review some background notions in Section 2. We present
MSCLL in Section 3 and a term assignment for this logic, the A'*-calculus, in Section 4.
Definitions of the CBV, CBN, and CBS calculi and their translations to 1'* are presented
in Section 5 together with results of soundness, completeness, and preservation of nor-
mal forms. Section 7 shows how 1'* can also embed the Bang-calculus via a sound
and complete translation. Section 6 presents a notion of weak evaluation for 1'* which
is shown to simulate weak CBV, CBN, and CBS evaluation. Finally, we conclude and
discuss future work. Most proofs are omitted from the main body of the paper and can
be found in the appendix.

2 Preliminary Notions

In this section we present some background notions and results that we use throughout
the paper.
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Recall that an abstract rewriting system (ARS) is a pair X = (X, —»x) where X is a
set and —y C X2 is a binary relation called reduction. We write — for the reflexive—
transitive closure of —yx, —>j\, for the transitive closure, -% for the reflexive closure,
oy for the symmetric closure, «x or —>:\,1 for the inverse relation, and —>:‘\, for the
composition of — x with itself n times. An ARS is confluent (CR) if <}, =7 C =% <

and strongly normalizing (SN) if there are no infinite reductions x; —»x x, —=x ....

Abstract Results on Translations Given ARSs X = (X, —x) and VY = (¥,—>y), a
translation T : X — Y is a function T : X — Y, also written 7, by abuse of notation.
A translation is sound if x; — x; implies T'(x;) —7, T(x,) for all x;,x, € X, and
complete if T(xy) —>*y T(xy) implies x; —% x for all x;,x, € X. The following are

easy results on a translation 7

Proposition 2.1 (Conditions for soundness [proor IN Pror. A.1]). If x; —x X implies
T(x1) —>j/ T (xy) for every x1,x, € X, then T is sound.

Theorem 2.1 (Conditions for completeness [proor v Tam. A.1]). Let Y’ C Y and
let T™' 1 Y’ — X be a function. Suppose that T~ is the left-inverse of T, i.e. for all
x € X we have that T(x) € Y’ and T~(T(x)) = x. Suppose moreover that T~" simulates
reduction, i.e. for all yy € Y’ and y, € Y such that yy —y y,, we have that y, € Y’ and
T'(y1) =% T7'(y2). Then T is complete.

The Linear Substitution Calculus The LSC is a refinement of the A-calculus with
explicit substitutions, introduced by Accattoli and Kesner [1,3] as a variation over a
calculus by Milner [25]. The set of LSC terms (7 sc) is defined as follows, where [x/s]
is called an explicit substitution (ES):

t,s,...:=x|Ax.t|ts]|t[x/s]

A context is a term with a single occurrence of a hole “0”. A substitution context is a
list of ESs. Formally:

General contexts C:u=0|Ax.C|Ct|tC| C[x/t] | t[x/C]
Substitution contexts L ::= 0O | L[x/¢]

Free and bound occurrences of variables are defined as expected, and fv(¢) denotes the
set of free variables of ¢. Terms are defined up to a-renaming of bound variables.

We write C(t) for the variable-capturing substitution of O in C by 1. We write C{r)
for the capture-avoiding substitution of O in C by ¢. For example, if C = Ax.O then
C(x) = Ax.x, while C{x)) = Ay.x # Ax.x. In the case of substitution contexts, we
usually write L rather than L{¢). The domain of L, written dom(L), is the set of variables
bound by L. The LSC has three rewriting rules, closed by congruence under arbitrary
contexts:

(Ax.OLs —=gp tlx/sIL CLxY[x/t] —1s CEY[x/1] t[x/s] —gc 1 (f x ¢ fv(D))

Distance beta (db) performs a S-step but creates an ES rather than doing meta-level
substitution, linear substitution (IS) replaces a single occurrence of x to a term ¢ when
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x is bound to ¢ by an ES, and garbage collection (gc) removes an unreachable ES.
Reduction in LSC is the union =i, := —=gp U =5 U —gc.

The rewriting rules of LSC are said to operate “at a distance” due to their peculiar
use of contexts. This avoids reduction getting stuck in the presence of explicit sub-
stitutions. For example, if the left-hand side of db were declared to be (Ax.7) s, then
an expression such as (Adx.7)[y/r] s would not be a redex. This notation has a strong
connection to proof nets [2].

We write I ki ¢ : A is t has type A under the typing context I, with standard simple
type assignment rules. Recall from [19, Theorem 6.11] that simply typed terms are SN:

Theorem 2.2. IfI" v t : A, there are no infinite reduction sequences t —s t; isc - - -

3 Linear Logic with Restricted Access

We start by defining a one-sided sequent calculus presentation for a linear logic with
multiplicative connectives (®, %, called tensor and par), sharing modalities (!, ?, called
of-course and why-not), and access modalities (e, o, called grant and demand), which
we dub MSCLL.

Formulae and Sequent Calculus Presentation. We assume given a denumerable
set gf atomic formulae (e, 8, . ..), each of which has a corresponding negative version
(@,B,...). The set of formulae is given by the grammar:

AB,...:=a|d|AQB|A®B|!A|?A | eA|cA
Linear negation is the involutive operator (-)* given by:

at=a at=a (A®B)' =A*®B* (A®B)* :=A'®B*
(1A =24+  (24)* .= 1At (0A)t := oAt (cA)* = oAt
Sequents are of the form I, where I is a finite multiset of formulae (note that we do
not include an explicit exchange rule). If I = Ay, ..., A, and m is one of the modalities,

we write m/” to stand for mA4, ..., mA,, so for instance ol = oAj,...,0A,. Derivable
sequents are given inductively by the following rules:

FILA F4,A" +r[LA +A4,B +I,A B FCLA

T ax cut ® » !
FAA V| +ILA4,AQB +FILA® B A
A F1,7A4,7%A I, 0A 1A 1A

M 7c 2od ° o
F 1L, 2A +1,7A F I, 70A +1,eA +1,0A

Most rules are standard rules from multiplicative-exponential linear logic (MELL), in-
cluding the standard weakening (?w), contraction (?c), and promotion (!p) rules. The
atypical rule is dereliction (?od), which requires the conclusion to be I, 7oA instead of
the usual I, ?A. The e and o rules are (trivial) introduction rules for e and o.

As discussed in the introduction, the intuition is that a proof of !A lies inside a box
which may be duplicated or erased, but it may not necessarily be possible to access the
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contents of the box, which means that having a proof does not necessarily enable one to
interact with its contents. A proof of !eA lies inside a box which may both duplicated,
erased, and accessed. Informally speaking, the combined modalities !#A and ?0A in
MSCLL play the role of the usual !A and ?A modalities in MELL.

Remark 3.1. If we define linear equivalence of formulae A o— B as usual in linear
logic, it is immediate to show that H A oo oA holds, but in general -+ ?A oo 70A
does not hold. Hence linear equivalence is not a congruence with respect to the sharing
modalities.

Basic Properties. Consider the mapping (-)°* from formulae in MELL to formulae in
MSCLL which replaces each occurrence of “!” with “!e”, each occurrence of “?” with
“70”, and leaves the other connectives unaltered. The following theorem is easy to prove
by induction on the derivation of the sequents:

Theorem 3.1 (Conservativity). + I" holds in MELL if and only if + I'* holds in MSCLL
By the usual techniques, one can show that MSCLL enjoys cut-elimination:

Theorem 3.2 (Cut elimination [proor N Tam. B.1]). If+ I is provable in MSCLL, then
there is a derivation of v I' without instances of the cut rule.

4 A Sharing Linear A-Calculus

In this section, we present a sharing linear A-calculus based on MSCLL, called the
A'*-calculus. The relationship between the A'*-calculus and MSCLL is akin to that be-
tween linear A-calculi and MELL. In particular, typing rules for the A'*-calculus are
presented in natural deduction (rather than sequent calculus) style, and, furthermore,
the A'*-calculus is intuitionistic (rather than classical).

Syntax and Typing System We assume given denumerable sets of linear variables
(a,b,...) and unrestricted variables (u, v, . ..). The set of types (A, B, ...) and the set 7,
of A'*-terms (1, s,...), or just terms, are given by:

Au=alA—oB|eA|!A tu=alulda.t|ts|et|req() |t tu/s]

A term may be a linear or an unrestricted variable, an abstraction Aa. t (binding a linear
variable), an application t s, an access grant et, an access request req(t), a promotion
It or a substitution t[u/s] (binding an unrestricted variable).

Free and bound occurrences of variables are defined as expected. We write fv(¢) for
the set of free variables of ¢. Terms are defined up to @-renaming of bound variables. By
convention, we assume that !#[x/s] stands for !(t[x/s]). Similarly, e¢[x/s], and Aa. t[x/s]
stand, respectively, for e(¢[x/s]), and Aa. (f[x/s]).

Unrestricted typing environments (4,4’,...) are partial functions mapping unre-
stricted variables to types, written u; : Ay,...,u, : A,. Linear typing environments
(I, I",...) map linear variables to types, written a; : Ay,...,a, : A,. We assume that
typing environments have finite domain.
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Typing judgments are of the form 4;I" + ¢ : A. Derivable judgments are defined
inductively by the following rules. The types of unrestricted variables in 4 may be
thought of as being implicitly prefixed by “!e”, as attested by the rule sub.

1 AT rt:A—oBA T, s A
var uvar
dia:Ara:A Au:A;-Fu:eA AN, T vts: B

app

A a:Avt: B A, Frt A A, -1 0A
abs grant —MMM
A, da.t:A—o B A; T+ ot : oA A; T Freq(r) - A
A, Ft: A Au:A;T vt B AT,k 5 leA

—————— prom sub
Ao 1A A0, v tlu/s] - B

request

Example 4.1. Aa.(!elu)[u/a] has type !eA —o leleA, under the empty contexts.

Logical Soundness. Types of A'* encode formulae of MSCLL, while terms encode
proofs. Indeed, consider the translation (-)* on types below, and the following result:

a*i=a (Ao B :=A* BB (sA)*:=eA* (IA)*:=1A*

Proposition 4.1 (Logical Soundness of A'* [proOF IN Prop. C.1]). IfA4;T vt : A holds
in A'*, then v 20(A4**), '**, A* holds in MSCLL.

Note that, by design, A'* is not intended to be complete with respect to MSCLL.
For example, the type (l& — la — B) — !a — S is not inhabited in A'*, whereas the
corresponding formula (e ® ! ® 8) ® ?a ¥ S is provable in MSCLL.

Reduction Semantics Let us write Ctxs, for the the set of A'*-contexts (C,C’,...), or
just contexts, which are A'*-terms with a single occurrence of a hole “0”, and SCtxs,
for the the set of substitution contexts (L,L’,...), which are lists of ESs:

C:=0]1a.C|Ct|1C|oC|req(C)|!C|Clu/]| tlu/C] L :=0o|Llu/f]

We write t{a := s} for the capture-avoiding substitution of the free occurrences of a
in ¢ by s. The domain of a substitution context (dom(L)), and the plugging of a term
into a context, both with capture (C(#) and 7L) and avoiding capture (C{t)), are defined
similarly as for the LSC (see Section 2).

There are four rewriting rules, closed by compatibility under arbitrary contexts:

(Aa.t)L's —4gp Ha = s}jL
req((er)L) areq 1L
Cluplu/((eH)L1)La] —es  CL(o1)L;H[u/!(er)L1]Ly
Hu/(IS)L] —ege L (if u & V(1)

Reduction in A'* is defined as the union —, := —.gp U —ereq U —els U —agc-

The edb rule is a distant S-rule. The calculus does not assume that terms are ty-
pable; but, in typable terms, there is exactly one occurrence of a in the body of Aa. t by
linearity. The ereq rule requests access to a term. The els rule substitutes a single oc-
currence of u by (ef)L;, provided that u is bound to a term of the form (!(ef)L;)L,. Note
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that the subterm (ef)L, is copied by els, while L, is moved outside so that its bindings
remain shared. The egc rule may erase an unused substitution if u is bound to a term of
the form (!s)L. Allowing to erase any unused substitution, e.g. with the usual gc rule of
LSC, would break subject reduction, as it could lead to weakening (erasure) of a linear
variable.

The egc rule requires that it first be evaluated to a sharable term, of the form !s’,
or more in general (!s")L. A sharable term may not, a priori, be accessed. For example,
in (req(u) req(u))[u/!v] the two occurrences of u cannot be substituted by v, because
the els rule requires the argument to be a sharable accessible term, of the form !es’, or
more in general (!(es")L;)L,.

A first routine result is:

Proposition 4.2 (Subject Reduction). If4; '+t : Aandt —, s, then A;T + s : A.

Confluence. Confluence is tricky since standard techniques are not immediately appli-
cable. A variant of Tait-Martin-L6f’s method [ 1, § 3.2] would require to define parallel
reduction, which is not immediate due to the fact that rewrite rules operate at a distance.
The interpretation method, used for confluence of the structural lambda calculus [4], a
close relative of LSC, does not apply since full composition, i.e. t[x/s] =" t{x := s},
does not hold for A'*. An axiomatic rewriting approach based on residuals and orthog-
onality fails for A'* too. A simple example is the following, where we use labels a and
B to mark redexes:

v/ (les)L] g /(W) Ces)LI] —g tlu® [(Les)[v/(Les)IL] —g v/ esL
where, however, f[v/(les)L] # t[v/!es]L. Nevertheless, confluence holds for A'* modulo
the congruence generated by t[u/s[v/r]] = t[u/s][v/r], provided that v ¢ fv(¢). To prove
this, we develop a theory of residuals for 2'* modulo =. We then resort to the axiomatic
rewriting framework due to Mellies [24], verifying that A'* modulo = can be modeled

as an orthogonal axiomatic rewriting system, which entails confluence (see [24, Theo-
rem 2.4]):

Proposition 4.3 (Confluence [Proor v Sec. C.2]). A'* modulo = is confluent.

Strong Normalization. Typable terms in A'* are strongly normalizing. To prove this,
we reduce SN of typed A'* to SN of simply typed LSC.

Let us write —,; for =4\ —4gc and =iy for —c \ —ege. Garbage collection —.q¢
can be postponed, so to show there are no infinite reduction sequences t —, t; =4 f2. ..
we may assume without loss of generality that the sequence consists of —.; steps.

We start by defining a translation [-]] from A'* to LSC. Let 1 be any inhabited type
in simply typed LSC, and = a closed inhabitant of 1 in normal form. Types and terms

[IP%L]

are translated as follows (where z is assumed to be fresh in the “®” case):

ol :==a [A— Bl :=[Al - [Bl [eAl:=1— [Al ['Al:=[Al

[all i=a Tull :=u [of] := Az. [#]] [rea®] := [z] *
[Aa.1]] := Aa. eI [esh:=MA0sT TlD 2= [ [z0x/s1D == [eDlx/ 1]
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An unrestricted variable u : A in the environment is translated as u : 1 — [A]], while
a linear variable a : A is translated as a : [A]l. It is easy to show that the translation
preserves typing, in the sense that 4; I + ¢ : A implies [A]], [1'T +isc [£1 : [A].

To conclude, it would suffice to show that LSC simulates A'* reduction; more pre-
cisely that# —, s implies [[7] —}_, [s]. Unfortunately, this is not the case; for instance,
in the following example, the —,s rule of 1'* extrudes the [y/z] outside to share the

binding, while the —s rule of LSC makes a copy of [y/z]:
x[x/(tey)ly/z]] —ais (oy)[x/toylly/z]  x[x/tly/z]] =i (t[y/2Dlx/tly/z]]

To address this, we define a binary relation = on LSC terms called fusion, that allows
to “extrude and fuse” ESs, given by the reflexive, transitive, and contextual closure of
the following rules, avoiding capture:

tlx/s] =t (Gf x ¢ tv()) t[x/slly/s] = t{x := y}[y/s] Ctlx/s]) = CDlx/s]

The two key technical properties are, first, that the —5; simulates —,; up to fusion,
more precisely that r —,; s implies [[7]] —>f;ci3 [sI. Second, that fusion can be post-
poned, i.e. that =—,; € —7.=. Thus an infinite reduction sequence t —; | =4 13 ...
can be mapped to [[7]] —>1*; = [ —>1’; «= 1. .. and by postponing fusion we obtain
an infinite reduction in LSC. If ¢ is typable in A'* then [[#] is typable in LSC, contradict-

ing Thm. 2.2. To sum up:
Theorem 4.1 (Termination [rroor v Tam. D.3]). Ift is typable in 1'* then t is —,-SN.

To conclude this section, we remark that —,-normal forms can be characterized induc-
tively. The full characterization can be found in the appendix (Section D.4).

5 Embedding CBN, CBV and CBS

In this section, we recall known CBN and CBV calculi, and we introduce a sharing
variant of call-by-name we dub call-by-sharing (CBS). Second, we define translations
that provide embeddings into A'*, and study their properties.

Our first step is to give precise definitions of each of the calculi we will work with.
These calculi operate on LSC terms, and some of them also use the notions of strict
values (v,w,...) and lax values (v*,w",...), defined as follows:

Strict values v ::= Ax.t Lax values v' = x| Ax.t

We define the following rewriting rules on LSC terms, closed by compatibility under
arbitrary contexts:

(Ax. )L s —gp t[x/s]L ChxPlx/t] =1 CLEN[x/1]
CLxN[x/vL] —=1ey CLVH[x/VIL CLxM[x/VL] —ew CLVLY[x/VL]
tlx/s] =gt (f x & tv()) Hx/VL] —gevs L (G x € V(7))

Definition 5.1 (Notions of reduction). The relations corresponding to CBN (—y),
CBV (—v), and CBS (—sg) reduction are defined by:

2N = 2pUgU—g v i= U U—Dg0r s 1= 2o U—gw U —gc
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The call-by-name (CBN) calculus —y corresponds to usual reduction in LSC [3].

The call-by-value (CBV) calculus —v is a variant of Accattoli and Paolini’s value-
substitution calculus [5] (VSC), with two differences. First, the rule —g, is linear in
that it substitutes one occurrence of a variable x at a time, while the corresponding rule
of VSC substitutes all occurrences of x at once. This difference allows us to present the
calculi in a uniform way. Second, — s, allows substituting variables for strict values (ab-
stractions), while VSC allows substituting lax values (both abstractions and variables).
This is necessary to be able to define a complete embedding (see also Rem. 5.2).

The call-by-sharing (CBS) calculus —g is a sharing variant of CBN, in which the
argument may be discarded without being evaluated (using gc). At the same time, the
evaluation of the argument is shared, in the sense that Isw only allows copying argu-
ments when they have been evaluated to the form vL. The CBS calculus bears a strong
resemblance to the call-by-need A-calculus of Ariola et al. [7], which can be obtained
by changing —igy to =gy, Le. call-by-need is —ng 1= —dp U =gy U —gc (see for in-
stance [9]). Note that CBS achieves less sharing that CBNd, because the —q rule
makes two copies of L, whereas — s, keeps a single shared copy of L. Unfortunately, it
does not seem possible to give a sound embedding of CBNd into A'*.

Remark 5.1. The reduction relations above are calculi, i.e. orientations of equational
theories, not evaluation mechanisms. We shall turn our attention to evaluation in Sec-
tion 6.

Next, we describe the translations ()N, (-)V, and (). Each translation maps a simple
type into a A'*-type, an LSC term into a A'*-term, and an LSC typing judgment into an
A'* typing judgment.

Embedding Call-by-Name The CBN translation (-)N is defined on types and terms by:
N:=a (A- BN:=tleaAN - BN

MNi=reqx) OV :i=Aa.Nx/al sV i=NlesN  fx/s]N i= Nx/lesN]

In the abstraction case, a is assumed to be fresh, i.e. @ ¢ fv(fV). The translation is
extended to typing environments: (x; : Ay,...,x, : AV = x; 1 AN, ... x, + A, and
judgments: (I" + £ : A)N == Ny b N2 AN,

Proposition 5.1 (CBN typing [roor v Pror. E.11). If '+t : A then I'N; -+ N : AN

Lemma 5.1 (CBN simulation). Ift —y s then N —* N Furthermore, the reduction
uses either at least one, and at most two —, steps.

Proof. By induction on the derivation of + — s. The interesting cases are when there
is adb, Is, or gc step at the root. If (Ax. 1)L s —gp, #[x/s]L, then:

((Ax. DL N = (Aa. N [x/a)LN lesN oo N [x/tesNILN = (1[x/sIL)N
If C{xH[x/1] —1s CErY[x/1], then:

CLaplx/tN = CN¢reqNx/1eN] — s CN(req(erM))[x/ o]
—ereq CNQNYLx/ 10N ] = CLepLx/1™
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If t[x/s] —>ge t with x & fv(r), then #[x/s]N = N[x/!1esN] —>ege N, where that x ¢ fv(sN)
because fv(N) = fv(f). ]

For completeness, we define an inverse CBN translation. We define a subset 7N C
7., containing the closure by —,-reduction of the image of N

t,s,...:=req(u) | req(er) | da.t{u/a] | t'es | t{u/!es]

where, in the production ¢ ::= Aa.t[u/a] we assume that a is fresh, that is, a ¢ fv(z).
The inverse CBN translation is a function ()™ : 7N — 7 g¢ defined as follows, by
induction on the derivation of a term with the grammar above®.

req(x)™N:=x req(et)™N ;=N (Aa.t[x/a])™ = Ax.tN
(tlos)™:=rNs N tx/les]™N = rNx/sN]

It is easy to check that ()N is the left-inverse of ()N, i.e. if r € Tigc then N € TN and
")™N = ¢. Moreover:

Lemma 5.2 (Inverse CBN simulation [proor N LEmma E.2]). Let t € 7',N and s € T,

such thatt —, s. Then s € TN and t™N -5 s,

Using the abstract soundness and completeness results (Prop. 2.1, Thm. 2.1) to-
gether with the lemmas above, we obtain:

Theorem 5.1 (Sound and complete CBN embedding). Given terms t, s € Tsc, t =,
sifand only if (N =% sN. Moreover, t is in —n-normal form iff t\ is in — ,-normal form.

Embedding Call-by-Value The CBV translation (-)" is defined on types and terms by:
@l =« (A—> B)V = leA" — 1eBY

= (Ax. t)V = leda. tv[x/a] (t s)v = req(u)[u/tv] sV 1‘[)c/s]V = tv[x/sv]

where, as for CBN, a is assumed to be fresh in the abstraction case. The translation is
extended to typing environments: (x; : Ay,..., %, : A,)Y = x; : AY,...,x, : A), and
judgments: (' F £: A)V :=TV;- -1V : leAY.

Proposition 5.2 (CBV typing [proor v Pror. E2]). IfT'Ft:AthenTV;- 1V : leAV.

Lemma 5.3 (CBV simulation [proor v Levma E.3]). Ift —vy s thent' —% sV. Further-
more, the reduction uses at least one, and at most four —, steps.

We turn our attention to completeness for (-)V. A first comment is that the CBV
translation only turns out to be complete up to garbage collection. More precisely,
soundness with respect to reduction holds, in the sense that ¢ -y S implies Al -7 sY,
but completeness only holds in the following weak form: ¥ —* sV implies t>y s, where
>y = (—>y U —>§C'V+). Resorting to confluence, it is possible recover “plain” soundness
and completeness of the translation, i.e. with respect to the equational theory and not to

reduction; more precisely ¢ &y, s if and only if 1tV & sV, Besides:

6 Observe that the derivation is unique since, as can be easily seen, the grammar is unambiguous.
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Remark 5.2. The study of completeness motivates the fact that in CBV the Is rule can
substitute only strict values (abstractions) while the gcv+ rule can erase lax values (ab-
stractions and variables). To allow substituting variables, the translation of a variable x
should be a term of the form !ez. A preliminary version of this work used a CBV trans-
lation (-)V* similar to (-)V but with xV* := lereq(x). However, (-)'* is not complete. In
fact, it can be checked x[x/7] s <7, ts does not hold in general (because ¢ may not be
convertible to a value), while it can be seen that (x[x/f] s)V* &* (£5)V* always holds.
On the other hand, if the gcv+ rule were not allowed to erase variables, this would
again lead to incompleteness, as x[y/z] <}, x would not hold, but (x[y/z])v o xV
would hold, since (x[y/z])V = 1x[y/!z] —ege !x = xV.

Next, we define an inverse CBV translation. First, we define a subset 7, .V C T,
containing the closure by —,-reduction of the image of (-)", as well as a subset SCtxs, C
SCtxs.:

t,8,...u= x| leda.t[x/a] | req(u)[u/t] | req(eda.t[x/al) | da.t[x/a] | ts | t{u/s]
L =0 Llu/i]

where in the occurrences of Aa.t[x/a] we assume that a is fresh. The inverse CBV
translation is a function ()Y : 7 — Tigc defined as follows, by induction on the
derivation of a term with the (unambiguous) grammar above:

() Vi=x (leda.t[x/a])™ := Ax.t7V tsVi=rVsV
(req(eda. t[x/a]))™V := Ax.t7V (Aa.t[x/a]) Vo ax Y
(req)u/t))™ =17 tlu/s] v =1 V[u/sV]

It is easy to check that (-)™V is the left-inverse of (-).

Lemma 5.4 (Inverse CBV simulation, up to gcv+ [proor v Leviva E.5]). Lett € T/

and s € T4 such thatt —, s. Then s € 7',\/ and g‘v >y sV, where >y 1= (—y U —>gcv+)

Theorem 5.2 (Sound and complete CBV embedding). Given terms t, s € T sc:

1. t—>(‘/ s implies 1V —% sV

2. 1V =7 sV implies t >y, s where By = (=y U—
3. tey szfandonlylftv sV
4.

tis ln —y-normal form Uftv is in —4-normal form.

gcv+)

Remark 5.3. Arrial [8] suggests an additional CBV translation mapping A — B to
(A — !B). In our setting, this means mapping A — B to !e(A — !eB). This transla-
tion is also sound and complete but still requires >y to obtain completeness.

Embedding Call-by-Sharing The CBS translation (-)° is defined on types and terms
by:
@®:=a (A—> B)S:=1eA% — eB°

X i=x (Ax. t)S = ela. ts[x/a] (t s)S = req(ts) 155 t[x/s]S = tS[x/!sS]

where, as before, a is assumed to be fresh in the abstraction case. The translation is
extended to typing environments: (x| : Ay, ..., x, : A,)5 = x; 1 AT, ..., x, : AT, and
judgments: (I' F £ : A)S :=TS;- + 15 : 8AS.
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Proposition 5.3 (CBS typing [rroor N Pror. E.3]). If Tkt : AthenIT'S;-+ 15 : 0AS.

Lemma 5.5 (CBS simulation). Ift —g s then 15 — s5.

Proof. By induction on the derivation of  —g s. The interesting cases are when there
is adb, Isv, or gc step at the root.
If (Ax. )L s —gp #[x/s]L, then:

((Ax. 1)L 5)S = req((eda. r5[x/al)L®) 155 —req (da. 15[ x/a])LS 15
Sadp 15[x/1s5ILS = (t[x/sIL)®

If C{x)[x/VL] —=isw CEVLY[x/VL], note that v = Ay. ¢ so v° = elda. t5[y/a]. Then:

(CLxN[x/VLD®S = CSExN[x/1(o(Aa. 5[y /al)L®)]
S5 CS((o(Aa. 3[y/al)LSW[x/!(e(Aa. £5[y/a]))LS] = (CEvLY[x/vL])®

If f[x/s] —gc t, where x ¢ fv(?), then (t[x/s])® = 3[x/15%] —ege 1S, where x ¢ fv(r%)
because fv(r3) = fv(r). u

For completeness, we define an inverse CBS translation. First, we define a subset
7S C 7., containing the closure by —,-reduction of the image of (-)°, as well as a
subset SCtxsf‘ C SCtxs., as follows:

t,s,...:=x|eda.t[x/a] | req(t) | tu/!s] | Aa.t[x/a] |t!s
L == 0| Llu/!]

where, in the productions involving a subterm of the form Aa. f[x/a], we assume that a
is fresh, that is, a ¢ fv(z).

The inverse CBS translation is a function (-)™S : 75 — Tgc defined as follows,
by induction on the derivation of a term with the (unambiguous) grammar above:

xSi=x (elda.t[x/a])™S := Ax.t7S req()S =15
(Aa.t[x/a])™S := Ax.1~S t[u/'s]7S := t7S[u/s~5] tlsS:=¢SsS

It is easy to check that (-)~S is the left-inverse of (-)S.

Lemma 5.6 (Inverse CBS simulation [proor v LEmma E.7]). Lett € T, ,S and s € T

such thatt —, s. Then s € TS and t~S —Nd 575,

Theorem 5.3 (Sound and complete CBS embedding). Let 1, s € Tisc. Thent —g s
if and only if 15 —* sS. Moreover, t is in —s-normal form iff t° is in —4-normal form.

As previously mentioned, it does not seem possible to embed Wadsworth’s call-by-
need (i.e. CBNd) in 2'*. One could imagine a variant of A'* that includes the following
ols’ rule rather than els:

Cluplu/((oD)L1)La] as CLor)[u/!(on)]LiLy

The resulting calculus allows embeddings from CBN, CBV, and CBNd. However, it
is not well-behaved, as confluence fails. Let Q := (da.aa)(da.aa). For example,
x[y/ul[u/!(ov)[v/Q]] —ege x[1/!(oV)[v/L]] —egc x. Butalso x[y/!ul[u/!(ev)[v/2]] —us
x[y/!ov][u/!(ev)][v/Q] —ege x[u/!(oV)][v/Q] —egc x[v/L].
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6 Simulating Weak Evaluation Strategies

In Section 5, we have shown that CBN, CBV, and CBS calculi can be embedded in the
A'*-calculus. Reduction in these calculi is intended to capture equivalence, rather than
evaluation, of programs. That is, these calculi are orientations of CBN, CBV, and CBS
equational theories rather than evaluation mechanisms.

Reduction in the calculi of Section 5 is closed by arbitrary contexts. E.g. in the
CBV calculus, a step (Ax.y) Az.t =y (Ax.y) Az.t’ is allowed if t —y ¢, while typically
call-by-value evaluation would proceed to contract the outermost redex.

In this section, we first define weak evaluation relations ~»N, ~»V, and ~»S for CBN,
CBYV, and CBS respectively. Recall that evaluation is called weak if it does not proceed
inside the bodies of A-abstractions. Second, we define an evaluation relation ~» for 2'°,
which is also “weak” in that it does not reduce inside A-abstractions, boxes (e), nor
promotions (!). Finally, we show that evaluation according to ~»N, ~»V, and ~»° can be
simulated by ~» via the translations already introduced in Section 5.

Weak CBN Evaluation The one-step weak CBN evaluation judgment is of the form
t w[':‘ ', where t,t' € T sc and the set of CBN-rulenames (p,p’,...) is given by p ::=
do | ¢(x,1) | Is | gc. Weak CBN evaluation is the union N := wsl U ~olt U w’g“c,
excluding auxiliary ¢(x, f) steps. It is defined by the following inductive rules:

N /
I 1

y EN-db ———EN-¢ —— S gN_ 35
(Ax. 1)L s ol tlx/s]L Xl tlx/s] ~o £'[x/ 5]
x ¢ fu(t) r N1 t~N Y x g fu(p)
————EV-gc —‘N EN-app L N EN-subL
1[x/s] g t ts~o, 1's tlx/s] ~op) 1'[x/s]

The EN-db, EN-1s, and EN-gc rules derive root reduction steps. The EN-app and
EN-subL rules correspond to congruence closure below weak head evaluation con-
texts. The side condition in the EN-subL rule is to avoid unwanted variable capture.
The somewhat atypical EN-¢ rule derives steps of the form ¢ W?(X,-Y) ¢, which substitute
a single free occurrence of x (in evaluation position) by s. This rule works in syn-
chrony with EN-1s to allow Is steps: for example, x xy w?(x,t) txyand (xxy)[x/t] wl’\S‘
(txy)[x/t]. This is inspired the formulation of strong call-by-need of Balabonski ef
al. [10].

It is straightforward to show that ~»N € . Note also that ~»N is non-deterministic,
although confluent. The source of non-determinism is that gc steps can be performed in

any order. For example ((Ax. x) y)[z/s] reduces both with a db and with a gc step.

Weak CBV Evaluation The one-step weak CBV evaluation judgment is of the form
t M»X t', where 1, € T sc and the set of CBV-rulenames (p,p’,...) is given by
p u=db | ¢(x,v) | Isv | gcv+. Weak CBV evaluation is ~»Y := w(\j’b U wl\év U wgcw,
excluding auxiliary ¢(x, v) steps. It is defined by the following inductive rules:

. EV-db ———E'-¢
(Ax.H)L s ~w g 1[x/s]L XM V
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x ¢ fv(t) tawsl tw’r
EV-gcv+ Stov) EV-1sv ———— EV-app

tx/V*L] ~woye,, 1L 1[x/VL] ~oY, ¢ [x/VIL by~

ts

" \
to) t x ¢ fv(p) RS

TR w EV-subL ————— EY-subR
tlx/s] ~, ']x/s] tlx/s] ~, tlx/s']

Similar remarks as for CBN apply, in particular ~»" C —y. Rules EV-db, EV-1sv, and
EY-gcv+ are root reduction rules, while EV-app, EV-subL, and EY-subR correspond
to congruence closure rules. The EV-¢ rule plays a similar role as the analogue rule in
CBN, but only allows substituting variables for strict values. In this notion of CBV eval-
uation, arguments of applications are not evaluated. The restriction that the argument
is a value is not imposed to contract a S-like redex, but rather to perform the substitu-
tion. These ideas can already be found in the A¢pgy-calculus of [18]. Note that in CBV
evaluation (~»") there is a second source of non-determinism, namely that EV-subL and
EV-subR overlap, so the body and the argument of an ES can be evaluated concurrently.

Weak CBS Evaluation The one-step weak CBS evaluation judgment is of the form

t wﬁ ¥, where t,¢ € T sc and the set of CBS-rulenames (p,p’,...) is given by
p = db | ¢(x,vL) | «(x) | Isw | gc. Weak CBS evaluation is the union ~»S :=

wg'b U wﬁw U wg‘c, excluding auxiliary ¢(x, vL) and «(x) steps. It is defined by the

following inductive rules:

- ES-db — ES-¢ s ES-¢)
(Ax. )L s ~wsg t[x/s]L X v VL tlu/x] vl tlu/vL]
S ’
t s t x g tv(n)
—s ES-( strvL) ES-lsw ———<— ES-gc
X X t[x/VL] ~wog,, £'[x/VL] tlx/s] ~oge t
S S S S
t~> 1t x¢fv(p) t o> t~2 t s S
L ES-subL ——-——ES-a O ES-subR
tlx/s] ~p ']x/s] ts~wogt's tlx/s] ~, tlx/s']

Similar remarks as for CBN apply, in particular ~»° C —g. Rules ES-db, ES-1sw, and
ES-gc are root reduction rules, while ES-app, ES-subL, and ES-subR are congruence
closure rules. The rule ES-¢ plays a similar role as the analogue rules in CBN and CBV,
but only allows substituting variables for terms of the form vL (known as answers in the
literature). The rule ES-¢; is a variant of ES-¢ that acts on the argument of an ES; this
rule is not strictly necessary for evaluation, but it is crucial for the embedding into A'*
to be complete. The ES- rule is used in synchrony with the congruence rules to derive
steps that are always of the form ¢ W[S(x) t indicating that x occurs in ¢ in an evaluation
position. This is used to check whether x it a needed variable. For example, xy M’)Lsm Xy

and zz v 2, so the fact that x is needed on the left triggers the evaluation of the

S
s(zv)
argument: (xy)[x/zz] wf(z’v) (xy)[x/v z]. From this, one obtains the substitution step

(xy)lx/zzllz/v] woF, (xy)x/vzl[z/v].
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Weak 1'*-Calculus Evaluation The one-step weak 1'* evaluation judgment is of the
form t ~», t', where t,#' € 7,, and the set of rulenames (p,p’,...) is given by p =
odb | ¢(u,(ef)L) | t(u) | ols | egc | ereq. Weak A'* evaluation is the union ~» :=
Wedp U el U mrgqc, excluding auxiliary ¢(x, vL) and «(x) steps. It is defined by the
following inductive rules:

E*-db E*-¢ E*-lg
(Aa. 1)L s ~regp H{a = s}L U o onty (o1)L o ony (0L
t o uiosiLy t~, 1
Bl Sl (es)L1) 1 oL b app
U~y () U tlu/(!(o5)L1)La] el t'[u/!(®s)L1]Ly ts~o, s
u ¢ fv(r) tw, 1
E*-gc E*-reqe E*-req
Hu/(!s)L] mregc 1L req((er)L) mereq IL req(t) w, req(t)
t~, ' u ¢ fv(p) s, 8 t~wouy b s, s
a E*-esL — " E*-esR @ P E*-es!
t{u/s] ~, 1'[u/s] t{u/s] ~, t{u/s'] t{u/!s] ~, tu/!s']

Weak A'® evaluation is a sub-ARS of A', in the sense that ~» C —,. Rules E*-db,
E*-1s, E°-gc, and E*-reqe are root reduction rules, while E*-app, E*-req, E*-esL,
and E*-esR are congruence rules. Rule E°®-¢ plays a similar role as the analogue rules
in CBN, CBV, and CBNd, but only allows substituting a variable by a term of the
form (e7)L. Rule E*-¢ plays a similar role as the analogue rule in CBNd, used to check
whether a variable is in evaluation position. Note that there are no congruence rules be-
low A-abstraction, box (e), nor promotion (!). Evaluation can proceed below promotion
in two particular cases. First, the E®-!¢ rule allows to perform substitution immediately
below a promotion; for instance (!u)[u/!ev] w4 (!ev)[u/!ev]. Second, the E*-es! rule
allows evaluation below a promotion when a term is the argument of a “needed” substi-
tution; for instance (uv)[u/!((Aa. a)(ew))] Wsegn (UV)[u/!ew] wsqs ((eW)v)[u/ ! ow].

The A'*-calculus is designed with the goal in mind of providing a unifying frame-
work for call-by-name, call-by-value, and call-by-sharing. As a matter of fact, weak 1'*
evaluation simulates weak CBN, CBV, and CBS evaluation via the ()N, (-)V, and (-)®
translations introduced in Section 5:

Theorem 6.1 (Simulation and inverse simulation of evaluation [Proors N SEc.F]).
| Soundness | Completeness

CBN| Ift »sN s then (N ~* sN. | If N~ s then s € TN and t (~N)= s7N.
CBV | Ift v sthent' ~* sV. | IftV ~> sthen s € T andt V)= s7V.
CBS | Ift w5 sthen tS ~* s5. | If 1S ~s sthen s € TS and t (wS)= 575,

In the CBV case, completeness only holds for an extended relation ", defined as ~»"

but adding an inverse garbage collection rule that derives t »V fx/vt] if x & fv(z).

7 Embedding the Bang-Calculus

This section presents an embedding of the Bang-calculus into A'*. Our presentation of
the Bang-calculus uses explicit substitutions and reduction at a distance. It is based



18 P. Barenbaum and E. Bonelli

on the formulation of Bucciarelli et al [12] but where one-shot execution of explicit
substitutions (the s! rule in Sec. 2 of [12]) is replaced by explicit replacement (rules
—ist and —gcr below), in unison with the presentation of our other calculi in this work.
A further simplification will be introduced by dropping the rule for dereliction, which
does not change its expressive power, as explained below.

Syntax and Reduction Semantics of the Bang-calculus The set of Bang terms is
denoted by 7 geer and given by:

t,s,...:=x|Ax.t|ts|!t|der(r) | t[x/s]

We denote with 7g the set of simplified Bang terms; where terms of the form der(r)
are disallowed. Contexts (C,D, . ..) and substitution contexts (L, K, . ..) are defined as ex-
pected, as well as the notions of free variables of a term (fv(¢)), domain of a substitution
context (dom(L)), plugging a term into a context allowing variable-capture (C(¢) and 7L)
and avoiding variable-capture (C{#))).

There are four rewriting rules, closed by arbitrary contexts:

(Ax.0)L's —gp 1[x/s]L CLMx/(I)L] =151 CLsPHLx/!sIL
t[x/(!s)L] —ger L Gf x & Tv(1)) der((!f)L) —q tL
Full Bang-reduction is given by the union —pgewer := —gp U =151 U —ge1 U —¢;. Sim-

plified Bang-reduction over simplified Bang terms —g C 75 X 7 is given by —pg :=
—db U =51 U —gc1. Working in the simplified fragment (without the der(—) construc-
tor) does not result in any loss of expressivity. Indeed:

Proposition 7.1 (Simplified Bang simulation [proor N Pror. G.1]). —pewer and —p
simulate each other.

Proof. The key to this result is the fact that der((!f)L) can be understood as a shorthand
for x[x/(!#)L]. The rule d! in the Bang-calculus may be simulated by Is!.

In the sequel, by Bang-calculus we will mean —p reduction over simplified Bang
terms.

Typed Bang-calculus A typing system for the Bang-calculus is defined as follows.
The set of types is given by:

A B:=a|!'A|'A—> B

Typing environments (I, 4, . . .) are partial functions assigning variables to types prefixed

with |, written x; : 'Ay,...,x, : |A,. Typing judgments are of the form I" + ¢t : A and
defined by:
I'x:'Avrt:B I'rt:'A—->B T'trs:'A
——b-var b-abs b-app
Ix:'Arx:A I'rAx.t:'1A—> B I'rts:B
I'rt:A Ix:'Avrt:B Ttrs:lA
b-prom b-es

vl 1A I'+t[x/s]:B



Sharing and Linear Logic with Restricted Access 19

Embedding the Bang-calculus in A'* The Bang translation (-)B is defined on types
and terms by:

@®:=a (AP :=1eAB (1A > B)B := 1eA® — BB

Bi=reqx) Ux.H)B:=2a.1B[x/a] (5B :=1s8
(1B := lefB t[x/s]B := Bx/sP]

The translation is extended to typing environments: (x; : !Af, ..., x, : 1A)B = x; :
AR ... x,: AR and judgments: (I'+1: A)B :=T8;. + 1B : AB,

Proposition 7.2 (Bang typing [rroor v Pror. G.2]). IfI' vt : A thenT®; -+ {5 : AB.
Lemma 7.1 (Bang simulation). Ift —g s then 1® =} 55

Proof. By induction on the derivation of + —g s. The interesting cases are when there
is adb, Is!, or gc! step at the root. If (Ax. 1)L s —qp, #[x/s]L, then:

((Ax. DL $)B = (Aa. Bx/a])LB 5B - g B[x/sBILE = (1[x/s]L)B
If C{x)[x/('s)L] =151 CEsH[x/!s]L, then:

CUNLx/(1)LI® = CP(req(x)Y[x/(les®)LP] — s CP(req(es®)H[x/!es®]LE
—ereq COUsBY[x/105PILE = (CEsHLx/sIL)®

If [x/(1$)L] —ger fL with x & fu(z), then #[x/(!s)L]E = B[x/(1esB)LB] — g BLE. Note
that x ¢ fv(f®) because fv(r®) = fv(r). u

For completeness, we define an inverse Bang translation. First, we define a subset
78 c 7, containing the closure by —,-reduction of the image of (-)B:

t,s,...n=req(u) | req(er) | Aa.tlu/al | ts | et | t[u/s]

where a is assumed to be fresh in Aa. t[u/a]. The inverse Bang translation is a function
B .B — Tsc defined as follows, by induction on the derivation of a term with the
(unambiguous) grammar above:

req(x)B:=x req(e) ®:=1®  (la.f[x/a])® := Ax.1™B
(ts)B:=rBysB (les)™® :=157B t[x/s178 == 7B [x/s7B]

It is easy to check that (-)~B is the left-inverse of (-)B.

Lemma 7.2 (Inverse Bang simulation [proor v LEmma G.7]). Lett € Tg and s € T..
Ift -, sthen s € Tg and t™® —g 5B,

Theorem 7.1 (Sound and complete Bang embedding). Let ¢, s € Tg. Thent —g s if
and only if 8 =% sB. Moreover, t is in —g-normal form iff 2 is in —,-normal form.

Remark 7.1. Composing our CBV and CBN translations with the (-)® translation of
above and then performing dereliction unfolding (i.e. replacing der(r) with ul[u/f]) we
obtain the call-by-name and call-by-value translations of [ 7] with one minor difference
in the CBV case: [17] translates variables to !x, whereas the above composition would
translate it to !ereq(x), that is, x is replaced with its n,-expansion. Unfortunately, this
translation (-)V* fails to be complete (cf. Rem. 5.2).
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8 Related Work and Conclusions

Related Work. The seminal work [23] is the first work to have related Girard’s embed-
dings of intuitionistic logic into LL with evaluation mechanisms’. Call-by-push-value
(CBPV) [20,21] is a calculus that distinguishes values from computations and allows
to subsume both the CBV and CBN evaluation mechanisms. Ehrhard [14] studied the
connection between CBPV [20,21] and LL, producing a calculus which was later modi-
fied to become the Bang-calculus [15]. CBV and CBN translations to the Bang-calculus
were studied in [15]. Soundness and completeness of these translations with respect
to reduction was proved by Guerrieri and Manzonetto [17] for a slightly different no-
tion of reduction for the Bang-calculus than that of [15]. The CBV translation does
not preserve normal forms; an amended translation that does was studied in [12,13].
Intuitionistic truth in terms of classical provability underlies Godel’s embedding of in-
tuitionistic logic into (classical) S4. In [28], the authors consider a program similar to
that of CBPV but where that target language is a modal lambda calculus. Promotion
and derelection are recast as boxing and unboxing and CBV and CBN are described in
terms of a so called call-by-box evaluation mechanism [28].

Conclusions. This work introduces MSCLL, a Sharing Linear Logic. It arises from
splitting each exponential modality (!/?) into a sharing modality (!/?) and a cloning
modality (e/o). MSCLL is conservative over MELL and enjoys cut-elimination. The
usual embeddings of intuitionistic logic into LL can be restated in the setting of A'*, a
Sharing Linear A-calculus derived from MSCLL. The decomposition of the of-course
modality allows us to define an embedding of intuitionistic logic into A'*, correspond-
ing to a call-by-need A-calculus CBS. The following table summarizes the, sound and
complete, embeddings studied in Section 5:

‘ A— B X Ax.t ts t[x/s]
CBN, (\)N| 1eAN — BN req(x) Aa.N[x/al N leosN MN[x/lesN]
CBV,(-)V[leAY — 1eBY Ix leda.tV[x/a] req(u)u/tV]s" 1V[x/sV]
CBS,()°|1eAS - eBS x  eda.f5[x/a] req(tS)!sS  1S[x/!s%]

A weak evaluation mechanism can be defined for A'* that simulates weak evaluation
in the original calculi in a sound and complete way. Moreover, MSCLL also admits a
sound and complete embedding of the Bang-calculus .

There are several avenues worth pursuing. First, developing an appropriate notion
of proof nets and semantics for MSCLL, which perhaps would help clarify the some-
what intriguing interaction between the sharing and access modalities. Second, study-
ing operational properties of the 1'*-calculus such as standardization (as developed for
LSC [3]) and solvability. Additionally, one can consider extending weak evaluation in
A'* to strong evaluation, to simulate strong CBN/CBV/CBS evaluation. Also, our use of
multiple exponentials is reminiscent of subexponentials [26], where instead of one pair
of of-course and why-not modalities one introduces a family of them, each of which
cannot be proven equivalent to any other. Further work is required to determine if there
is a rigorous connection with subexponentials.

7 Although the paper mentions some other authors that had already hinted at this.
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It should be noted that our original motivation to study MSCLL was to try to provide
a unified logical account of CBN, CBV, and CBNd. In [23], an attempt was made at
embedding CBNd in a linear A-calculus, but the target language had to be changed to
become affine, allowing weakening of arbitrary propositions.
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A Appendix: Preliminary Notions

A.1 Simple Results about Abstract Translations

Proposition A.1 (Conditions for soundness [proor or Pror. 2.1]). If x| —x x; implies
T(x1) _’*y T (xy) for every x1,x; € X, then T is sound.

*

Proof. By induction on the number of steps in a reduction sequence x; —} X2, it is
immediate to conclude that 7'(x;) —>§/ T(xp).

let T™' 1 Y’ — X be a function. Suppose that T~ is the left-inverse of T, i.e. for all
x € X we have that T(x) € Y’ and T~(T(x)) = x. Suppose moreover that T™" simulates
reduction, i.e. for all yy € Y’ and y, € Y such that yi —y y», we have that y, € Y’ and
T'(1) =% T7'(v2). Then T is complete.

Theorem A.1 (Conditions for completeness [proor oF Tum. 2.1]). Let Y C Y and

Proof. First we claim that for all y; € Y’ and y, € Y such that y; —7, y> we have that
y2 € Y and T~ (y;) % T~'(y,). Indeed, suppose that y; —', ¥2 in n steps. We proceed
by induction on n. The base case (n = 0) is immediate, so suppose that n > 0 and
that y; —y y] = 'y,. Since 77! simulates reduction, we have that ¥} € Y’ and that
T~'(y1) =% T~'(y)). Moreover, by IH, we have that y, € Y” and T~'(}) =3 T~ ().
Composing the reduction sequences we obtain 77! (y;) % T~ (y,), as required.

Now suppose that 7'(x) —>*y T(x,). Since T~! is the left-inverse of T, we know that
T(x;) € Y’ and T(x,) € Y’. By the previous claim, T~ (T(x})) % T~'(T(x,)). Finally,
since T~ is the left-inverse of T, we have that x; = T~ (T(x})) % T-YT(x2)) = x2,
as required.

B Appendix: Linear Logic with Restricted Access

Definition B.1 (Mix rule).

F11A FA,(?2AY" n>0
1,4

mix

where (A)" stands for A, ..., A (n times).
Definition B.2 (Size, degree, height).

— An instance of a rule in a derivation is said to be cut-like if it is an instance of the
cut rule or of the mix rule.

— In a cut-like instance of a rule, the eliminated formula is A for instances of cut and
|A for instances of mix.

— The size of a formula A is written |A| and defined as follows:

la| =] =1
A B|=|A® B|:=1+|A| + |B|
['Al = |?A] = | e A| = |0 A| := 1 + |A]
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— The degree of a cut-like instance of a rule is the size of the eliminated formula.

— We write m % I' if m is a derivation of the judgment v T such that every cut-like
instance of a rule is of degree at most d. We write +¢ T if there is a derivation n
such that g >4 T.

— The height of a derivation m is written h(rr) and defined as usual, regarding the
derivation as a finite tree.

Definition B.3 (Principal formula). Given an instance of an inference rule, we say
that a formula in the conclusion is a principal formula according to the following crite-
ria:

1. ax, cut, and mix: there are no principal formulae in the conclusion of these rules.
2. ®: the instance of A ® B is principal.

3. ®: the instance of A% B is principal.

4. M and c: the instance of 1A is principal.

5. ?20od: the instance of 70A is principal.

6. p: all the formulae in the conclusion are principal.

7. e: the instance of ®A is principal.
8. o: the instance of oA is principal.

Note that, following Lincoln [22, Section 2.6], we consider all the formulae in the con-
clusion of the 'p rule to be principal. This is just a convenience in nomenclature to
simplify the presentation of the cut-elimination proof.

Furthermore, we distinguish between commutative and principal cut-like instances
of rules:

1. A cut-like instance of a rule is left-principal if the eliminated formula is principal
in the first premise of the rule. A cut-like instance of a rule is right-principal if the
negation of the eliminated formula is principal in the second premise of the rule. A
cut-like instance of a rule is principal if it is both left and right-principal.

2. A cut-like instance of a rule is left-commutative if it is not left-principal, it is right-
commutative if it is not right-principal, and it is commutative if it is not principal,
i.e. if it is either left or right-commutative.

Lemma B.1 (Generalized structural rules). The following generalized structural rules
admissible, using only instances of structural rules (w and 7c):

A 1,724,724 1,24 n>0
Wt 2c*
| w1, FIL,2A

¢,

Proof. Rules 7w* and ?c* are straightforward by induction on 4. Rule ?c, is straightfor-
ward by induction on n.

Lemma B.2 (Empty mix lemma). If+? I',!1A and +% A then +¢ T, A.

Proof. Letm; > I',1A and m, >¢ A. We proceed by induction on 7:
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1. ax: Then I must be of the form ?A+. The situation is:

oAl A X
FY 245, 1A

So it suffices to take:
Uy
F A
F 244
2. cut: We consider two subcases, depending on whether !A occurs in the first premise
of the cut rule, or in the second premise of the cut rule.
2.1 If !A occurs in the first premise of the cut rule, then I" is of the form I" = I'1, I
and there exists a formula B such that |B| < d and:

M

T T2
+ Iy, B,\A v I, B+
7 cut
T, T, 1A
So by IH on 711; we can take:
IH T
vir,,B,A F I B
7 cut
F Fl,FQ,A

2.2 Symmetric to the previous case (2.1).
3. mix: We consider two subcases, depending on whether !A occurs in the first premise
of the mix rule, or in the second premise of the mix rule.
3.1 If !A occurs in the first premise of the mix rule, then I” is of the form I" = '}, I
and there exists a formula B such that |!B| < d and an n > 0 such that:

1 T2
F L IBVA FE Ty, (2B

i mix
T, T, 1A

So by IH on 711; we can take:

H i
vy, 1B, A F D, (7B

5 mix
F 1"1,1"2,11

3.2 Symmetric to the previous case (3.1).
4. ®: We consider two subcases, depending on whether !A occurs in the first premise
of the ® rule, or in the second premise of the ® rule.
4.1 If !A occurs in the first premise of the ® rule, then I is of the form I =
I',I»,B®C and:
i1 T2
FI,B AW I, C

I, I, BRC, A
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So by IH on 711; we can take:
IH P
v, B4 F I C
v I, I, BRC, A

4.2 Symmetric to the previous case (4.1).
. ®:Then I is of the form I" = I'”, B % C and the situation is:

7

T
+ T B,C,'A

I, B®C, 1A
So by IH on 7| we can take:
H
v I, B,C,4
H I, B%®C,A
. !p: Then I is of the form I" = ?I"" and the situation is:

71,/

1
Frr A
d ’
T 1A
So it suffices to take:
A
— W
Fr A
. Mw: Then I is of the form I" = I'’, 7B and the situation is:
m
T 1A
— W
FOT, 9B, 1A
So by IH on 7} we can take:
IH
I, A
—_
F I, 9B, A

. ?2c: Then I' is of the form I" = I'’, 7B and the situation is:

7

&
v I, 7B, 7B, 1A
—— 7
H I, 2B, 1A
So by IH on 7| we can take:

n_/

1
v I’,7B,2B, A
— 7 ¢
v 9B, 4

27
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9. ?od: Then I is of the form I" = I'’, ?0B and the situation is:

ﬂ./

1
F{ T’ 0B, A R
F T, 2%B,1A

od

So by IH on 7| we can take:

4
+ I, 0B, A )

— " 9od
+ T, %B, A

10. e: Similar to case 9.
11. o: Similar to case 9.

Lemma B.3 (Cut/mix flattening). The following rules are admissible:

1. Cut-flattening.
F LA FA,AY JAl=d+1
C

y ut?
FE A

2. Mix-flattening.

FOMIA - F4,240" Al =d+ 1
A

mix?

Proof. In each of the two rules of the statement, let us write r; for the derivation of
the first premise and m, for the derivation of the second premise. We prove the two
items simultaneously, by induction on Ah(r;) + h(m,). We proceed by case analysis on
the last rule used to construct the derivations m; and m,. As usual, in the case analysis,
we distinguish between commutative and principal cases. Note that, for cut-flattening,
we only study the left-commutative cases, since the right-commutative cases are sym-
metric. Moreover, for mix-flattening, in right-commutative cases we may assume that
the mix? rule we are trying to derive is left-principal.

1. Cut-flattening, left-commutative case, ax. Then we have that m; >4 I A is con-
structed using the ax rule, so I' = A*. The situation is:

— aX 4y
FLAS A FA4,At

FAL A

cut?

So we can take 7, itself.

2. Cut-flattening, left-commutative case, cut. Then m; >4 I A is constructed using the
cut rule. We consider two subcases, depending on whether the eliminated formula
A occurs in the first premise of the cut rule or in the second premise of the cut
rule:
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2.1 If A occurs in the first premise of the cut rule then I” must be of the form
I'y, I, and the situation is as follows, where |B| < d:

T T2
F Iy, B AR Ty, B- 2
y cut 94,4+
F Fl,rz,A d
cut
F FI,FZ,A
Resorting to the IH, we can take:
T /o)
RO B AR AA T2
y cut 4, B*
F Fl,A,B
y cut
F 1"1,1“2,41

To apply the IH, note that sum of the heights of the subderivations decreases.
2.2 If A occurs in the second premise of the cut rule, the proof is symmetric to the
previous case (2.1).
. Cut-flattening, left-commutative case, mix. Then m; >4 I A is constructed using the
mix rule. We consider two subcases, depending on whether the eliminated formula
A occurs in the first premise of the mix rule or in the second premise of the mix
rule:
3.1 If A occurs in the first premise of the mix rule, then I" must be of the form
Iy, I'», and the situation is as follows, where |!B| < d and n > O:

T T2 -
d d L\n
+ I, A B4 T, (7B 2
! y 208 ) mix 4 A4,AL
+ I, 1, A d
cut
1, 15,4

Resorting to the ITH, we can take:

T 3
FOT LA B A AL g4 T2
y cut® + 1, (?BY)"
= I"l,!B,A .
i mix
F 1"1,1"2,11

To apply the IH, note that sum of the heights of the subderivations decreases.
3.2 If A occurs in the second premise of the mixrule, then I” must be of the form
I'1, I'; and the situation is as follows, where |!B| < d and n > 0:

i T2 .
Iy, 1B T A, (2B 2
i ’ »ACB) vl A AL
FO, 1A

cut?

1, 15,4
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Resorting to the IH, we can take:

x T2 Uy
W, (B AR 4, AT
v I, 1B 2 d( ) cut?
F T, 4,(2B)" ,
pl mix
F Fl,rz,A

To apply the IH, note that sum of the heights of the subderivations decreases.
4. Cut-flattening, left-commutative case, ®. Then m; >4 I A is constructed using the
® rule. We consider two subcases, depending on whether the eliminated formula A
occurs in the first premise of the ® rule or in the second premise of the ® rule:
4.1 If A occurs in the first premise of the ® rule, then the situation is:

T Sp)
F I, B,A T, C del
y ® A AL
= Fl,rz,B®C,A
I—rl,rz,B®C,A

cut?

Resorting to the IH, we can take:

T Uy
T, B, AR A, AL J d”12
y cut® 4 15,C
= Fl,B,A

®

+' 1, I, BRC,A

To apply the IH, note that sum of the heights of the subderivations decreases.
4.2 If A occurs on the second premise of the ® rule, the proof is symmetric to the
previous case (4.1).
5. Cut-flattening, left-commutative case, . Then m; >% I', A is constructed using the
% rule. The situation is:
)
+ I, B,C,A g

y ® 4, AL
T’ B®C A

I, 4,B%®C

cut?

Resorting to the IH, we can take:

7 (o)

1
F I, B,C, A+ A AL
I’ A B,C
I AB®C

cut?

»

To apply the IH, note that sum of the heights of the subderivations decreases.

6. Cut-flattening, left-commutative case, 'p. We argue that this case is impossible.
Indeed, m; > I', A must be constructed using the !p rule, but all the formulae in the
conclusion of !p are principal by definition.
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7. Cut-flattening, left-commutative case, w. Then ; > I', A is constructed using the
7w rule. Note that I” must be of the form I, ?B. The situation is:
)
l_d r/’ A V()

— l—d A,AL
T 9B, A

v17,4,78

cut?

Resorting to the IH, we can take:

/

7'l'1 T
FET7 AR A, AS
A

FO T, 4,7B

cut?

M

To apply the IH, note that sum of the heights of the subderivations decreases.
8. Cut-flattening, left-commutative case, ?c. Then m; >¢ I, A is constructed using the
?c rule. Note that I must be of the form I, ?B. The situation is:
)
v T, A, 7B, 7B 2
—— F A, AL
F T, A, 7B

w17,4,78

cut?

Resorting to the IH, we can take:

/

T V[¥)
FT7,A,7B,7B +7 A, AL

v 1. 4,7B,7B
I A,7B

cut?

2c

To apply the IH, note that sum of the heights of the subderivations decreases.
9. Cut-flattening, left-commutative case, 7od. Then ; > I', A is constructed using the
?od rule. Note that I" must be of the form I'”, ?o0B. The situation is:
|
v I, 0B g
——————7%d A
F T, 2B

+1I7,7B,4

cut?

Resorting to the IH, we can take:
T o)
F T, 0B+ A
— o C
FY T, 0B, A
F T, 2B, A

ut?

?od

To apply the IH, note that sum of the heights of the subderivations decreases.
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10.
11.
12.

13.
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Cut-flattening, left-commutative case, o. Similar to case 9.

Cut-flattening, left-commutative case, o. Similar to case 9.

Cut-flattening, principal case, ® /. Then m; >¢ I',A is constructed using the ®
rule and 7y ¢ A4, At is constructed using the % rule. Note that " must be of the
form I'y, I'; and A must be of the form B ® C. The situation is:

/
T T2 T

2
F I, BT, C ® + A, B, CH
v I1,I2,B&C k' 4,B* % C* o
cu
I-r],rz,A
Then we can take:
T2 71"2
™ v, CH A, B, CH
Iy, B y cut
F FQ,A,BL
y cut
F I"I,FZ,A

Note that we do not need to apply the IH, as the sizes of the eliminated formulae
strictly decrease.

Cut-flattening, principal case, 'p /'p. Then m; > I'A and m, > 4,A* are both
constructed using the !p rule. Since the conclusion of the !p rule is of the form
72, 1C, we consider two subcases, depending on whether A is of the form !A; or of
the form ?A;:

13.1 If A is of the form A = !A;. Then I must be of the form ?/”. Moreover, note
that A* = (!1A)* = ?A; and, since A" is part of the conclusion of 75, which is
also constructed using the !p rule, we know that A+ must be of the form ?All.
Moreover, since + 4, ?All is the conclusion of an instance of the !p rule, 4 must
be of the form 4 = ?4’, ! B. In summary, the situation is:

/ J

4 4
RO A H2 BAY
Ip !
FOr 1A, R oA, 1B, AT

P24, \B

cut?

Resorting to the IH, we can take:

/

ﬂl 1
l—d ?F’,Al | d ) 2 L
————Ip 2, B4
FCT, 0A

Fr’, 24’ B
F o, 24’ \B
To apply the IH, note that sum of the heights of the subderivations decreases.
13.2 If A is of the form A = ?A,, then since + I, A and + 4, A are both conclusions
of instances of the !p rule, we have that I" must be of the form I" = ?I'"’, !B, and

A must be of the form 4 = ?4’, and the proof is symmetric to the previous case
(13.1).

cut?

'p
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Cut-flattening, principal case, 'p / M. Then mr; > T, A is constructed using the !p
rule and m; >? A,A* is constructed using the ?w rule. Note that, since A* is the
principal formula of the ?w rule, A* must be of the form A* = ?A,. Then A = A}
and, since + I, A is the conclusion of an instance of the !p rule, we have that I" is of
the form I" = ?I"’. The situation is:
4 s
keI, At F A

'p W
F T 1AL F A, 24,

R, A

cut?

Hence we can take:
/
4s)
F A
— W
Fr A
Cut-flattening, principal case, 'p / ?c. Then mr; > T, A is constructed using the !p
rule and 1, >? A,AL is constructed using the ?c rule. Note that, since A* is the
principal formula of the ?c rule, A* must be of the form A+ = ?A;. Then A = !A}
and, since + I, A is the conclusion of an instance of the !p rule, we have that I" is of
the form I" = ?I"’. The situation is:
m 3
4 ‘?F’,AlL FA,241, 74,
'p 2c
d 9 ’ | 1 d 9
U VA FY A4, 74,
R, A

cut?

Resorting to the IH, we can take:
)
R AT
F o 1AT
Fr, 4
To apply the IH, note that sum of the heights of the subderivations decreases.
Cut-flattening, principal case, 'p / 7od. Then m; >¢ I',A is constructed using the
Ip rule and m, > 4, At is constructed using the ?od rule. Note that, since A* is
the principal formula of the ?od rule, A+ must be of the form A* = ?0A;. Then

A= !oAlL and, since + I, A is the conclusion of an instance of the !p rule, we have
that I" is of the form I" = ?I"’. The situation is:

e
Ip 4, (24,)
d

mix

b/ n
4 U, eAf F A, 04,
d g L 'p d 7od
FY T, leA; YA, 704, 4
- cut
U, A
Then we can take:
| m
R, 0 AL+ A, 04,
cut

ror A
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17.

18.

19.

20.
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Note that we do not need to apply the IH, as the size of the eliminated formula
strictly decreases.

Cut-flattening, principal case, ® / o. Then m; >4 I A is constructed using the e rule,
and m >¢ 4, A* is constructed using the o rule. Since A is the principal formula of
the o rule we have that A must be of the form A = eA; and A* = oA;. The situation
is:

/ 7

4 4y
T A, F A4, At
[ ) (o)
FU T eA, F A, 0AT
V|

cut?

Then we can take:

7 /
T 4o
FO AL H 4, AT

7 cut
A

Note that we do not need to apply the IH, as the size of the eliminated formula
strictly decreases.

Cut-flattening, remaining principal cases. The remaining principal cases are sym-
metric to already covered cases: the principal /® case is symmetric to case 12; the
principal ?w/!p case is symmetric to case 14; the principal ?c/!p case is symmetric
to case 15; the principal ?od/!p case is symmetric to case 16; and the principal o/e
case is symmetric to case 17.

Mix-flattening, left-commutative case, ax. Then >4 1A is constructed using
the ax rule, so I = ?A*. The situation is:

— aX T
koA 1A F A (A"

F 24, 4

mix?

Then we can take:
)
F A, (2AL)" )
poat g "

Mix-flattening, right-commutative case, ax. Then m, >¢ A,(?A%)" is constructed

using the ax rule, so the number of formulae in 4, (?A+)" is exactly 2. In particular,

n < 2. Moreover, n cannot be exactly 2 because the conclusion of the ax rule cannot

be of the form ?A*, ?A+. Therefore n is either 0 or 1, and we consider two subcases:
20.1 If n = 0, then 4 = B, B* and the situation is:

4 — aX
FIIA 4 B B

+I,B,B*

mix?

Then by Lem. B.2 we conclude that ¢ ', B, B*.
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20.2 If n = 1, then 4 = !A and the situation is:

™
— aX
FOLIA 1414 94+

FIIA

mix?

So we can take m; itself.

21. Mix-flattening, left-commutative case, cut. Then m; >¢ I',!A is constructed using
cut. We consider two subcases, depending on whether the eliminated formula !A
occurs in the first premise of the cut rule or in the second premise of the cut rule:

21.1 If !A occurs in the first premise of the cut rule then I” must be of the form
I'1, I, and the situation is as follows, where |B| < d:

T T2
R Ty, 1A, BT, B g
y cut +4A4,(2A4)"
= 1“1,1"2, 1A . 4
mix
F I“I,FZ,A
Resorting to the IH, we can take:
d i d 2 Vi
FE T, B 1A R A, (AL 12
! (47) mix? 41, Bt
v Iy, 4,B
y cut
F Fl,Fz,A

To apply the IH, note that sum of the heights of the subderivations decreases.
21.2 Symmetric to the previous case (21.1).

22. Mix-flattening, right-commutative case, cut. Then m, >4 A, (?A+)" is constructed
using the cut rule. Moreover, we may assume that the instance of mix? we are
constructing is left-principal, since otherwise it would fall into one of the left-
commutative cases, so 71; > I, 1A must necessarily be constructed using the !p
rule and I" must be of the form I = ?I”. Then the situation is as follows, where

A=4y,4, andn = n; +ny and |B| < d:

m 1 22
FOT A F Ay, QAN B+ Ay, (2AL Y, BE
|
i - p 7 n cut
For 1A FE Ay, 45, (2AT)" . 4
mix
F ?F’,Al,Az

Resorting to the IH, we can take:
P1 P2
F4 T, A, B 7, Ay, B*
FO T A4, Ay
FE A4, Ay

cut

2c
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where:
|
Fr A 4 721
- = RV
= 'p v 41,B,(7A
P K or 1A 1, B, (A7) .

i mix
F ?F,,Al,B

/

4!
KA , (Z;ZZL),Z o
:: T 'p |_ 27 . 2 9
P2 v or 1A y
d oy L mix
R, A5, B
To apply the IH, note that sum of the heights of the subderivations decreases.
23. Mix-flattening, left-commutative case, mix. Then 7, >¢ I, !A is constructed using
the mix rule. We consider two subcases, depending on whether the eliminated for-
mula !A occurs in the first premise of the mix rule, or in the second premise of the

mix rule:
23.1 If !A occurs in the first premise of the mix rule then I” must be of the form

I'}, I'; and the situation is as follows, where |!B| < d and m > 0:

T T2
RO AB D, 0B T
y mix ¢ A4,(7-A)"
F F],FQ, 1A . d
mix
F FI,FZ,A
Resorting to the IH, we can take:
T o) x
d d 1y\n
FE T, 'BJA R A, (A 12
- CAD wixt vy, 232y
v I, 4,'B .
i mix
F 1"1,1“2,41

To apply the IH, note that sum of the heights of the subderivations decreases.
23.2 If A occurs in the second premise of the mix rule then I” must be of the form
I'y,I'; and is as follows, where |!B| < d and m > 0:

T T2
d d L\m TT
F I, \B e Ty, 1A, (2B 2
1 d 2,!A,(?B™) mix 194 (24L)
F Fl,Fz, 1A . 4
mix
|—F1,F2,A
Resorting to the IH, we can take:
. T2 )
1 Fe T, (2B 1A +2 A, (A"
l—drl,!B Z(d ) n ( ) mixd
F T, 4,285 .
yi mix
F Fl,rz,A

To apply the IH, note that sum of the heights of the subderivations decreases.
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24. Mix-flattening, right-commutative case, mix. Then m, >¢ A,(?A*)" is constructed
using the mix rule. Moreover, we may assume that the instance of mix¢ we are
constructing is left-principal, since otherwise it would fall into one of the left-
commutative cases, so m; >¢ I',!A must necessarily be constructed using the !p
rule and I" must be of the form I = ?I". Then the situation is as follows, where

A=A41,4,andn=n; +nyand |!B| <d and m > O:
T 531 22
A F AL, (QADYIB F Ay, (242, (2BH™
7 p 7 mix
FO 1A F Ay, 45, (PAT)"
+ ?F’,Al,ﬁz

mix
Resorting to the IH, we can take:

P1 P2

FE A0\ B FE AT Ay, (2B
FC T A4, 4,
v, Ay, 4,

mix

7c

where:
|
FOT, A P
- 1\ny
p +444,!B,(?2A%)
FrT 1A

i mix
F, A1, \B

/

/4
kd?Il"’,A ; 22
—! ‘) 1y\n2 ‘7 1\m
XETRY) P 4y, (2A7)",(?B)

FET Ay, (PBEY"

To apply the IH, note that sum of the heights of the subderivations decreases.

25. Mix-flattening, left-commutative case, ®. Then >4 I 1A is constructed using the
® rule. We consider two subcases, depending on whether the eliminated formula !A
occurs in the first premise of the ® rule or in the second premise of the ® rule:

25.1 If !A occurs in the first premise of the ® rule, then I” must be of the form
I'1,I';, B® C and the situation is as follows:

p2 =

mix?

T T2
v Ty, B, A T, C .
y A, (2AL)"
I, I, BRC,'A 4
mix
1,1, BRC, 4
Resorting to the IH, we can take:
T w0 x
d d 1y\n
F T, B AR 4,24 12
s CAV pixd I,.C
+¢ Iy, B, 4 %

+ I, I, BRC,A
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To apply the IH, note that sum of the heights of the subderivations decreases.
25.2 Symmetric to the previous case (25.1).

26. Mix-flattening, right-commutative case, ®. Then m, > A, (?A4)" is constructed us-

ing the ® rule. Moreover, we may assume that the instance of mix? we are construct-
ing is left-principal, since otherwise it would fall into one of the left-commutative
cases, so r; >¢ I', |A must necessarily be constructed using the !p rule and I" must
be of the form I" = ?I"’. Then the situation is as follows, where 4 = 4,,4,,B® C
and n = ny + ny:

ﬂ’l T 55}
A \ F Ay, B, (ALY v 4,, C, (24
'p
FOr 1A F A1, 4>, B C, (2AL)" 4
mix

U A1,4,, B C
Resorting to the IH, we can take:

P1 P2
A, B M 45, C

v A,,4,,BR C

2c*
v 4,,4,,B® C
where:
ﬂ_l
H2 9T A 21
] ——2 d 241y
P1 = |_d ‘)F’!A p r AI’B7('A ) .,
mix
v r,4,,B
s
FIT A J 722
—| ———1p 4 AL
P2 Fd{)r’!A p 2’C9( ) .,
mix

v 45, C
To apply the IH, note that sum of the heights of the subderivations decreases.

27. Mix-flattening, left-commutative case, %. Then m; >¢ T, |A is constructed using the

% rule. Then I must be of the form I = I'’, B% C and the situation is:

/

A
I, B,C, A .
R ——— A, (AL
T’ B®C, A
+rI',B®C,4
Resorting to the IH, we can take:

mix

b1 o)

e F’,Bl, C,\A W A,(2A4)"
v I, B,C, 4
H I, B®C,4
To apply the IH, note that sum of the heights of the subderivations decreases.

mix?

®



28.

29.

30.

31.
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Mix-flattening, right-commutative case, %. Then m, >¢ A,(?A*)" is constructed
using the % rule. Then 4 must be of the form 4 = 4’, B% C and the situation is:

/

4y
1 A, B, C, (2A+)"
FITIA — A7)
A" B®C, (1A 4
mix
v, A4 ,B®C
Resorting to the IH, we can take:
m A
F LAV A, B, C, (AL 4
i mix
r A4, B,C
i »
LA, B®C

To apply the IH, note that sum of the heights of the subderivations decreases.
Mix-flattening, left-commutative case, !p. We argue that this case is impossible.
Indeed, 7; >4 must be constructed using the !p rule, but all the formulae in the
conclusion of !p are principal by definition.

Mix-flattening, right-commutative case, 'p. Then m, > A,(?A*)" must be con-
structed using the !p rule, and it is such that ?A+ is not a principal formula in the
conclusion of the !p rule. Recall that all the formulae in the conclusion of the !p
rule are principal, so this case is only possible when n = 0. Then, since + 4 is
the conclusion of an instance of the !p rule, we have that 4 must be of the form
A = 24", !B. Then the situation is as follows:

J

T
m + U, B
T 1A - 'p
24’ 'B 4
mix
124" 'B

Then by Lem. B.2 we conclude that +4 24, \B, as required.
Mix-flattening, left-commutative case, w. Then m >4 I 1A must be constructed
using the ?w rule. Then I" must be of the form I" = I'”, ?B and the situation is:

ﬂ./

1
FT7 1A 72
—————— W 4,24
v T, 7B, 1A . 4
mix
+I7, 7B, 4
Resorting to the IH, we can take:
m o)
FO 1A A4, (AN 4
y mix
FI A
w
F I, 9B, A

To apply the IH, note that sum of the heights of the subderivations decreases.
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32. Mix-flattening, right-commutative case, w. Similar to the previous case (31).
33. Mix-flattening, left-commutative case, 7c. Then m; >¢ ' 1A must be constructed
using the ?c rule. Then I" must be of the form I" = I'”, ?B and the situation is:

/

Vg
1
+ I, 7B,7B, 1A T
— ¢ 4 4,(2AL)"
F I 7B, 1A 4
mix
+I7, 7B, 4
Resorting to the IH, we can take:
m b
FE I, 2B, 2B, 1A +4 4, (AL 4
— mix
v I’,?B,7B, 4
5 7c
F I, 7B, A

To apply the IH, note that sum of the heights of the subderivations decreases.

34. Mix-flattening, right-commutative case, ?c. Similar to the previous case (33).

35. Mix-flattening, left-commutative case, ?od. Then m; > I',!A must be constructed
using the ?od rule. Then I" must be of the form I" = I'’, 7oB and the situation is:

J

bis
1
F T7,0B, 1A 72
— 7 7" 9%d ¢ A, (?AL)n
F I, 2B, 1A L
mix
FI',2B,4
Resorting to the IH, we can take:
T m
O oB VA A, (A
7 mix
¢ I, 0B, A
7od
v I7,7B,4

To apply the IH, note that sum of the heights of the subderivations decreases.

36. Mix-flattening, right-commutative case, 7od. Similar to the previous case (35).

37. Mix-flattening, left-commutative case, o. Similar to case 35.

38. Mix-flattening, right-commutative case, . Similar to case 35.

39. Mix-flattening, left-commutative case, o. Similar to case 35.

40. Mix-flattening, right-commutative case, o. Similar to case 35.

41. Mix-flattening, principal case, 'p / 'p. Then m; >4 I 1A and mp > 4, (?2A1)" are
both constructed using the !p rule. Since + I}, !A is the conclusion of an instance
of the !p rule, I must be of the form I = ?I"’. Moreover, since + A4, (?A4)" is the
conclusion of an instance of the !p rule, with A+ as a principal formula, A must be
of the form A4 = ?24’,!B. If n = 0, it suffices to resort to Lem. B.2 to conclude that
F 247, B If n > 0, the situation is:

| 49

AT A F 24", B, (2A4)"

d ’ 'p d ’ 1\n ’p

FOATL 1A 247, 1B, (A7)

v 2,24, \B

mix
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Resorting to the ITH, we can take:

iy
FT7 A p 1o ZZ(VA*)”
RO 1A R
For, o4, B
For, 24’ \B

/

mix?

p

To apply the IH, note that sum of the heights of the subderivations decreases.

42. Mix-flattening, principal case, 'p / ™. Then m; >¢ I, !A is constructed using the

Ip rule and 7, >? 4,(?2A1)" is constructed using the ?w rule. Since + I !A is the
conclusion of an instance of the !p rule, I" must be of the form I" = 2I"". If n = 0, it
suffices to resort to Lem. B.2 to conclude that F¢ 217, 4. If n > 0, the situation is:

/ /

4 4o
FA, A R, (24!
p har
FOr 1A Fr (2A1)" .
mix
R A
Resorting to the IH, we can take:
T ,
FAr7, A 4!
- !p |_d ?r17(?AJ_)n—l
FT 1A 4
mix

For’ A

To apply the IH, note that sum of the heights of the subderivations decreases.

43. Mix-flattening, principal case, 'p / ?c. Then m; >¢ I, !A is constructed using the

Ip rule and 7, >? 4, (?A1)" is constructed using the ?c rule. Since + I !A is the
conclusion of an instance of the !p rule, I" must be of the form I = ?I"”. Then the
situation is:

l g
Fr A | F A, (24! .
p ]
1A F A, (24" .
mix
R A

Resorting to the IH, we can take:
|
Fr A
FOrT 1A
Fr A

48
p 4,24+

mix

To apply the IH, note that sum of the heights of the subderivations decreases.

44. Mix-flattening, principal case, 'p / 7od. Then m; >? T, !A is constructed using the

Ip rule and 7y >? 4,(?2A1)" is constructed using the ?od rule. Since + I !A is
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the conclusion of an instance of the !p rule, I must be of the form I = 21", If
n = 0, it suffices to resort to Lem. B.2 to conclude that ¢ 217, 4. If n > 0, then
since m, > A,(?AL)" is the conclusion of an instance of the ?od rule with 24+
as a principal formula, A* must be of the form A* = oA, so A = eA{. Then the

situation is:

b d A
HO @A F A, (oA oA q
. /O
RO leAT F A, (20A1)"", 204, L
mix
R, A
Resorting to the I[H, we can take:
/
d ﬂ-l N 7T/
'’
P F ?F’.Al | d 9 2n—1
P P FT A, (70A)", 04
RO 0AT F T leA .4
— mix
T, A, 04
For o, A
Fr, A

*

7c

To apply the IH, note that sum of the heights of the subderivations decreases. More-
over, note that the last instance of the cut rule used in the derivation is between OAIL

and oA| and | e Af| = 0A; =d.

45. Mix-flattening, remaining principal cases. The remaining principal cases are im-
possible, since the principal formula on the left must be of the form !A. This in-

cludes the cases ®/%, /®, M/!p, 7c/'p, 7od/!p, e/o, and o/e.

Theorem B.1 (Cut elimination [proor or Tum. 3.2]). If+ I is provable in MSCLL, then

there is a derivation of v I' without instances of the cut rule.

Proof. More in general, we show that if + I" is provable in MSCLL+mix, then there is

a derivation of + I without instances of the cut and mix rules.

Let 7 be a derivation of some depth, say d, i.e. 7 >¢ I'. We proceed by induction
on d. If d = 0, observe that 7 has no instances of the cut and mix rules. For d > 0, it
suffices to note that, in general, +¢ I" implies +¢~! I'. To see this, proceed by induction
on the derivation of ¢ I'. Most cases are straightforward by resorting to the IH, except
for the cut and mix cases, in which it suffices to apply the cut/mix flattening lemma

(Lem. B.3) when the size of the eliminated formula is d.

C Appendix: A Sharing Linear A-Calculus

C.1 Logical Soundness
We extend the translation to environments and judgments:

(uy 1Ay, uy AT = AT, LAY
(a1 : Ap,....a, 0 A" = AT, AN
;T t: A ==F Qo* ), *" A*
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Proposition C.1 (Logical Soundness of A'* [prOOF OF Prop. 4.1]). If AT vt : A holds
in A'*, then v 20(4* "), I'**, A* holds in MSCLL.

Proof. We prove that if 4;1" + t : A holds in 1'%, then  20(4**), I'**  A* holds in
MSCLL by induction on the derivation of 4; 1" + ¢ : A:

1. lvar:Let4d;a: A+ a: A. Then:

— T ax
FA A o
W

*l pxdl 4x
F 204 A" A

2. uvar: LetA,u: A;-+ u: oA. Then:

FA* A ax

F 20A*H A*
F 20A*" e A*

F 204* ", 20A*", 0 A*

2od

*

w

3. abs:Letd;I'+ Aa.t : A — Bbe derived from4;,a : A+ t: B. Then:
IH
F 20A*, T*H A**, B
F 2od* T, I** A** %9 B

4. app: LetA;I'),I> + ts : Bbe derived from 4,1y +t: A —o Band 4,15 + s : B.
Then:

IH
IH ax

*L * L * * * L
P E———— " b 204 I3, A + B*,B
b 20A* T, T, A" ®B — T
F 204", 13", B*,A* @ B*
F 20A*", 20A* TF, T5", B*

cut

F 20A* T TF IF, B
5. grant: Let A4;I" + of : oA be derived from 4; " + ¢ : A. Then:

F2oA**, I* A*

F2A* " T* 0 A*

[ ]
6. request: Let 4;I + req(?) : A be derived from 4; " + ¢ : eA. Then:

H S
FA* A

F2A* IT*" eA* ——————o
*L *
FoA™ A

*L ol 4%
F 2047, ", A

cut

7c
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7. prom: Let 4;- + !t : !A be derived from 4; - + ¢ : A. Then:

IH
F 204* ", A
F 204* 1A
8. sub: Let4;11,I» + tlu/s] : Bbe derived from Ad,u : A; 'y +t: Band 4,15 + s :
leA. Then:
IH IH

F20A*, A TFE B* 20 4* T3 leA*
F204*, Y0A* Y, T3, B*

1 1 1
F 2ot TF T, B*

cut

7c

C.2 Confluence

We structure this section as follows. First, we recall Melli¢s notion of orthogonal ax-
iomatic rewriting system. We then introduce the labeled A'*-calculus, a tool through
which we define a notion of residual for A'*-calculus. Then we prove two important
properties of labeled reduction, namely, finite developments and semantic orthogonal-
ity. Finally, we show how to model the A'*-calculus as an axiomatic rewrite system and
how the above mentioned axioms hold, which entails confluence.

D Orthogonal axiomatic rewriting systems

We recall here the axiomatic rewriting framework due to Mellies [24]. We shall use this
framework in Section 4 to prove that the Sharing Linear A-Calculus is confluent, up to
a congruence.

An axiomatic rewriting system (abbreviated AxRS) is a S-uple (X, S, src, tgt, -[-]-)
where X is a set whose elements are called objects, S is a set whose elements are called
steps, src, tgt : S — X are functions providing the source and the target of each step, and
-[-1- € Sx S XS is a ternary residual relation, such that r[s]lx" may hold only if src(r) =
src(s) and src(v’) = tgt(s). A reduction is either the empty reduction that starts an ends
on an object x € X, written €,, or a sequence of n > 1 steps 1y .. .1, that are composable,
i.e. tgt(x;) = src(rjyp) for all i € 1..n — 1. The src and tgt functions are extended to
reductions as expected. The residual function is extended to reductions by declaring
that r[[e,]lv, and that the binary relation [[s; ... s,] is the composition [s;] o ... o [s,]-

A multistep is either the empty multistep starting on an object x € X, written @,, or a
finite non-empty set of steps M C S all with the same source. The notion of development
is defined as follows: the empty reduction €, is a development of the empty multistep
@, and a reduction 1 ...x, is a development of a multistep M if for all i € 1..n there
exists a step s € M such that s[[r; ...v,_]lv;. A complete development of a multistep m
is a development after which no residuals of steps in m remain.

An AxRS is orthogonal if it verifies the four following properties:

1. Auto-Erasure. For all ¢ € S there is no s € S such that r[[r]s.
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2. Finite Residuals. The set {v’ | r[s]lt’} is finite for all v, s € S.

3. Finite Developments. If M C S is a finite non-empty set of steps of the same source,
all developments of M are finite, i.e. there are no infinite sequences 115 . .. such that for
all i € N there exists a step s € M such that s[[r; ... v ]r;.

4. Semantic Orthogonality. If r,s € S are steps of the same source, p is a complete
development of {r’ | [s]l+’} and o is a complete development of {s" | s[r]}s'}, then the
compositions ro- and sp have the same target and [ro] = [[sp] are equal as binary
relations.

Theorem D.1. Orthogonal AxRSs are confluent. (See [24, Theorem 2.4]).

Confluence of orthogonal AxRSs holds in a very strong sense. In fact, confluence
diagrams are closed with complete developments of the relative projections of the re-
ductions, which entails that these diagrams are pushouts in the categorical sense.

The Labeled A'*-calculus

Definition D.1 (The AZ-calculus). The set of labeled A'*-terms TZ —or just labeled
terms— is given by the following grammar:

t,s,...:=a linear variable
| u unrestricted variable
| u® unrestricted variable

| da.t  abstraction
| 2a®.t abstraction
| ts application
| of grant

| req(t) request

| req®(t) request

| 1z promotion
| tlu/s] substitution
| t{u®/s] substitution

The set of labeled A'*-contexts Ctxs> —or just labeled contexts— is defined as follows:

C:=0]4a.C|Aa®.C|Ct|1C| oC| req(C) | req(C) | IC | Clu/f] | Clu/f] | t[u/C] | t{u®/C]
L= 0| L{u/f] | L[u®/1]

We write u® for a variable u which may or may not be labeled with label a.. We write
x for both linear and (possibly labeled) unrestricted variables. Similar with req'®(f)
and t{u'®/s]. Also, tv(t) are the free variables of t, disregarding labels. For example,
fv(ua) = tvw®a) = {u,a). We write V() for the set of free labeled variables. For
example, va(u a) = @ and va(u“ a) = {u}). Linear substitution over labeled terms
Ha := s} is defined as expected since linear variables are not decorated with labels. We
write t° to denote the term obtained from t by removing all its labels. Thus for example
(1a®. (ared®(u)))’ = Aa.(areq(u)). A term t can be labeled in different ways, leading
to different variants of t. We say that t is a variant of s iff t° = s°. In particular, t is a
variant of itself.
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Definition D.2 (Well-labeled terms). The set of well-labeled A'*-terms TVZ —or just
well-labeled terms— are those labeled terms t € TE for which the predicate t Wl holds,
defined as follows:

awl @ wl

twil twl oswl (Aa.pLwl  swil
Aa. twl tswl (Aa®. )L swi
twl twli (er)L wl twl

etwl rTeq()wl  req”((enlL)wl  lrwl

twl (Nes)LDLywl wefvi(@)  twl (ILwl ugfv@®)  rwl swl u ¢ fvi (@)
t{u/(!(es)L1)Lo] wi t{u”/(!s)L] wl t{u/s]wi

Definition D.3 (Labeled reduction). Labeled reduction at the root is defined on la-
beled terms as follows:

(Aa”. L s oy tHa:=slL iffv(s)yndom(L) = @

req”((e)L) Fgeq 1L

CluWlu/(M(ot)L1)Lo] g CL(eNLiH[u/!(eNLy]Ly  if u ¢ fv(iLy) and fv(C) N dom(LiL,) = @
fu®/(1s)L] eqe 7L ifu ¢ fu(t)

(o3

Note that the side conditions of the gy and v rules can always be met by a-
renaming. We define the a-labeled R step relation —g:= C(—%) for each R € {odb, ereq, els, egc},
where C{(—4%) denotes the closure of =% by compatibility under arbitrary labeled con-

texts. An a-step (1, s,1,...) is a tuple of one of the following forms:

- (C,(Aa”. 1)L s) with fv(s) ndom(L) = &;

- (C,req’((enL));

— (C,D,Du*M[u/(!(ef)L )L, 1) with if u ¢ fv(tL,) and fv(D) N dom(L,L,) = @;
— (C, tlu®/('s)L]) with u ¢ fv(z).

Its anchor is the variable decorated with the label a, if the step is in {edb, els, egc} or
the occurrence of ‘open’ that is decorated with the label a, if the step is a ereq-step.
Its source and target are defined as expected. For example, the source and target of the
step (C, (Aa®. 1)L s) is C{(Aa®. 1)L s) and C{t{a := s}L), resp. We write steps,(t) for the
set of a-labeled steps in t.

The a-step reduction relation —¢ is defined as the union of the previous relations,
that is, >¢:=—04 U 50q U 24 U >4
Definition D.4 (Lifting of a step). Let t € TZ be a labeled term and x € steps(1) a
step in t. The v — a-lift of t, written lift(t, v, @), is the variant of t resulting from assigning
label « to the anchor of 1. For example, if v = (C,(1a®.1))Lt,), then lift(t,r, @) =
C{(Aa”. 1)L tp).

LemmaD.1. Lett € TWL and t —¢ s implies s € TVL,
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Finite Developments and Semantic Orthogonality

Definition D.5 (Variable Multiplicity). The multiplicity of a variable x in a well-
labeled term t, denoted #,(¢), is defined as follows:

#,(a) =1
#,(b) =0 ifa+b

#,(u”) =1

#,(u) =0
#,00) =0 ifu#v

#.(da.t) = #.(2)
#.((Aa®. L s) := #.((Aa. t)L) + #.(s) + #,(¢) X #,.(5)
#.(t5) ;= #.(1) + #.(5) if t s not a redex
#e(or) 1= #,(1)
#.(req@(1) := #.(1)
#:.(10) = #.(9)
#(1[u D[ 5]) = #,0) + #(5) + #,(1) X #(5)

#(0) = ¢(x)
#UL[U@/s5]) = #UL) + #.(5) + #)(L) X #.(5)

Definition D.6 (Labeled Redex Multiplicity). The multiplicity of labeled redexes in
a well-labeled term t, denoted #(t), is defined as follows:

#(x):=0
#(Aa.t) ;= #(t)
#((Aa®. L s) := 1 + #((Aa. 1)L) + #(s) + #,(2) X #(s)
#(t 5) := #(1) + #(s) if t s not a redex
#(or) := #(1)
#(req(r)) := #(1)
#(req®((e?)L)) := 1 + #((e1)L)
#(11) = #(1)
#(t[u®/s]) := 1 + #() + #(s)
#(t[u/s]) := #(t) + #(s) + #,(t) X #(5) + #,(0)

#(@) =0
H#(L[u®/s]) := 1 +#(L) + #(s)
#O(L[u/s]) := #9(L) + #(s) + #2(L) x #(s) + #°(L)

Lemma D.2. Lett,s € TL. Then t{a = s} =t ifa ¢ fv(p).
Proof. By induction on ¢.

Lemma D.3. #.() = 0if x ¢ fv(z).

Proof. By induction on ¢.

Below we use the notation #,(¢) for the function that maps a variable x to #,(7).
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Lemma D.4. #,(L) = #+O(L)
Proof. By induction on L.

1. L = 0. Immediate since #*“ () = #,(1).
2. L =L [u?/s].

#(1L1 [u@ /5)
= #,(tL1) + #.(s) + #,(tL1) X #.(s) (Def. D.5)
= #OL) + #:(5) + #r O (L)) X #(s) (IH X 2)
= #O L [u® /5]) (Def. D.5)

Lemma D.5. Suppose t € T:WL and x ¢ tv(t) U {u}. Then #,(CLu®*)) = #,(CLr))

Proof. By induction on the size of the labeled context C.

1. C = 0. Immediate from Lem. D.3.
2. C= Aa.C (the cases C = oC; and C = !C; are similar).

#:(la. Ciu)
=#.(CGu™))  (Def.D.5)
= #:(CikeM) (IH)
=#.(1a.C;(t)) (Def.D.5)

3. C = A4a“.C;. Not possible since C{u®) is well-labeled.
4. C = sC; (the case C = C; s is similar).
4.1. s # (AdP. r)L.
#He(s Crlu™)
= #.:(s) + #.(C u)) (Def. D.5)
= #:(s) + #.(C () (IH)
= #:(s C1 (1)) (Def. D.5)

42. s =(Ad®. r)L.

#.((Ad”. L Ci{u"Y)
= #:((Aa. r)L) + #.(C {u")) + #a(r) X #(C {u”)) (Def. D.5)
= #:((Aa. r)L) + #(CL)) + #a(r) X #:(C () (TH X 2)
= #.((Ad®. r)L C (1)) (Def. D.5)

5. C=C; s. We consider two cases depending on whether C; {u®) is a labeled abstrac-
tion or not.
5.1. Ci{u®) = (AaP. r)L. Then one of the following two cases hold:

51.1. C=(d®.C))Ls

#.((AdP. Cy 1 Cu ML 5)
= #:((Aa. CiCu™NL) + #:(s) + #,(Cr1{u”)) X #.(s) (Def. D.5)
= #:((Aa. Cri YL + #:(s) + #,(Cridr)) X #:(s)  (TH X 2)
= #.((AdP. C1 ()L 5) (Def. D.5)
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5.1.2. C=(Ad®. L1 [vY/Cpy]Ly s

#.((A”. L VY [y u DLy 5)

= #.((Aa. L1 [V [Ci{uNILa) + #:(5) + #4(r) X #:(5) (Def. D.5)
= (e DLW ) L (5) + #,(7) X #:(5) (Lem. D.4)
## o((Aa. )Ly )+#e (Cpy (u* M+ ((Aa. )L )X# (Cpy Cu® »)(L ) + #,(5) + #,(r) X #(s) (Def. D.5)
## o((Aa. L)+ (Crren)+#.((Aa. r)Ly)xd#, (Cll«f»)(L )+ #.(5) + #a(r) X #,.(s)  (IH X 2)

= e (QanL OV ) L () + #,(r) X #:(5) (Def. D.5)
= #,((Aa. L1 [V /CLILo) + #:(5) + #a(r) X #:(5) (Lem. D.4)
= #,((Ad%. r)L [V /Cy1 (1) ]La 5) (Def. D.5)

5.2. Ciu®) # (AdP.r)L. Then also C () # (Aa®.C)L since t well-labeled. Thus
we have:

#:(Crdu™) s)
= #(Cru)) + #.(s) (Def. D.5)
= #:(C ) + #:(s) (IH)
= #:(Ci (1) 5) (Def. D.5)

6. C = req®(C;). We need to consider multiple cases since out induction proceeds on
well-formed labeled contexts.

6.1. Bis not present.

#x(req(Ci{u)))
= #:(Cru™)) (Def. D.5)
= #:(Ci () (IH)
= #:(req(C(r))) (Def.D.5)

6.2. B is present. Note that C; = O and C; = OL; (with L = L,L;) is not possible
since C{u®) is well-labeled. The remaining cases are:

6.2.1. C; = (eCy)L.

#(req((eC2{u™))L))
= #((eC{u"H)L) (Def. D.5)

— #i,(ocz«u”)))(]_‘) (Lem D4)
— #ﬁ-('cz«f»)(]ﬂ) (IH)
= #.((eC2(r))L) (Lem. D.4)

= #:(req((eC2{rM)L)) (Def. D.5)

6.2.2. C; = (e5)L [V /C,]IL,



50 P. Barenbaum and E. Bonelli

#(req((es)Li[v? /Co{uHIL2))
= #.((o5)L1 [V /Cofu H]Lo) (Def. D.5)

o5 D /Cylu®
— #i.(( LV /Cou »])(Lz) (Lem. D.4)
— #i.(('S)LlH#-(Cz((M M+, ((05)L1)xHe (Co{u >>)(L2) (Def D.5)

— #ﬁ.((ﬂ)Ll)+#.(Cz(<t>))+#v(('S)L1)X#.(Cz<(t)>)(L2) (IH x 2)

— #io((.S)Ll[V(y)/CZ«t»I)(Lz) (Def DS)
= #,:((05)L1 VY /(1) ILy) (Lem. D.4)
= #,(req((es)L; [V /C{HIL,)) (Def. D.5)
7. C=C [wP/s]
#(C (u WP /5])

=#H (G Qu™Y) + #:(5) + #,(CLu" M) X #:(s) (Def. D.5)

=#H(CEN) + #,.(5) + #H,(CEN) X #:(s)  (THX?2)

= #.(C e wP /s]) (Def. D.5)
8. C= s[w(ﬁ)/Cl]

#.(s[wP 1 C1u D))
= #:(9) + #H(CrluN) + #,(s) X #:(C {u)) (Def. D.5)
= #:(9) + #(C1 (D) + #,(9) X #(Ci(r))  (TH X2)
= #.(s[wP /C ()] (Def. D.5)
Lemma D.6. Lett, s € TWL. Suppose x ¢ fv(s) U {a}.

1. Then #,.(t{a := s}) = #.(¢).
2. Suppose also dom(L) N fv(s) = @. Then #="=D (L) = 4O (L),

Proof. The first item is by induction on ¢.

1. t =b.If b # a, then b{a := s} = b and we conclude immediately. If b = a, then

#.(afa := s})
= #(s)
=0 (x ¢ fv(s), Lem. D.2)
= #,(a) (x#a)

2. t = u@. Immediate since u'®{a := s} = u®@
3. t=Ab.r(thecasest =11, and r = ef; and 7 = !¢; and 1 = req@(s;) are similar).

#.((Ab. N{a = s})
= #.(Ab. r{a := s})
= #.(r{a := s}) (Def. D.5)
= #(r) (IH)
=#.(1b.r) (Def. D.5)
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4. t = (Ab*. 1)L 1,

#:(((AD". 1)L )la = s})
= #.((Ab%. t1{a = s})L{a := s} tr{a := s})
=#.((Ab.t1{a := s})L{a := s}) + #.(t2{a := s}) + #,(t1{a := s}) X #.(r2{a := s}) (Def. D.5)
= #:((Ab. 11)L){a = s}) + #u(tala = s}) + #p(t1{a 1= s}) X #:(t2fa := s})
= #,((AD. 1)L) + #.(12) + #,(11) X #,(12) (IH x 4)
=#,((10". 1)L 1) (Def. D.5)

5. t=([u®/t]

#e(11 [ /1,){a = s))
= #.(t1{a := s}[u'@/n{a := s}])
=#.(ti{a := s} + #.(2la := s}) + #.(t1{a := s}) X #(t2{a = s})
= #x(tl) + #x(tZ) + #u(tl) X #x(tZ) (IH X 4)
= #,(1[u'® /1)) (Def. D.5)

The second item is by induction on L and uses the first item.
1. L=0o
##.(t{a:=s])(|:|)
=#.(t{a := s}) (Def. D.5)

= #.(1) (item 1)
=#0@)  (Def. D.5)

2. L=L,[u®/r].

=D @ /)
= #e=D ) 4. (r) + #0ED(WL)) x #(r) (Def. D.5)
= #OL) + #.(r) + # O (L) X #() (IH x 2)
= # 0L @ /) (Def. D.5)

Lemma D.7. Suppose x # a. Then #,(t) + #,(t) X #,(s) = #.(t{a := s})

Proof. By induction on ¢.

1. t=b.1If b # a, then

#,(D) + #,(D) X #(s)
= #x(b)
= #.(bla := s})

If b = a, then
#:(b) + #,(D) X #.(s)
= #,(5) (x#a)
= #.(bla := s})
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2. t=u®
#(u ) + #,(u V) X #(5)
= #.u)
= #,ua := s})
3. t=Ab.r.
#.(Ab. 1) + #,(Ab. 1) X #,(5)
=#.(r) + #,(r) X #.(5) (Def. D.5)
= #y(r{a := s} (IH)
= #,.(Ab. (r{a := s})) (Def. D.5)
=#.((1b.Nf{a = s})
4. t=Ht.

#,(t1 1) + #,(t1 12) X #()

= #(1) + #:(12) + #Ho (1) + #4(82)) X #:(5) (Def. D.5)
= #:(11) + #:(12) + #a(11) X #,(5) + #4(12) X #.(5)

= #.(t1{a := s}) + #.(r{a := s}) (IH x?2)

= #.(t1{a := s} {a := s}) (Def. D.5)

=#((t1 ){a = s})

5. t=(Ab% 1)L t,.

#.((AD. 1)L 1) + #, (A% 1)L 1) X #,(5)
= #.((Ab. t1)L) + #:(t2) + #5(11) X #.(12) + #,((AbY. 1)L 12) X #.,(5)

(Def. D.5)

= #:((Ab. 1)L) + #(12) + #y(11) X #:(12) + (#((AD. 11)L) + #,(12) + #,(11) X #4(12)) X #:(5) (Def. D.5)

=#.(((Ab. t)L)a = s} + #,(12) + #p(11) X #,(12) + (Ha(r2) + #5(11) X #4(12)) X #(s5)
=#,(((Ab. t)L){a := s}) + #i(t2fa = s}) + #,(11) X #(82) + #p(11) X #4(82) X #,(5)
=#.((Ab.11{a := sPHL{a := s}) + #.({a := s}) + #,(t) X #(tr{a = s})

= #.((Ab. t1{a := s}L{a := s}) + #.(tr{a := s}) + #,(t1{a := s}) X #,.(tr{a := 5})

= #.((Ab%. t1{a = s})L{a := s} tr{a := s})

=#,(((Ab". 1)L p){a = s})

6. t = e1].

#x(.tl) + #a(.tl) X #x(s)
=#,.(t)) +#,(t)) X #:(s) (Def. D.5)
#o(ti{a = s}) (IH)
#,.(ot1{a :=s}) (Def. D.5)
= #o((or)a := s})

7. t = req@(1)).

#.(req @ (1)) + #,(req@ (1)) X #.(s)

= #,(1) + #,(t1) X #(s) (Def. D.5)
=#.(t1{a:=s)) (IH)
= #.(req?(t{a := s))) (Def. D.5)

= #((req®(1)){a := s})

(IH)

(IH)

(Def. D.5)
(Lem. D.6(1))
(Def. D.5)
(Def. D.5)
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8. t = ;. Same as case t = eof;.
9. t=1[u?/t,]

#(11[u 1)) + #,(0 [ [12]) X #:(5)
= #.(11) + #.(1) + #,(0) X #o(12) + #o (0 [U [ 12]) X #.(5) (Def. D.5)
#e(t1) + #:(02) + #,(11) X (1) + (Ha(1)) + #a(12) + #,(11) X #a(12)) X #(s5) (Def. D.5)

#e(ti{a = s}) + #.(0) + #,(61) X #:(02) + (o (1) + #,(11) X #4(12)) X #:(s) ([H)
=#.(t{a = s}) + #i(2la := s}p) + #,(01) X #.(2) + #,(11) X #,(02) X #:(s)  (IH)
=#.(n{a 1= s}) + #u(ala := s}) + #,(t1) X #(2la := s}) (IH)
=#.(t1{a := s}) + #.(t2{a := s}) + #,(t1{a := 5}) X #.(t2{a := 5}) (Lem. D.6(1))
=#.(t1{a := s}[u'®/tz{a := s}]) (Def. D.5)

= #.(1 [ /no){a := s5))
Lemma D.8. Suppose dom(L) N fv(s) = @. Then
#.((Aa. L) + #,(8) X #,(s) = #hle=D(L)
Proof. By induction on L. Without loss of generality, we assume x # a.

1. L=0o.

#.(da.t) + #,(t) X #,(s)
= #,(t) + #,(1) X #,(5) (Def. D.5)
= #.(H{a = s}) (Lem. D.7)
= g 0la=sD) o) (Def. D.5)

2. L=L{[u®/r.

#:((Aa. OL1 [ [1]) + #4(0) X #.(5)
=#.((1a. L) + #:(r) + #,((Aa. L) X #.(r) + #,(t) X #.(5) (Def. D.5)

= #1 SV + #(0) + #((Aa DLy X () (IH)

= #Ue=D by g ) + #2CL) x () (Lem. D.4)

= # =Dy () + #OL) x #.(7) (Def. D.5)

= # =Dy g () + #ED L)) x #,.(r) (Lem. D.6(2))
= g tae=sD g @ /) (Def. D.5)

Lemma D.9. Suppose dom(L) N fv(¢) = @. For any s,

1. #.(L) < #.(1) + #,(sL).
2. #(1L) < #(0) + #-O(L)

Proof. Both items are by induction on L. For the first item we have:

1. L = O. Then #,(¢) < #.(t) + #,(s) is immediate.
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2. L=L[u®/r]

#,(Ly [ /r])
=#,(tL)) + #:.(r) + #,(tL) X #:(7) (Def. D.5)
< #x(t) +#X(SL1) +#x(r) +#u(ﬂ-1) X#x(r) (IH)
< #x(t) + #X(SLI) + #x(r) + (#u(t) + #M(SL])) X #x(r) (IH)
=#,(t) + #.(sLy) + #,.(r) + #,(t) x #.(r) + #,(sLy) X #,(r) (Def. D.5)
= #,(t) + #.(sL) + #,(1) X #.(r) (Def. D.5)
= #,(t) + #.(sL) (u ¢ fv(n)

For the second item we proceed as follows:

1. L = 0. Then #(t) = #(t) + 0 = #(t) + #+O ().

2. L=L[u/r]
#(tLy[u/7])
= #(tL)) + #(r) + #,(tLy) X #(r) + #,(tL}) (Def. D.5)
<H#@) + #OWL)) + #0) + #,(L)) X #(r) + #,(1L)) (IH)

< HO) + #OL) + #(r) + #Ha(0) + #,(sL1)) X #(r) + #,(L;)  (tem 1)
<#(1) + #OL) + #(r) + #H 0 + #OL) x #(r) + #,(L1) (Lem. D.4)

= #(t) + #OL)) + #(r) + #OL)) X #(r) + #,(1L)) (u ¢ V(1)
< #(@) + #OL) + #0) + #-OL) X #(r) + #,(0) + #,(sLy)  (item 1)

< #(@) + #OL) + #0) + #-OL) X #(r) + #,(sL)) (u ¢ V(1)
= #(t) + #OL) + #r) + #OL) x #0) + #-O1) (Lem. D.4)
= #(1) + # (L, [u/r]) (Def. D.5)

3. L=L[u/r]
#HLy[u®/r])
=1 +#(L)) + #(r) (Def. D.5)

<#O+ 1L+ #OWL) +#0) UH)
= #(t) + #OL, [u®/r]) (Def. D.5)

Lemma D.10. Let x # u and u ¢ fv(t). Then

#o(CQU D) + #,(CLUTY) X #(1) = #.(CLEY) + #,(CLOY) X #.(D)
Proof. By induction on the size of the labeled context C.

1. C=0o.
#H:() + #,”) X #:(2)
=0+ #.(2) (x#u)
=#.0)+0x#.(0)
=#.0t) +#,(0) x#.(t) (Lem.D.3)

2. C= /la.C1

#:(Aa. Cru™)) + #u(Aa. G u")) X #.(1)
= #:(Cru™)) + #,(Cr{u™P) X #:(1) (Def. D.5)
= #:(Cr o)) + #,(CrL0)) X #(1) (IH)
=#.(a. C {t)) + #,(Aa. C ) x #.(t)  (Def. D.5)
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3. C = AdP.C;. Not possible since C{u?) is well-labeled.
4. C = C;s. We consider two cases depending on whether C; {u®)) is a labeled abstrac-
tion or not.
4.1. C;{u”) = (Ad®. r)L. Then one of the following two cases hold:
4.1.1. C = (AdP.C;;)L 5. We assume without loss of generality, that a ¢ fv(z).

#.((AdP. Cri U WL 5) + #,((Ad”. CL{u W)L 5) X #.(1)
= #:((Aa. CLifu ML) + #:(5) + #a(Cr{uD) X #:(5) + #,((Ad”. Cr{u W)L 5) X #(1)
= #:((Aa. CriuNL) + #:(s) + #4(Cridu™D) X #:(s) + #u((Aa. Clu ML) + #,(5) + #o(Cru®)) X #,(5)) >
= #:((Aa. Crir)L) + #,((Aa. Cri{rP)L) X #:(1) + #:(s5) + #a(Crru)) X #:(5) + (#u(s) + #,(Cridu D) X #u(
= #:((Aa. Crir))L) + #,((Aa. CileML) X #:(1) + #:(5) + #a(Cridu® ) X #x(s) + #,(5) X #:(1) + #4(C11 L)
= #:((Aa. Cri (ML) + #,((Aa. CiINL) X #:(1) + #:(5) + #a(CriC0)) X #x(5) + #,(5) X #:(1) + #2(Cr1 D) X
= #:((Ad%. CLIENL ) + #,((Aa. CrkNL) X #.(1) + #,(5) X #o(8) + #o(CLi{E)) X #,(5) X #.(1)
= #:((Ad”. CLIEL ) + #,((Ad. CLi ML 5) X #(1)

4.1.2. C = (AdP. r)L;[v?"/C1]L; 5. Similar to the previous case.
4.2, Cidu®y) # (AdP. r)L.

#x(cl«ua» S) + #u(cl«ua» S) X #x(t)
= #(CLuN) +#:(s) + FHu(CrQu™)) + #.(5)) X #:(0) (Def.D.5)
= #(CLuN) +#:(s) + #,(Crlu D) X #c(1) + #,(5) X #:(0)
= #(C LN + #(CLN) X #:(0) + #:(5) + #,(5) x #,()  (IH)
= #:(C L) 5) + #,(Cr () 8) X #:(0) (Def. D.5)

5. C = sC,;. Two cases are possible.
5.1. s = (AdP. r)L. Similar to previous cases above.
5.2. s # (A@”. r)L. Similar to previous cases above.
6. C = ¢C;. Similar to the case C = da.C;.
7. C = req®(C;). We need to consider multiple cases since our induction proceeds on
well-formed labeled contexts.
7.1. Bis not present. Similar to the case C = da. C;.

#:(req(Ci{u))) + #,(req(Ciu®))) X #.(1)
= #:(Cru™)) + #,(Cr{u™)) X #.(0) (Def. D.5)
= #:(Cr o)) + #,(Cr(r)) X #:(1) (IH)
= #:(req(C; () + #,(req(Ci{e))) x #:(1)  (Def. D.5)

7.2. B is present. Note that C; = O and C; = OL; (with L = L,L;) is not possible

since C{u®) is well-labeled. The remaining cases are:
7.2.1. Cl = (.C2)L.

#(red’(eCafu ML) + #u(red’ (eCo{u ML) X #.(1)

= #:((oCi (u" ML) + #,((oC; u N)L) X #,(7) (Def. D.5)
— #ﬁ.('cl«ll"»)(L) + #ﬁ.(ocl«u”»)(L) X #,(1) (Lem. D.4)
- #i.(cl«un»)(]_.) + #ﬁ.(cl«un»)(L) X #x(t) (Def DS)
= #:((eC1 LML) + #,((oC1 LIML) X #:(1) (IH)

= #(red’((¢C2{)L)) + #(red’(¢C2{HL)) X #.(1)  (Def. D.5)
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7.2.2. C; = (e5)L; [V /C,]L,. Similar to the previous case.

8. C = !Cy. Similar to the case C = 1a.C;.
9. C=C[v®/s]

#(C NP [5]) + #(CLlu WP [ 5]) X #:(1)
= #(CrQuMN) + #:(5) + #(CLLuN) X #.(5) + # (CLLu WP [5]) X #:(2) (Def. D.5)
= #(Crlu™D) + #:(5) + #,(Crlu)) X #c(5) + H(Crlu™D) + #,(5) + #,(Cru)) X #,(5)) X #:(1)  (Def. D.5)
= #(CLD) + #u(CLle)) X #u(0) + #:(5) + #,(CLLu™D) X #e(s) + (Hu(s) + #,(CLlu™)) X #.(5)) X #:(1) (IH)
= #:(Cr o)) + #,(CrAnD) X #:(1) + #(5) + #,(CLLN) X #(s) + (FHu(s) + #,(Crlu™D) X #,(5)) X #,(t)  (Lem. D.5, %)

= #(CUYDP /5] + #(CLEEN) X #:(2) + (#u(5) + #,(CLAUY) X #(5)) X #(1) (Def. D.5)

= #(CLUYVP /5] + #u(CLAED) X #a(2) + # () X #o(1) + #,(CrLu D) X #,(5) X #:(7)

= #CLUNP /5] + #(CLUN) X #o(1) + H#u(5) X # (1) + #,(CrLEN) X #(5) X #(0) (Lem. D.5, )
= #(CLUNP /5] + #,(CL NP [51) X #:(2) (Def. D.5)

Note the use in % of the fact that C{#)) stands for the capture-avoiding replacement
of O in C by . In particular, v ¢ fv(f) and u # v.
10. C = s[v®/Cy]

#.(sDVP [CLLUW]) + #, (VP LU N]) X #.(1)
= #.(5) + #.(CQu™N) + #,05) X #(CQuN) + #, (DD TN X #.(0) (Def.
= #.(5) + #(Cru™D) + #,(8) X #:(Crlu D) + FHu(s) + #,(CLu™D) + #,(5) X #,(Crlu™))) X #:(0) (Def.
= #,(5) + #(Crlu™D) + #,(8) X #c(Crlu D) + #u(s) X #:(0) + #H,(Crlu™D) X #(1) + #,(5) X #,(CrLu”)) X #:(2)
= x(s) + #x(cl«ua») + #V(S) X (#x(cl«t») + #u(cl«t») X #x(t)) + #u(s) X #x(t) + #u(cl«ua») X #x(t)
= #,(5) + #(Crqu™D) + #,(5) X #:(CrLN) + #,(5) X #,(CLLN) X #x(0) + #,(5) X #(1) + #,(Cr u ) X #:(0)
= #:(5) + #(CLAOD) + #,(CLAED) X #(1) + #,(5) X #c(Cr L)) + #,(5) X #,(CrLN) X #c(1) + #,(5) X #:(1)
= #. (SO /CLAND) + #u(C1LED) X #2(2) + #,(5) X #u(CrLEN) X #.(0) + H#,(5) X #.(1)
= #. (P /CLUND + #u (VP [CLLND) X #(0) (Def.

Lemma D.11. Suppose dom(L) N (fv(C) U {u}) = @ and x # u and u ¢ fv(t).
#(CLU™ ) + #(1L) + #,(CLU ) X #,(1L) > #H O/ (1)
Proof. By induction on L.

1. L=0O.

#Ho(CLu™N) + #:(2) + #,(CUT D) X #.(1)
= #:(CKEY) + #.:(1) + #,(CErY) X #:(1)  (Lem. D.10)
= #:(CLeH[u/1]) (Def. D.5)
— #i.(c«f»[‘l/f])(u) (Def D5)

2. L=L[v?/s]
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#(CQUY) + #,(L [V /5]) + #,(CQUTN) X #,(1L; [V 51)
= #(CUUOY) + #.(1L1) + #,.(5) + #,(1L1) X #(5) + #,(CQUY) X #(1L1 [V /5])
= #(CUUOY) + #,(1L1) + #,(5) + #,(1L1) X #(5) + #,(CQUN) X (Fo(IL1) + #.(5) + #,(1L1) X #.(5))
> #eCOMID L) 4 #,(5) + #,(1L1) X #e(5) + #a(CQUTN) X (#(5) + #,(1L1) X #:(5)) (IH)
= #COMDA ) 1 #(5) + #,(1L1) X #(5) + #(CEUTN) X #(5) + #,(CQUN) X #,(1L1) X #(5)
> #5COMD@ ) 4 #,(5) + #,(1L1) X #(5) + #,(CLUY) X #e(5) + #,(CLUTY) X #,(tL1) X #,(s)  (dom(L) N (Fv(C)
> #i.(c«t»[u/t])(]-l) +#(s) + #g.(c«t»[u/l])(]-l) X #,(5) (IH)
— #ﬁ.(c«t»[u/t])(]—‘l [v(o/)/s]) (Def D.5)

Proposition D.1. Let t € TVL. Then t —% s implies #.(t) > #.(s)
Proof. First we consider each of the four cases for reduction at the root ¢ =% s:

L. Suppose 7 = (da”. 1)L 1z oy fila := L = s and fv(rz) N dom(L) = @.
#:((1a”. t1)L 1)
= #.((Aa. t))L) + #.(t2) + #,(t1) X #,(t2) (Def. D.5)
> #:((Aa. 11)L) + #,(t1) X #(t2)
= g nla=nh ) (Lem. D.8)
= #.(t1{a := }L) (Lem. D.4)

2. Suppose t = req*((et;)L) Hfreq HnL=s

#:(req®((er1)L))
= #.((e11)L) (Def. D.5)
= x(tlL)

3. Suppose 1 = CLu"M[u/(!(et1)L1)La] 4 CL(er1)LyH[u/!(ef)L1]Ly = s and u ¢
fv(#) and fv(C) N dom(L L) = @.

#(CLu"Mu/(!(o11)L1)L2])
= #:(Cu" ) + #:((1(o11)L1)L2) + #,(CLu D) X #.((!(o11)L1)L2) (Def. D.5)
> #ﬁo(c«("l)l—l>>U¢/!('f1)l—lJ)(Lz) (Lem. D.11)
= #:(CK (o1 )Ly P[u/!(o11)L1]L2) (Lem. D.4)

4. Suppose 1 = 11[u”/(112)L] e 1L = s and u ¢ fv(#y).

#o(t1 [u”/(112)L])
= #u(n) + #:(('1)L) + #,(11) X #:((112)L) (Def. D.5)
=#,(t1) + #:.((\11)L) (Lem. D.3)
> #,(nL) (Lem. D.9(1))

Next we consider internal reduction. We proceed by induction on the size of the labeled
context C.
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1. C = A4a.C;. Suppose t = da.Ci{t1) —r da.C;{s1) = s follows from #; —p s7.

#:(1a.Ci{n))
=#.(C€n))  (Def. D.5)
2 #(C{s1») UH)
=#,(1a.Ci{s1)) (Def. D.5)

2. C= 1a®.C;. Not possible since t € TVL.
3. C = (Ad®.C)Lt. Suppose t = (1d?. Ci{t )Lt =g (Ad®. Ci{sa))Lt; = s follows
from 1, —p s5.

#.((Ad®. C )L 1)
= #,((Aa. C (L)L) + #(11) + #,(C1 {02 )) X #.(11) (Def. D.5)
= e QN L (1) + #,(Cr{n)) X #(1)  (Lem. D.4)
= #1CONL) Lt (1)) + #,(Cr{02)) X #(11) (Def. D.5)
> #COD W) 4 # (1)) + #,(C €s2)) X #o(11) (IH x 2)
= g QCNL) Lo (1) + #,Cr{s2)) X #(11)  (Def. D.5)
= #,((a. C{s2))L) + #(11) + #u(C1{52)) X #o(11) (Lem. D.4)
= #.,((AdP. C {sa)L 1))

4. C=0Ly ¢y and t = DuMlu/(1(et3)K1)Ka|Ly 11 —5 DL(e23)Ky Hu/(!(013)K1) KoLy 1) =
s and DQu®) = (1dP. 1;)L,. There are to cases depending on the location of the hole
in D.

4.1. D= (Aa®.D))L;. Let L = L;[u/(!(ot3)K Kz ]L5.

#:((Ad”. Dy Cu ML [/ (A(o13)K DK L2 11)

= #,((Aa. Dy QUOWIL) + #,(1) + #(D; (u®W) X #,(1)) (Def. D.5)
= #p e DOLIWCEED (1) 4 (1) + #a (D1 (U )) X #at1) (Lem. D.4)
= (e DO CERIGD ) 4 g (1)) + #,(DE(013)K1 ) X #,(11) (Lem. D.5)
> e daDiCCemROLI I/ CEROI) (1 )y 4 (1)) + #,(DE(o13)K ) )) X #:(11) (root case, item 3)

= #,((AdP. DE(o13)Ky W)L [u/(!(013)K1)[KoLo) + #.(11) + #,(DK(13)K1 ) X #,(t1) (Lem. D.4)
= #,((Ad”. DE(o13)K; D)L [u/(!(o13)K1)KoLs 1)

4.2. D = (AdP.1))L,;[v"?/D;]L},. Similar to the previous case.
5.C=0Lyt;and t = (/la'B.tz)Ll[u"/(!t3)K]L2 5] —)% (/laﬁ. tH)L1KL, 1 = s.

#,((AdP. )Ly [u” | (13)K]Ly 1)
= #.((Aa. )L [u® [(163)K]Ly) + #,(t1) + #,(t2) X #.(t1) (Def. D.5)
= gl (e DL IAKD (L y 4 (1)) + #a(t) X #:(11)  (Lem. D.4)
> ## A(AaLKY ]y L # (1) + #a(t) X #.:(8)) (root case, item 4)
= x((/laﬁ l‘z)L]KLg) + #x(tl) + # (lg) X #x(tl) (Lem D4)
= #x((/laﬁ. t])L]K].Q tl)
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6. C=(Aa®.1))L1[v?"/C 1L, to. Suppose 1 = (AdP. 1)L [V /Ci LWL 12 =g (AdP. 1)L [V /Ci{s3) Lo 1 =
s follows from t3 —g s3.

#((Ad. 1)LV [Ci ()L 1)
= #:((Aa. 1)L [ [C{BYIL2) + #u(12) + H#a(11) X #:(12) (Def. D.5)
= e OLDICID (1) 4 g (1) + (1) X #o(1) (Lem. D.4)
## o (Aa. 1)L+ (C (D) +#.((Aa. 1)L)xH, (C|<<fz>>)(L Y+ #.(t2) + #a(1)) X #.(12) (Def. D.5)
> ## o((Aa. 1)L +#a(Cr(s3))+#,((Aa. 1)L )xHs (C1(<33)>)(L )+ #.(1) + #a(11) X #:(12) (IH)

= e ICCID [y L g (1) + #(1) X #i(1) (Def. D.5)
= #,((Aa. 1)L [V /C1 {530 ILo) + #.(12) + #4(11) X #,(12) (Lem. D.4)
= #.((AdP . 1)L [V /C (530 1La 1) (Def. D.5)

7. C = (AdP. 1)L Cy. Suppose t = (Aa. 1)L C1 (1) — g (AaP. 1)L C{s2) = s follows
from t, —¢ 57.

#:((AdP. 1)L C1 {12 )
=#.((Aa. t))L) + #(C {2 ) + #4(11) X #.(C1€12)) (Def. D.5)
> #.((Aa. t)L) + #.(Cr{s2)) + #a(11) X #(C1 {520 (IH X 2)
= #,((A%. 1)L C; (52) (Def. D.5)

8. C=GC 1. Suppose t=Ci{tryty =g Ci{s2) t; = s follows from 1, —p s5.

#.(Ci{t)t)
= #(Ci () + #.(t1) (Def. D.5)
> #,(C{(s2)) + #.(t)) UH)
=#.(C€s2) 1) (Def. D.5)

9. C =t C;. Similar to the case C = C; 4.
10. C = oC;. Similar to the case C = Aa. C;.
11. C=req®(C). We need to consider multiple cases since out induction proceeds on
well-formed labeled contexts.
11.1. Bis not present. Suppose ¢ = req(C;{#1)) —r req(C;{s1)) = s follows from
t; —g s1. Similar to the case C = Aa. C;.
11.2. Bis present.
11.2.1. C; = (eCy)L. Suppose ¢ = req’((eC{r )L) —r red’((¢Cr{si ML) = s
follows from t; —5 s;.

#,((eC2{r ML)
= # D) (Lem. D.4)
_ #(C2<(ll>>)(L)

> #ﬁ (G«Sl»)(]_) (IH)
= Gl )
X

= #,((eC2{s1)L) (Lem. D.4)
11.2.2. C¢; =0OL, and 7 = req?((eD{u™ W)L [u/(!(o13)K1)K2]Ly) —% req((eD{(e13)Ki )L [u/(!(o13)K1) KoL) =

s. Then we reason as in the previous case but using the root case (item 2)
instead of the TH.
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11.2.3. ¢; = OL, and ¢t = reqﬁ((on)Ll[u"/(!tg)K]Lz) —>% I‘eq’g((Ol‘])LlKLz) = S.
Same as previous case.

11.24. ¢, = (o1))Li[V?/CIL,. Suppose ¢ = req?((e11)Li[V?/C{n)Ila) —r
reg?((et) )L [V /Cds2)]Ly) = s follows from t, —g s,. Similar to the
previous case.

C = !C;. Similar to the case C = Aa.C;.
C = C;[v®/t;]. Suppose t = Ci{t:y[vP/t;] —r C1{say[vP /1] = s follows from
thy g 5.

#:(CL{YVP /1 ])

#F(Crln)) + #:(t) + #,(C1 L)) x #.(t1) (Def. D.5)
2 #,(Cr{(sa)) + #:(t1) + #,(Crd{s2) X #,(11) (IH X 2)
= #.(C {s20vP /11 1) (Def. D.5)

C = t;[v?/Cy]. Suppose t = t;[vP/Ci{t)] —r t;[vP/Ci{s2)] = s follows from
fhy g 5.

#:(1 VP /C1 ()]

#o(t) + #(Cr{)) + #,.(1) X #(C1(nY)) (Def. D.5)
2 #,(t1) + #(Crls2)) + #,(1) X #F(C¢s2)) (TH X 2)
= #.(t1 VP /C1{s2)]) (Def. D.5)

Lemma D.12. #(t) + #,(1) X #(5) = #(t{a := s})

Proof. By induction on ¢.

1.

2.

3.

t=b.1If b # a, then

#(b) + #,(b) x #(s)
=0
= #(bla = s5})
If b = a, then
#(b) + #,(b) X #(5)
= #(s)
= #(bla := s})
t=u®
# D) + #, ) x #(s)
=0
=#uD{a := s})
t=2Ab.r.

#(Ab. r) + #,(Ab. 1) X #(s)
=#(r) + #,(r) X #(s) (Def. D.6)
= #(r{a := s}) (IH)
= #((Ab.r){a = s}) (Def. D.6)
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4. t=1H t.

#(r1 1) + #,(t1 1) X H#(s)
= #(1) + #(t2) + (#a(11) + #:(12)) X #(s) (Def. D.6)
= #(1) + #(t2) + #,(11) X H#(s) + #:(12) X #(s)
= #(t1{a = s}) + #(t2{a := s}) (IH x 2)
= #(t1{a = s}r{a = s}) (Def. D.6)
= #((1 ){a = s})
5. t=(Ab% 1)L t,.

B 1)L 1) + #,((AB%. 1)L 1) X #(5)
= 1+ #((Ab. 1)) + #(12) + #5(t1) X #(t2) + #(AW%. 1)L 1) X #(5) (Def. D.6)
= 1+ #((Ab. 1)) + #(12) + #5(t1) X #(t2) + Fa((Ab. 11)L) + #a(t2) + #p(t1) X #a(t2)) X #(5) (Def. D.6)
=1 +#(((Ab. t)L){a := s}) + #(t2) + #,(11) X #(t2) + (Ha(t2) + #,(t1) X #4(12)) X #(5) (IH)

=1+ #(((Ab. t))L){a := s}) + #(tr{a := s}) + #,(11) X #(12) + #,(11) X #,(t2) X #(55) (IH)
=1+ #((Ab.t1{a := s})L{a := s}) + #(t2{a := s}) + #,(t1) X #(t2{a := s}) (Def. D.6)
=1+ #((Ab.t1{a := s})L{a := s}) + #(t2{a := s}) + #,(t1{a := s}) X #(t2{a := s}) (Lem. D.6(1))
= #((Ab°. ti{a := s})L{a := s} rla := s}) (Def. D.5)
= #(((AD". 1)L K){a := s}) (Def. D.6)

6. t = ef].

(o)) + #,(011) X #(s)
=#(t) + #,(t1) X #(s) (Def. D.6,Def. D.5)
= #(t1{a = s}) (IH)
= #(o(f1{a := s})) (Def. D.6)
= #((ot){a :=s})
7. t = req(t;). Same as case 1 = eofy.
8. t = req®((et;)L).

#(req”((ef1)L)) + #(req®((e11)L)) X #(s)

= 1 + #((o1))L) + #,((o11)L) X #(s) (Def. D.6, Def. D.5)
=1+ #(((et1)L){a := s} (IH)
= #(req®(((st)L){a := s})) (Def. D.6)

= #(req”((ef1)LNa = s})
9. t = 1t1. Same as case t = eofy.
10. t =t [u/t2]

#(t[u/t2]) + #a(t1[u/02]) X #(s)

= #(t)) + #(12) + #,(1)) X #(1p) + #,(11) + #a(11 [P [ 12]) X #(5) (Def. D.6)
=#(t1) + #(12) + #,(1) X H(0) + #,(11) + FH(1) + #u(02) + #,(11) X #4(12)) X #(s) (Def. D.5)
=#(t{a = sh) +#(t) + #,(t1) X #(t2) + #,(11) + #,(01) X # (1) + FHa(12) + #,(81) X #,(12)) X #(s) (IH)

=#(nla = sh) +#(la = sh) + #,(0) X #(t2) + #,(11) + #,(11) X #,(12) X #(s) (IH)

=#(t1{a ;= s}) + #(tx{a := s}) + #,(t) X #({a := s}) + #,(1) (IH)

= #(t1{a := s}) + #(t{a = s}) + #,(t1{a := s}) X #(t{a = s}) + #,(t1{a := s}) (Lem. D.6(1) x 2)
= #(t {a := sH{u/t{a := s}]) (Def. D.5)

= #(t[u/t){a := s})
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11. t =t [u*/t,] and u ¢ fv(z)).

#11[u/6]) + #,(0[u”[12]) X #(s)
=1+ #(t)) + #(tp) + #,(t1 [u®/12]) X #(5) (Def. D.6)
= 1+ #(1)) + #(ta) + (#a(11) + #4(12) + #,(11) X #,(12)) X #(s) (Def. D.5)
= 1+#{a := s}) + #(1) + (Fa(r2) + #,(11) X #,(12)) X #(s) (IH)
=1+ #(t{a = s}) + #(o{a := s}) + #,(t1) X #,() X #(s) (H)
=1+ #(t1{a := s}) + #(r{a := s}) (u & fv(2))
= #(t{a := s}u”/t{a := s}]) (Def. D.6)
= #(t [/, ){a = s})

Lemma D.13. Suppose fv(s) N dom(L) = @.
H(Aa. L) + #,(1) X #(s) = #(tla = s) + #*0e=D(L)
Proof. By induction on L.

1. L=n0.

#(a. 1) + #,(t) X #(s)
= #(1) + #,(1) X #(s) (Def. D.6)
=#(t{a := s5}) (Lem. D.12)
=#ta:=s)+0
= #(t{a := s}) + #-a=D ()

2. L=L[u*/r].
#((Aa. HL [u®/r]) + #,(1) X #(s)
=1+ #((Aa.)Ly) + #(r) + #,(6) X #.(s) (Def. D.6)

= 1 +#(tla := s} + #0"TVL) + #(r) TH)
= #(tla == s}) + #0=D [w/r])  (Def. D.6)

3. L=L{[u/1]

#((Aa. )Ly [u/r]) + #.(2) X #(s)
=#((da.t)L)) + #(r) + #,((Aa. H)L) X #(r) + #,((Aa. L)) + #,(r) X #(s)  (Def. D.6)

= #(t{a := s}) + #1EDL)) + #0) + #.((Aa. DLy X #() + #,((la. OLy)  (TH)

= #(ta = s}) + #0TD@)) + #0) + #YCDL) x #r) + #.((Aa.DLy)  (Lem. D.4)

= #(tla := s)) + #MEV@)) + #00) + #OL) X #) + #.((Aa. L)) (Def. D.5)

= #(t{a := s}) + #E=DL)) + #0) + #ED L) < #0) + #CETDWL)) (Lem. D.6(2))
= #(ta = s)) + #+@E=D L, [u/r]) (Def. D.6)

Lemma D.14. #(rL) = #(¢) + #*9(L)
Proof. By induction on L.

1. L = 0. Immediate since #(¢) = #(f) + 0 = #(¢) + #-O(0).
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2. L=1L[u/s].

#(tL1[u/s])
= #(1L1) + #(s) + #,(1L)) X #(s) + #,(1L) (Def. D.6)
= #(1) + #O(L)) + #(s) + #,(tL)) X #(s) + #,(iL1)  (IH)
= #(1) + #O(L)) + #(s) + #O(L)) x #(s) + #* V(L)) (Lem. D.4 X 2)
= #(1) + #OL, [u/s]) (Def. D.6)

3. L=L[u/s].
#(Ly [u”/s])
=1+ #(1Ly) + #(s) (Def. D.6)
=1+#0)+ ##'(’)(Ll) +#(s) (IH)
= #(1) + #+OL,[u?/s])  (Def. D.6)

Lemma D.15. Suppose u ¢ fv(t). Then,
#(CLU™Y) + #,(CLU™ W) X #(1) + #,(CLU"N) > #H(CLEN) + #,(CLEN) X #(1) + #,(CLLH)
Proof. By induction on the labeled context C.

1. C=0.
#u®) + #,(u®) X #(@) + #,(®)
=0+#0 +1
> #(1)
= #(t) + #,(2) X #(t) + #,(2) (Lem. D.3)

2. C= /la.Cl

#(Aa. i u)) + #,(da. Cru)) X #(1) + #,(Aa. Cu®))
= #(Crqu™ D) + #(CLu D) X #(1) + #,(CCu™)) (Def.D.5,Def. D.6)
> #(C1 L)) + #,(CL L)) X #(1) + #,(CCNY) (IH)
= #(Aa. C{)) + #,(a. C L)) X #(t) + #,(a. CLt)) (Def. D.5)

(Ad®.C))L s
Ad®. L[V /Ci Ly s
AdP. rLC,

A
0
5y

NN NN

#(C ) 8) + #,(Crlu™) s) X #(1) + #,(CLu) )
= #(C(u D) + #(s) + #H(Cru)) + #,(5)) X #(1) + #,(CLu” ) + #.(s) (Def. D.6)
= #(C{u D) + #(s) + #,(Crlu)) X #(1) + #,(s) X #(1) + #,(CLu ) + #.(s)
> #(CILD) + #u(CLN) X #(@) + #,(CLEY) + #(s) + #,(5) X #(1) + #,(5) (IH)
= #(C1 (1) 5) + #,(C L) 5) X #(t) + #,(CL) 5) (Def. D.5,Def. D.6)

7. C = sCy. Similar to the case C = C; s.

C = ¢C;. Similar to the case C = Aa. ;.

9. C = req®(C;). We need to consider multiple cases since out induction proceeds on
well-formed labeled contexts.

o
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9.1. Bis not present. Similar to the case C = da. C;.

#(req(Ci(u"))) + #.,(req(C; (u”))) X #(1) + #,(req(C;u’)))
= #(C{u D) + #(C L)) x #(@) + #,(C uD) (Def. D.5,Def. D.6)
> #(C(nY) + #U(CL)) X #(@) + #,(C (o)) (IH)
= #(req(Ci(r))) + #.(req(Ci(n))) x #(1) + #,(req(C:(r))) (Def. D.5,Def. D.6)

9.2. Bis present.
9.2.1. C; = (eCy)L. Similar to the case above.
9.2.2. C; = (es5)L;[v®/C,]L,. Similar to the case above.

10. C = !C;. Similar to the case C = Aa. C;.
11. C=Cy[v/s]

#HC uWv/sT) + #,(Crlu DI/ s]) x #(0) + #,(Cr uP[v/s])
= #(C{u)) + #(s) + #,(CLu ) x #(s) + #,(Crlu D) + #,(Crlu v/ sD) X #(1) + #,(Ci {u”H[v/s])
= #(C{u D) + #(s) + #,(CLu)) X #(s) + #,(Crlu D) + F(Crlu™D) + #,(5) + #,(Crlu)) X #,(5)) X #(1) + #,(C1
= #(C u D) + #(s) + #,(C LuN) X #(s) + #,(Crlu™ D) + #H(Cru™D) + #4(s) + #,(Crlu)) x #,(5)) X #(1) + #,(C
> #(CLD) + #H(C L)) X #(@) + #,(CLeN) + #(s) + #,(Criu D) + #,(CruN) X #(s) + (#u(s) + #,(Cru)) X #,(5))
= #(C D) + #(C L)) X #(1) + #,(C D) + #(s) + #,(CLLN) + #,(CLLN) X #(s) + (#u(s) + #,(Cru)) x #,(s)) X #
= #(C LD/ 5D + #(CLN) X #(1) + #,(CLLN) + #Hu(s) + #,(C L)) X #,(5)) X #(1) + #,(s) + #,(C{u”)) X #,(5)
= #C LD/ 5D + # (G LY/ sT) x #(1) + #,(CL D) + #u(5) + #,(C Lu")) X #.(s)
= #(C LD/ D + #(C LN/ sT) X #() + #,(CLLEN) + #u(s) + #,(CLLN) X #u(s)
= #(C LD/ D + #(C LN/ sT) x #(1) + #,(C LePv/ s])

12. C=C[V/s]

#CIQu WP /5]) + #u(CLLuO WD/ 51) X #(2) + #,(Cru YDV [ 51)
= 1+ #HC CuN) + #(s) + #,(CrLuD[v/s]) X #(@) + #,(C uWv/sD)
= 1+ #HCu)) + #(s) + F(CrLu™D) + #,(5) + #,(Crlu™D) X #,(5)) X #(2) + #,(C (uH[v/s])
= 1+ #HCu)) + #(s) + F(CLu™D) + #u,(5) + #H,(Crlu™D) X #,(5)) X #(1) + #,(Cr{u” D) + #(s) + #,(C u")) x #,
> 1+ #HC D) + #,(Crle)) X #(0) + #,(CrAn)) + #(s) + H,(Crlu™D) + #,(Crlu™D) X #(s) + #u(s) + #,(C{u")) X #,
= 1+ #HC o)) + #,(Cre)) X #(1) + #,(CLn)) + #(s) + H,(CLLY) + #,(Cre)) X #(s) + Hu(s) + #,(Crlu™D) X #,(s)
= #CKNDP/s]) + #u(CLEEN) X #(E) + #,(CLAN) + (Ha(5) + #,(CLANN) X #(5)) X #(2) + #,(5) + #,(Cr{uN) X #,(s)
I [ s]) + #,(CLLNDP [ 5T) X #(1) + #,(CLEN) + #u(5) + #(CrLuD) X #,(5)
HCIENDA /5] + #(CLENDFP 51) X #(1) + #,(CLEED) + #u(5) + #,(CrLEN) X #uls)
= MDA/ s]) + #(CLEYDF /51) X #(0) + #,(C YD /5])

13. C = s[v/C;]. Similar to the previous case.
14. C = s[+#/C;]. Similar to the previous case.

Lemma D.16. Suppose dom(L) N (fv(C) U {u}) = @. Then
HCQUY) + #(IL) + #,(CLU™N) X #(LL) + #,(CQu"Y) > #CH[u/1]) + #HCOWD (L)

Proof. By induction on L.
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1. L=0oO
HF(CLu)) + #(1) + #,(CLu™N) X #(1) + #,(CLu)
> H(CKLY) + #(E) + #,(CLLY) X #(1) + #,(CLY) (Lem. D.15)
= #(CLeN[u/t]) (Def. D.6)
= #(CEN[u/1]) + ## WD () (Def. D.6)
2. L=Ly[v/s]

H(CQUN) + (L1 [v/S]) + #,(CLU™N) X #(1L1 [v/5]) + #,(CLu™Y)

= #(CQUY) + #(1Ly) + #(5) + #,(1L1) X #(5) + #,(1L1) + #,(CQUED) X FIL1) + #(s) + #,(1L1) X #(5) + #,(1L1)) + #,(
> #(CUENu/1]) + #HCOWIMDL ) 1+ #(s) + #,(EL1) X #(5) + #,(1L1) + #,(CLUTN) X (#(s) + #,(1L1) X #(5) + #,(L1))

> #CUEN[u/t]) + #COWIDL L)+ #(s) + #,((L1) X #(5) + #(CQUY) X (H(5) + #,(1L1) X #(5)) + #-COWD L)

> #(CUEN[u/1]) + #COMIDL ) 1 #(s) + #,(CEUN) X #(s) + #-COMDL ) x #(s) + #HCOWD L

> #(C«t» I/l/l‘ ) + ##.(C«t))[u/t])(L]) + #(S) + #ﬁa(c«f»[u/f])(]_l) % #(S) + #f-(c«f»[u/f])(]_l)

= #CLY[u/1]) + #H+COWD L, [v/5])

—_r— — —
—_— e e

We have used the fact that #,(C{u*)») = 0
3. L=L;[v/s]

H(CLu W) + #L [/ s]) + #,(CLu™Y) X #EL [V s]) + #,(CLu™H)
= #(CQu™)) + 1+ #(@Ly) + #(s) + #,(CLu D) X (1 + #(IL) + #(s)) + #,(CLu))
= #(CQuN) + 1+ #(tLy) + #(s) + #,(CLuY) + #,(CLu™N) X #(L1) + #,(CLu)) X #(s) + #,(CLu™))
> #(CUNu/1]) + #+COWDL1) + 1+ #(s) + #H,(CLUY) + #,(CLu™Y) X #(s) + #,(CCu® ) (IH)
> #(CLe[u/t]) + #5+ DML ) + 1 + #(s)
= #H(CEEN[u/1]) + 1 + #HCOMIDL ) + #(s)
= #(CEEN[u/1]) + #+ NI, [y /5])

Proposition D.2. t —¢ s implies #(1) > #(5)
Proof. First we consider each of the four cases for reduction at the root ¢ -y s:
1. Suppose t = (da®.#;)L 1, P ti{a := KL = s and fv(r,) N dom(L) = @.

#((Aa®.t))L 1)
— 1+ #((Aa. 1;)L) + #(t2) + #,(11) X #(12) (Def. D.6)
> #((a. 1)L) + #,(1)) X #(12)
= #(t)[a = 1)) + #Ola=n) (L) (Lem. D.13)
= #(t1{a := K]L) (Lem. D.14)

2. Suppose t = req®((et;)L) Hfreq HnL=s

#(req”((er)L))
=1 +#((ot))L) (Def. D.6)
=1 + #(t;L)
> #(t;L)
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3. Suppose 1 = CQu*P[u/(!(e11)L1)La] g CL(or1)Lip[u/!(et)Li]Ly = s and u ¢
fv(#;) and fv(C) N dom(LL,) = @.

#(CCu lu/(!(o11)L1)L2])
= #(CQuY) + #((!(ot)L1)L2) + #,(CLu" )) X #((!(o11)L1)Lo) + #,(CLu” ) (Def. D.6)
> #(C{ (011 )Li Ylu/ (o)L ]) + #+ AL/ LD (L) (Lem. D.16)
= #(C{(or1)L1 p[u/!(er1)L1]L2) (Lem. D.14)
4. Suppose 7 = 11[u”/(112)L] e 1L = s and u ¢ fv(#y).
#(t1 [u”/(112)L])

=1+ #(t;) + #((1r)L) (Def. D.6)

=1+ #) + #(1tp) + # (L) (Lem. D.14)

> #(t)) + #+C2)(L)

> #(t1L) (Lem. D.9(2))

Next we consider internal reduction.

1. C= Aa.C;. Suppose ¢ = da.C;{t1) =g Ada.Ci{s1)) = s follows from t; —¢ s;.

#(Aa. Cin))
=#(C (1))  (Def.D.6)
>#Ci{s1))  (UH)
= #(da. Ci{s1)) (Def. D.6)

2. C= (AdP.C))L1ty. Suppose t = (Aa®. Ci{t))Lt; —g (AaP.Ci{sa))Lt; = s follows
from t, —g $7.

#(Ad. i {)L 1)
=1+ #((da. Ci{)L) + #(11) + #,(C1n2)) X #(11) (Def. D.6)
=1 + #(a. C () + #+ (- CladV(L) + #(2)) + #,(C (1)) X #(r) (Lem. D.14)
> 1+ #(Aa. C((s2)) + ##+(1e- CC(L) + #(1)) + #,(Cr(52)) X #(1)) (IH X 2)
=1+ #((Aa. C {sa ML) + #(t)) + #,(C1{s2)) X #(1)) (Lem. D.14)
= AdP. Ci{s2M)Lty (Def. D.6)

3. C=0OLy 1y and t = Du™ M u/(!(e23)K 1)K [Ly 1 =% DL(013)Ky Hu/(!(e23)K)[KoLo 2y =
s and D{u®) = (Aa®.t)L,. There are to cases depending on the location of the hole
inD.

3.1. D= (Aa®.D))L;. Let L = Li[u/(!(et3)K|)K>]L,. Similar to the previous case.
3.2. D = (Ad”. ;)L [v"?/D|]L,. Similar to the previous case.

4. C=0OLyt; and t = (Ad®. )L [u®/(13)K]Ly 1 —% (Ad®. )L KLy t; = s. Similar to

the previous case.

5. C= (A% 1)L [V /C 1L, to. Suppose 1 = (AdP. 1)L [V /Ci LWL 12 =g (AdP. 1)L [V /Ci{s3) Lo 1 =
s follows from #3 —p s3.



Sharing and Linear Logic with Restricted Access 67

#((Ad. 1)L [V /C (i3 )1La 1)

=1+ #((Aa. 1)L [V /C {1 W]Lo) + #(ty) + #a(11) X #(12) (Def. D.6)
= 1+ #((Aa. 1)L [V /C (1 )]) + #+Ca- Ll SO (Lo) 4 #(rr) + #,(1) X #(t2) (Lem. D.14)
> 1+ #(Aa. 1)L [V /C itz )]) + ##QaDLDPICEID(Ly) + #(8) + #,(11) X #(t2) (Prop. D.1)
> 1+ #(Aa. 1)L [V /C {53 )]) + #H e [QEID(Ly) + #(1y) + #,(11) X #(12) (TH)

= 1+ #((Aa. 1)Ly [V [Cy (53 )]) + ##-a DLV /(L) + #(1y) + #o(11) X #(t2) (Lem. D.14)
=1+ #((Aa. 1)L v /C{s3)ILo) + #(12) + #a(t1) X #(12) (Def. D.6)
= #((AdP. 11)L1 [V /C (s3)]La 1) (Def. D.5)

6. C = (Ad®. 1)L Cy. Suppose t = (1dP. t))LCi{tr) —r (Ad®. 1)L C (s, = s follows
from t, —g $7.

#((Ad®. 1)L Ci (1))
=1+ #((1a. 1)L) + #(C1{02)) + #,(t1) X #(C1€2)) (Def. D.6)
> 1+ #((Aa. t))L) + #(C{(s2)) + #a(t) X #(C1{s2)) (IH X 2)
=#((Ad. 1)L C1{52)) (Def. D.6)

7. C= (AdP. 1)L Cy. Suppose t = (Aa. 1)L C1{t>) —r (AaP. 1)L C {s2) = s follows
from t, —¢ 57.
8. C=Ct;. Suppose t = Ci{tra) t; =g C1{s2) 1 = s follows from 1, —p 5.
9. C =1 C,. Similar to the case C = C; #;.
10. C = oC;. Similar to the case C = Aa.C;.
11. C = req®(C;). We need to consider multiple cases since out induction proceeds on
well-formed labeled contexts.

11.1. B is not present. Suppose ¢ = req(C;{t)») —r req(C;{s1)») = s follows from
t; —r s1. Similar to the case C = Aa. Cy.
11.2. Bis present.
11.2.1. C; = (eCy)L. Suppose 1 = red?((eC2{r )L) —r red?((eCr{(s1H)L) = s
follows from #; —f 5.

#(red’((eC2{11 ))L))
=1 +#(eCr{n1 ))L) (Def. D.6)
=1+ #(eC{t1)) + ##'(('CZ«“»))(L) (Lem. D.14)
> 1+ #(eCo(ty ) + #CCCML) (Prop. D.1)
> 1+ #(eCols ) + ##-((0C2(<S1)>))(L) (IH)
=1+ #((eCr{s1 ML) (Lem. D.14)
= #(red’((¢C2{(s1))L)) (Def. D.6)

11.22. ¢ = oLy and 7 = req’((eD{u* W)L [u/(!(o13)K 1)Kz L) —§ req’((eDE(e13)K; )L [u/(!(913)K))]KaLy) =
s. Then we reason as in the previous case but using the root case (item 2)
instead of the IH.
11.23. ¢, = Ol and t = reqﬁ((otl)Ll[u"/(!t3)K]L2) —>% reqﬁ((on)LlKLz) = s.
Same as previous case.
11.24. ¢ = (OI])L][V(Y)/CQ]LQ. SllppOSC t = reqﬁ((on)Ll[v(”/Cz((t2>)]L2) —R
(ot L[V /Cals2 )Ly = s follows from 1, —g s5.
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12. C = !Cy. Similar to the case C = Aa. C;.
13. C = C[v/1]. Suppose t = Ci{tp[v/t1] —=r CiEs2)[v/11] = s follows from 1, —¢

$2.
#C {Pv/n D)

= #(C{e)) + #(t1) + #,(Cr{n)) X #(t1) + #,(C1LnY)) (Def. D.6)

> #(C {0)) + #(11) + #,(Cr{s2)) X #(1y) + #,(C1{s2)) (Prop. D.1)

> #H(Cr{s2)) + #(11) + #H.(Cs2)) X #(t1) + #,(C1(s2)) UH)

=#C 20 v/l (Def. D.6)

14. ¢ = ¢[W¥3/1]. Suppose t = Ci{uL)VP/t] —r Cidsa)[VP/1] = s follows from
hy g 5.
#(C (Y1)

= 1+ #(C {nY) + #(1) (Def. D.6)
> 1+ #(C{s2)) +#(1) (T1H)
= #(Cs2)0P/n])  (Def. D.6)

15. C = #;[v/C;]. Suppose t = £1[v/Ci{t2 )] —r t1[V/Ci{s2)] = s follows from 1, —¢

A
#(t1[v/Ci )]

= #(11) + #(C 02 ) + #.(11) X #H(C1 () + #,(11) (Def. D.6)

> #(11) + #(Cr{s2)) + #,(11) X #(C1€s2)) + #,(11) (IH X 2)

= #(11[v/Ci1€s20]) (Def. D.6)

16. C = tl[vB/Cl]. Supposet = tl[VB/Cl«tz»] —R tl[\ﬁ/cl«éj»] = s follows from
th DR 5.
#11 [V /CERND)

=1+ #(t) + #(C1 () (Def. D.6)
> 1+ #(t) + #(Ci{s2)) (IH)
= #(1 [P /C1{s20]) (Def. D.6)

Semantic Orthogonality Semantic orthogonality, namely that if t =% s and t =P 7,
then there exists p such that s »# p and r »@ p, fails as illustrated below:

t[v/(ler)K]

. B
/ N f[v/(lety)K]

f[u® /(W)v/(ler)K]] #

v hiv/len]K
B "o

H[u®/(lety)[v/(lety)]K
This motivates the following notion of flattening. A'* rewriting modulo flattening
does indeed satisfy semantic orthogonality.
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Definition D.7 (Flattening). Flattening is a binary relation =C T£ x T£ defined by the
following inference rules that prove judgements of the form t = s:

v ¢ fv(t)

=F
tu® s [r1] = t[u® /51D /7]
S=t t=r r=s
— =LV —— =UV =S =T
a=a U@ = 4@ t=s t=s
t=s H=s h=s
— =Abs ——  =App
/la(a). t= /la(”). Ky i) =515
t=s r=s =S
=Sh =01fc @ @ =0pen
ol =eys lt=ls req¥(t) = req'(s)

H=Es h=s

=ES
H[u®/t] = s1[u'®/s5]

We write t £ s when « is a derivation of t = 5. We also occasionally write t = s, when
there exists 7w such that t = s. Finally, we write t S s if the rule =F is used exactly once

in .

Remark D.1. Suppose t Z 5. First note that we may assume, without loss of generality,
that if the rule =F is used exactly once, transitivity is not used at all (since if =F is not
used at all in a derivation of ¢ = s, then r = s). Second, it is easy to verify that there

. m U3
existsn >0and ry,...r,and my,...,m,_y suchthatr; = tand r, = sand r| =; 2, =
-1 . . . .
F3y..., n1 =1 I'y, Wwhere n — 1 is the number of times =F was used in x. In particular,
ifn=1thent =s.

Remark D.2. Note that t = ¢, for all t € T (i.e. = is reflexive) as may be verified by
straightforward induction on ¢.

s

Lemma D.17. Suppose t = s. Then fv(t) = fv(s).

Proof. By induction on 7.

Lemma D.18. Suppose t L

1. Ift e TYL then s e TWL
2. If seTWL thente TWL,

Proof. The proof is by induction on &. The only interesting case is the rule =F.
v ¢ fv(r)
=F
@ /svP /e = /517 /r]

If the labels are not present, the result is immediate. If the label « is present in u,
then s = (!s51)L and the result is also immediate since the scope of u* does not change.
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Suppose v is labeled with 8 on the left-hand side and hence v ¢ fv(s). Then the condition
v ¢ fv(f) makes sure that v ¢ fv(¢[u‘®/s]) in the right-hand side. Similarly, suppose v
is labeled with 3 on the right-hand side. Then v ¢ fv(¢[u'®/s]) and hence, in particular,
v ¢ fv(s).

Lemma D.19. Suppose ¢ L

1. Then t{a :=r} = s{a :=r}.
2. Thenr{a :=t} = r{a := s}.

Proof. The first item is proved by induction on & and resorts to Rem. D.2. The second
by induction on r.

Lemma D.20.

1. Suppose C{u®™) 21 t. Then
1.1. there exists D such that t = D{u®),; and
1.2. C{s) =Dsy, forall s.

2. Similarly, if t £, CQu®Y, then
2.1. there exists D such that t = D{u®)), and
2.2. C{s) =DKs), forall s.

Proof. By simultaneous induction on both items. We consider all possible cases for 7:

1. mends in =LV. Not possible.

2. mwends in =F. Then t = 1;[v® /6, ][w® /3] and Cu®) = t;[v® /t,[w? /13]]. There
are three cases.

2.1. C =[P /t,[w?/15]]. We set D := C;[v® /1,][w?/t;] and conclude.

2.2. C=1[v®/C; WP /t5]]. We set D := t;[v®/C;][w? /3] and conclude.

2.3. C= (VB /6w /Ci]]. We set D := £, [v® /1,][w™ /C;] and conclude.

7 ends in =UV. Then r = u® and C = O. We set D := O and conclude.

7 ends in =S. We resort to the IH w.r.t. item (2).

m ends in =T. Not possible by Rem. D.1.

7 ends in =Abs (the cases =Sh =0fc, and =Open are similar and omitted). Then
t=2a® .1 and C = 1a®. C; and the derivation ends in

t =1 G lu™y
=Abs
2P 1 = 2P, i qu®y

SRR

We conclude from the TH.
7. mends in =App (the case =ES is similar and omitted). Then ¢ = ¢, #, and there are
two cases.
7.1. C = Cy s,. There are two further cases.
7.1.1. The derivation ends in

CGu™M =1t =0
Cu™ D) s =1 ity

We conclude from the IH.

=App
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7.1.2. The derivation ends in
Cu" =t s=1b
Cu ) s =1 it

We conclude immediately by setting D to C; t.
7.2. C= s Cy. Similar to the previous case.

Lemma D.21. Suppose t Z .
1. Then

1.1. t=aimpliess=a

1.2. t = uimplies s = u

1.3. t =u® implies s = u®

1.4. t=2a.t) implies s = da. sy and t| =1 51

1.5. t = Aa®. t; implies s = da. s; and t; = 5,

1.6. t =t t, implies s = s1 s, and either

1.6.1. ty = syand t, = s5; or
1.6.2. ty = sy and t, =1 s5.

1.7. t = ot implies s = o5y and t] = $;

1.8. t = req(t)) implies s = req(s;) and t; =; 5

1.9. t =req®(t) implies s = req®(sy) and t; =1 1

1.10. t =t implies s = sy and t; =1 $;
111, t=0[u®/t,)] implies either
1.11.1. s = 51[u®/sy] and t; =, 51 and t, = s2; or
1.11.2. s =s51[u/sy] and t, = s and t, =, s, or
1.11.3. t) = t5; (VP /t2n] and s = 1, [u'® /1211[V® /t22] and v ¢ Tu(t1); or
1.114. 11 = l]][V(ﬁ)/ﬁz] and s = tn[v(ﬂ)/tm[u(a)/tg]] and u ¢ ftv(tyy).
2. Then

2.1. s=aimpliest=a

2.2. s=uimpliest =u

2.3. s =u” implies t = u®

2.4. s=Aa.sy impliest = da.t; and 51 =1 1

2.5. s=2Aa" sy impliest = Aa.t) and s; =) )

2.6. s = 518, impliest =t t, and either 1) sy =1 t| and s, = t; or 2) s; = t; and

Sy =1 b.
2.7. s =es impliest = ot and s| =1 1)
2.8. s =req(sy) implies t = req(t;) and s1 =1 4
2.9. s =req®(sy) implies t = req®(t;) and 51 =1 t
2.10. s = sy impliest = t; and 51 =1 t
2.11. s = 5[u'®/s,] implies either
2.11.1. t = [u®/t:] and sy = t; and s, = ta; or
2.11.2. t = 4[u®/tz] and 51 = t; and sy =; ta; or
2.11.3. s, = 551[vVP /sl and t = 51[u'? /52 1[V® [ s22] and v ¢ tv(s)); or
2.114. s; = s [v®/sia] and t = 51, [VP /521 [u'® ] 55]] and u & fv(s;)).

71

Proof. Both items are proved by simultaneous induction on ¢ and s. By Rem. D.1 we

may assume that =T is not used in 7.
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1. Cases fort.

1.1.
1.2.
1.3.
1.4.

L.5.
1.6.

1.7.
1.8.
1.9.

1.10.
1.11.

t = a implies s = a. Then m must end in =LV, or =S. If it ends in =LV, we
conclude immediately. If it ends in =S, we resort to the IH on item (2).

t = u implies s = u. Similar to the case t = a.

t = u® implies s = u®. Similar to the case t = a.

t = Aa.t;. Then m must end in =Abs, or =S. If it ends in =Abs, we conclude
immediately. If it ends in =S, we resort to the IH on item (2).

t = Aa“. t;. Similar to the previous case.

t = t1 t,. Then 7 must end in =App, or =S. If it ends in =S, we resort to the IH
on item (2). If it ends in =App, two cases are possible. One is when 7 ends in:

H=E181 h=8
———— =App

I I =1 85182
Note that by Rem. D.1, #, = s, implies #, = s5. The result then holds immedi-
ately. The other case is when 7 ends with

n=s5 nh=
—  =App

i =1 818
and is treated similarly.
t = ot;. Then 7 must end in =Sh, or =S. If it ends in =Sh, we conclude imme-
diately. If it ends in =S, we resort to the IH on item (2).
t = req(#;). Then 7 must end in =Open, or =S. If it ends in =0pen, we conclude
immediately. If it ends in =S, we resort to the IH on item (2).
t = req®(#;). Similar to the previous case.
t = !t;. Similar to the case t = eofy.
t = t[u'®/s]. Then 7 must end in =F, or =ES or =S. If it ends in =S, we resort
to the IH on item (2). If £ must end in =F, then 10.3.3. holds. If 7 must end in
=ES, then either 10.3.1. or 10.3.2. holds.

2. The cases for s are symmetric to the ones for ¢ considered above.

Lemma D.22. =5 C —I=

Proof. Suppose t =; s —¢ r. We prove that there exists p such thatt —¢ p = r. We
perform induction on ¢ € TVZ,

1. t = a(case t = u'® is similar). Then s = a by Lem. D.21(1.1.). The result holds
trivially since a is in —¢ normal form.

2. t = Aa.t;. Then by Lem. D.21(1.4.), s = Aa. sy, for some s, with #; = s;. More-
over, s —»% r must follow from s; —¢ r;. We conclude from the IH.

3. t =t t;. Then by Lem. D.21(1.6.), s = 57 53, for some s, 55, with #; = s; and 1, =
§» Or 1 =1 s» and t; = s7. Moreover, since f; € T?”L, there can be no reduction at
the root and thus s —¢ r must follow from either s; —¢ r; (in which case r = r;s,)
or s =% rp (in which case r = s1r). In all four cases, we conclude from the IH or
immediately. For example, if #; =; s; and s; —¢ r; holds, then the IH gives us p;
such that t; —¢ p; = ry. From the latter we conclude, #; t;, = p1t, = 11 5>.
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4. t = (Ad®.1))Lt,. Then by Lem. D.21(1.6.), s = s; 57, for some sy, s», and two
possible cases may arise.

4.1. (AdP.1))L =, s, and 1, = s,. We now consider each possible way in which

(/laﬁ.tl)L =1 5.
4.1.1. s; = (Ad. s;))L and (Ad®.1)L =, s, follows from #; =; s;;. Suppose
s = ((g) =7 C(d) = r, follows from g =7 d. We consider each possible

case for C
4.1.1.1. C=0.Thena =B and r = si{a := K}L.
(/lCl’B.l‘l)L %) El(/laﬁ.s“)L 1)
ti{a = )L == s11{a := L]L

The equivalence at the bottom follows from Lem. D.19(1).
4.1.1.2. C = (Ad®.C|)Lt,. We conclude from the TH on 7, since t; =; s;; =
Ci(g) —¢ Ci{d) = 1.
4.1.1.3. C = OL, #,. There are two possibilities for the step g —¢ d. It can
either be a () -step or a ¢ .-step.
4.1.1.3.1. The step g ¢ dis a -7 -step. Then L = L [u/(!(et21)K|)K2]L, and
the step has the form Equ® ) [u/(!(e121)K1)K2] 4, EC(o121)K; H[u/!(e121)K; K,.
Moreover, from #; =, s11, also (Ad?.#))L =; (Ad®. s1))L = E{u®).
Therefore, by Lem. D.20(1), there exists D such that #; = D{u®).
We consider each possible form for E.
41.13.1.1. E=(A1d®.E))L; and L = L;[u/(!(et2))K|)K2]L, and a ¢ fv((!(ez2)K})).
From Lem. D.20(2), it must be the case that D = (14?.D;)L,, for

some Dj.
(AP D1 uWL1 [u/(1(0121)K K2 Lo tn ==, (4. E\ {u*W)L1[u/(!(ot21)K K2 ]L2 1>
(AP D1 {(ot2 Ky W)L [/ (1(o12) K1) IKoLo tp == (AdP. E {(e121)Ki )L [u/(!(ot21)K1)IKoLs 1

The bottom equivalence holds from Lem. D.20(2).

4.1.1.3.1.2. E= (/laﬁ. S]l)Lll[V(Y)/El]LQ andL = L]l[V(y)/El]Lll [u/(!(.l‘zl)Kl)Kz]Lz.
From Lem. D.20(2), it must be the case thatD = (1®. )L, [v??/D;]IL 2,
for some D;.

(AP 1)L [V /D1 Cu*WIL1o[u/ (012K Ko ILy 1y ==, (Ad”. s11)L11 [V /E1 Cu*WIL12[u/(!(0t21)K1 K2 IL; 1

- l-

(AP 1)L [V /D1 {(ot2)Ky DIL 121/ (1(ot21 )K 1)Ko Lo tp == (AdP. 511)L11 [V /E1{(8t21)Ki DIL 121/ (!(o121)K1)IKo Lo 1
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The bottom equivalence holds from Lem. D.20(2).

4.1.1.3.2. Thestepg —< disa »—>‘,’gc—step. Then it has the form (1a®. s11)L;[u®/(1t12)K] '_’(-ch

(AdP. s11)L;K and u ¢ fv((Ad®. t;)L;). We make use of Lem. D.17 and
reason as follows:

(Ad. 1)L [u® /(111)K]Ly 1y == (4. s11)L1[u®/(t12)K]L, 1
(Ad®. 1)L KLy ty =—= (1d®. 5;))LIKL, 1

41.1.4. C = (Ad®. 5;)L [u®/C{ILy to. Then the  =; s equivalence and the
s —¢ r step are disjoint.

(AP 1)L [u? /C1{(@)]La tn == (4. 511)Li[u?/Ci{g)ILa 1
(A@P. 1)Ly [u® |C{dYLy 1y == (Ad. 511)L1 [u” [Ci{(d)]La 1

41.2. 51 = (/laﬂ.tl)Ll[u(7)/t3[v(‘5)/t4]]L2 and L = Ll[u(7)/t3][v(‘5)/t4]L2 and v ¢
fv((Aa®. t))L}). Suppose s = C{(g) =2 C(d) = r, follows from g % d. We
consider each possible case for C.

4.1.2.1. C=0O. Then @ = 8 and we have

AP 1)L 1 [ /6110 [t4]Ls tp == (AdP. 1)L 1 [u? /v /t4]ILa 1
ti{a == )L [ /6] /4]l == fi{a := )L [u™ 5[V /14]]L,

4.1.2.2. C=(Ad®.C)L;[u®/t5[v® /14]]L, 1,. Similar to the case C = O0. The = -
step and the —¢ are disjoint (similar to the case C = 0). We conclude
immediately.

4123. C = (/la'g.tl)L”[v(”)/Cl]le[u(y)/t3[v(5)/t4]]L2 ;. The =;-step and the
—¢ are disjoint (similar to the case C = O0). We conclude immediately.

4.1.2.4. C = OL; t,. There are two possibilities for the step g —¢ d. It can

1 [ @
either be a >y -step or a -ggc-step.

4.1.2.4.1. The step g ¢ d is a o, -step. Then the label y is absent, 13 =
(!(e131)K))K, and thus s = (Ad®. 1)Ly [u/(1(e13)K K[V /14]]L; 1
and the step has the form EQu®)[u/(!(et31)K Ko [V /14]] 2 EQ(o111)Ky Y1/ (031K, Ko [V /14].
We consider each possible form for E.

4124.1.1. E = (/la'B.El)Ll and L = I_.l[M/(!(OI31)Kl)Kg][V(é)/M]Lz and a ¢
fv((!(e231)Ky)).
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(AP By QuWL 1 [u/ (013K DK N[V /14]Ly —=——= (AdP. E u*))L1[u/(!(ot31)K|)K2[V@ /14]]L,
(AP E1{(ot3)Ki )Ly [/ (1013 KK [V /14 ]Lo 1y == (AdP. E;{(o131)Ki )L [u/(!(@13)K) Ko [V /14]L 1

4124.12. E= (/laﬁ. ll)Lll[V(y)/El]le andL = L11[v(y)/El]le[u/(!(ot31)K1)K2][v(5)/t4]L2.

(A )L VO JE u D ILaa [/ ((o13)R DKV [14]Ly === (A&®. 11)L11 [V /E; u® DI 2[ue/ (!(0231)K Ko [

e -

(AP 1)L [V JE ((ot3)Ky DL 12w/ (013K DK [V /ta]Lo tn == (AdP. 1;)L1; [V /E 1 {(ot31)Ki B]L12[u/(!(et31)K)]K

4.1.2.4.2. The step g =4 dis a>gy.-step. Then y = @ and 73 = (!712)K and the

step has the form (A@®. 1)L [u® /(!112)K[V? /14]] =8y, (AdP. 1)L K[V [1,]
and u ¢ fv((1dP.1)L;). We make use of Lem. D.17 and reason as

follows:
(A 1)Ly [u® /(1)K [ 14]L0 1, == ,(AdP. s11)Li[u® /(112)KVD /14]]L0 1
(A 1)L KV [44]L, 1y === (1d”. 51))LiIKV"® /t,]L, 1

4.1.25. C = (Ad. 1)L [u™/O]L, t,. There are two possibilities for the step

g ¢ d. It can either be a ¢, -step or a ¢y -step.

4.1.2.5.1. The step g ¢ d is a g -step. Then the label ¢ is absent, 4 =
(!(e14)K1)K, and thus s = (AP, 1)L [u®/13[v/(!(e14)K K, ]]L, 1
and the step has the form Ev*)[v/(!(et41)K|)K;] o E{(o141)Ki p[v/!(e141)K{]K>.

Moreover, by (1a®. ;)L =; E€u®) and Lem. D.20(1), there exists D
such that s; = D{u®). We consider each possible form for E.

4.1.2.5.1.1. E = (Aa®.E;)L,. This case is not possible since v ¢ fv((1a®. t;)L).

4.12.5.12. E = (Ad®. 1)L [w?/E|]L},. This case is not possible since v ¢
fV((/laﬁ. t)Ly).

412513, E = (Ad®. 1)Ly [u® /4 [v/(\(ots K1 Ko ]].

(A 1)Ly [ JE1 QNI v/((ota)K DKLy 1y === (Ad”. 1)L [ JE1 (v ) [v/(!(ot41)K 1K ]]L, 1

l- e

(AP 1)L [u® JE {(ota) K WI[v/(N(ot4)K ) IKoLo 1o == (A@”. ;)L [u® /E; {(ot21)K; D[v/(!(ot41)K1)IK2 L2 1
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Note the use of additional instances of =F at the bottom of the
diagram.
4.1.2.5.2. The step g ¢ dis aggc-step. Theny = @ and #4 = (!14;)K and the

step has the form (Aa?. 1)L, [u® /t3[v* /(1t41)K]] 05 (AdP. 1)L [u® /1:K]
and v ¢ fv(t3). Moreover, also v ¢ fv((Aa”. t;)L;), by hypothesis of

this case.
(AP 1)L [u®P [5][v [ (1ta)K]Lo tn == ,(Ad®. 1)L [u® /15[v* /(1ta1)K]]L2 12
AP 1)L [uP /t]KL, t) —=——x= (1. 1)L [u®/5K]L> 1,

Note the use of additional instances of =F at the bottom of the dia-
gram.
4.1.2.6. C = (Ad. 1)L [u™ /C;[V? /t4]]L; t,. The =-step and the — are dis-
joint. We conclude immediately.
4.12.7. C = (Ad®. 1)L [u® /13[v®/C, 1)Ly fo. The =-step and the —¢ are dis-
joint. We conclude immediately.
4.1.2.8. C = (Ad®. 1)L [u?/t3[v? [t4]1Ly1 [VP /C]Lay t5. The =;-step and the
—¢ are disjoint. We conclude immediately.
4.1.2.9. C = (Ad®. 1)L [u® /[v¥ /14]]L, C;. The =-step and the — are dis-
joint. We conclude immediately.
41.3. 51 = (/laﬂ.tl)Ll[u(V)/tz][v(5)/t3]L2 and L = Ll[u(w/tz[v(d)/l3]]1_2. Symmet-
ric to case 4.1.2..
4.14. 51 = (/laﬁ.tl)Ll[u(V)/s”]Lz and L = L][M(y)/llg]]..z and (/laﬁ.tl)L =1 85
follows from ft;, =; s1;. Suppose s = C(g) —¢ C(d) = r, follows from
g ¢ d. We consider each possible case for C
4.1.4.1. C = 0. Then o = B8 and we reason as follows:

AP 1)L [u? [tp]ly tp == (AdP. 1))L1[u™ /511 ]La 1

s e

tifa := L[ /112]Ly tifa := Ly [u?/s11]Ls

4.1.42. C=(Ad®.C)L [u/s11]Ly 1. The =;-step and the —¢ are disjoint. We
conclude immediately.
4.143. C= (/laﬁ. I])L]1[V(é)/C|]L12[u(Y)/S1]]L2 t;. The =;-step and the —¢ are
disjoint. We conclude immediately.
4.1.4.4. C = OL; t,. There are two possibilities for the step g —¢ d. It can
either be a >y -step or a -ggc-step.
4.1.4.4.1. The step g —¢ d is a - -step. Then the label y is absent, s1; =
(!(es111)K))K, and thus s = (ﬂaﬁ.l‘l)]_.l[Lt/(!('slll)Kl)Kz]Lz t, and
the step has the form EQu® ) [u/(!(e5111)K)K2] -4, EC(0s111)K B/ !(05111)K; K.
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We next consider each possible way in which
fi2 =1 (H(es11)K K,

and then, for each of these, each possible form for E.

4.1.4.4.1.1. t15 = (1(et121)K1)K, and t15 =1 (!(es111)K1)K; follows from 15 =
s111- Then there are two possible forms for E

4144.1.1.1. E= (/laﬁ.El)Ll andL = Ll[l/t/(!(OS“l)Kl)Kg]Lz anda ¢ fV((!(OS“l)Kl)).

(AP E u WLy [u/(1(05111)KDK2 Ly == (AP E u*W)L1[u/(!(®5111)K1)Ka]Lo

! L

(AP E1{(os11)Ki ML [u/(M(os111)KDIKoLy 1n == (AaP. E;(®s111)Ki )L [u/(!(es111)K1)IKoLo 1

4144.1.12. E= (/laﬁ.tl)Ln[v(‘s)/El]le andL = L11[V(é)/El]le[u/(!(Oslll)K])Kz]]_z.

(AP 1)L VO JE Cu WL 12w/ (@ s111)K DK Ly == (Ad®. 1)L 11 VO /E1 Cu*WIL12[u/(1(®s111)K K, L

e -

(AP 1)L [V JE {(os11)Ki D IL12[u/(1(os111)K)KaLy 12 == (. 1;)L11 [vO/E (@511 1)KiWILi2[u/(!(es111)K))IK

4.1.4.4.1.2. 115 = ((os11)K11 [V? /1121 TK12)K; and 511 = (1(es111)K11 [V /51121K12)Ko
and t15; =; s112. The =;-step and the —¢ are disjoint. We con-
clude immediately.

4.1.4.4.13. t13 = (Wos11)K1 [ /1121 1V /1122 1K 12)Kp and 511 = (1(@s110)K 1[4 /1121 [V /1122 ]TK 12)Ko.
The =;-step and the —¢ are disjoint. We conclude immediately.

4.1.44.14. t13 = (os11)K1 [4® /1121 [V [t12]1K12)Kp and 511 = (1(e520)K11 [u@ /1121 1[vD /1122]K12)Ks.
The =;-step and the —¢ are disjoint. We conclude immediately.

4.1.4.4.1.5. t15 = (1(es11)KDK2 [V@ /1121 1Kz and 511 = (1(@s111)K)Ka1 [V /512Ky
and 51 =1 s112. The =;-step and the —¢ are disjoint. We con-
clude immediately.

4.1.4.4.1.6. t12 = ((es111)K)Ko [ /1121 ][V /1122]K20 and 511 = (1(@5111)K1 Koy [® /1121 [V /1122]1K2z.
The =;-step and the —¢ are disjoint. We conclude immediately.

4.1.4.4.1.7. t15 = ((os11)KDKo [ /1121 [VD /11221 TK2z and 11 = (1(0521)K 1)Ko [ /1121 11V /1122 ]Koo.
The =;-step and the —¢ are disjoint. We conclude immediately.

4.14.4.2. The step g —% dis a H:’gc—step. Then y = @ and s;; = (!s111)K
and the step has the form (1. 1)Ly [u®/(!5111)K] —3y, (Ae°. 1)L K
and u ¢ fv((Ad?.1))L;). We make use of Lem. D.17 and reason as

follows:
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(AP )Ly [u®/(Ls111)KILy tp == (Ad®. s11)L1[u”/(!s111)K]L2 12
(AdP. 1)L KLy ty —== (Ad®. 5;))LiKL, 1

4.1.4.5. C=Ad?. 1)L [u™/C;]Ly t,. We conclude from the TH.
4.1.4.6. C=Ad® t)L[u?/s1]1La; [V®¥/C{ILya to. The =)-step and the —¢ are
disjoint. We conclude immediately.
4.2. (Ad®. 1)L = sy and 1, =; s,. Thatistosay, s = (Aa®. )L s, and t = (1d®. t))L 1, =,
s follows from #, =1 s,. Suppose s = C(g) =% C(d) = r, follows from g —¢ d.
We consider each possible case for C.
42.1. C=0.Then @ =B and r = s1{a := K]L.

(/laﬂ.tl)L 15) :l(/lclﬁ.tl)]_ 52

t{a = L == t1{a := s,JL
The equivalence at the bottom follows from Lem. D.19(2).
42.2. C = (Ad.C|)Lt,. The =-step and the —¢ are disjoint. We conclude im-
mediately.
4.2.3. C = 0L, t,. The =;-step and the —¢ are disjoint. We conclude immediately.
42.4. C=(Aa® 1)Li[u®/C,]L, to. The =;-step and the —¢ are disjoint. We con-
clude immediately.
42.5. C=(Ad® ;)L C,. We resort to the TH.
5. t = ef;. Then by Lem. D.21(1.4.), s = es;, for some sy, with #; =; 5. Moreover,
s =% r must follow from s; —¢ r;. We conclude from the IH.
6. t = req(t;). Same as the previous case.
7. t = red®((et;)L). By Lem. D.21(1.9.), s = req®(s;) and (et;)L =; s;. We now
consider all possible ways in which (e#)L = s;.
7.1. 51 = (es17)L and (ef;)L =; s; follows from #; =; s;;. Suppose s = C{(g) —¢
C(d) = r, follows from g —¢ d. We consider each possible case for C.
7.1.1. C=0. Then @ = S and we have:

reg?((et))L) == red’((es))L)
HL =—— s,

7.1.2. C = (eCy)L. We use the IH.

7.13. C = 0OLy and L = L[u/(!(e52)K|)K,]L,. The =;-step and the —¢ are dis-
joint. We conclude immediately.

7.1.4. C = (os17)L;[u”/C;]L,. The =,-step and the —¢ are disjoint.

req’((e1))L1[u/Ci(g)]L2) ;red’((es11)Li[u”/Ci(g)]Ls)

req’((o1))Li[u?/Ci{d)]Ly) == red’((es11)Li[u"/Ci(d)]Ly)
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7.2. 51 = (1)L [u”/s11]L, and L = L[u”/5;]L, and (ef;)L =; s, follows from
ty =1 s11. Suppose s = C(g) =7 C(d) = r, follows from g —J d. We consider
each possible case for C.

7.2.1. C = 0. The =;-step and the —¢ are disjoint. We conclude immediately.

7.2.2. C = (oCL1[u™/s11]L,. The = -step and the —¢ are disjoint. We conclude
immediately.

7.2.3. C = (ot))L;1 [V /CiIL12[u”/s11]Ls. The =-step and the —¢ are disjoint.
We conclude immediately.

7.2.4. C = (ot))L[u"/C;]L,. We resort to the TH.

7.2.5. C = (o)L [u?/511]La1 [V®/Ci]La. The = -step and the —¢ are disjoint.
We conclude immediately.

7.3. 51 = (o)L [u? /11 1[VO /1]l and L = Ly [u®™ /121 [v® /15 ]]L; and v ¢ fv((et1)Ly).
Suppose s = C{g) =% C(d) = r, follows from g —¢ d. Similar to case 4.1.2..

7.4, sy = (er)Li[u? [ty [VO [1]]Ly and L = Ly [u®™ /121 ][V? /15]L; and v ¢ fv((er;)Ly).
Suppose s = C(g) =% C(d) = r, follows from g —¢ d. Similar to case 4.1.3..

8. t = !t;. Similar to the case ¢ = of;.
9. t =t;[u/(!(et)L{)Ly] and u € va(tl). By Lem. D.21(1.11.), there are four cases to
consider.

9.1. s = si[u/sy] and t; = 51 and (!(e#;)L1)L, = 55. Suppose s = C(g) = C(d) =
r, follows from g —¢ d. We consider each possible case for C.

9.1.1. C = 0. The step g ¢ d is a g -step. Therefore, the step has the
form EQu*)[u/(1(e2)L1)La] g E(er2)Li H[u/(!(e12)L1)]Lo. Moreover,

ols

byt =1 s; = E{u®)) and Lem. D.20(1), there exists D such that #; = D{u®)).
D u*MLi[u/({(et)L)Ly] =———= Ei{u*ML[u/(!(et2)L|)L,]
Dy ((et2)L1 L1 [u/(!(ef2)L1)]Ly == Ei{(et2)L1 )Li[u/(!(e12)L1)]L,

The bottom equivalence holds from Lem. D.20(2).
9.1.2. C=Cy[u/s2]. We use the IH.
9.1.3. C = s1[u/Cy]. The =;-step and the —¢ are disjoint. We conclude immedi-
ately.
9.2. s =si[u/s;] and t; = s; and (!(ef,)L )L, =; s,. We consider all ways in which
(!(e1p)L1)L, =; s,. Similar to case 4.1.3..
9.3. s = 1;1[u/t211[V® /t20] and (!(et2)L))Ly = 1o, [v?/t5] and v ¢ fv(z). Then s =
C(g) = C(d) = r, follows from g —¢ d. We consider each possible case for C
9.3.1. C = Ci[u/ta;][vP/t2,]. The =;-step and the — are disjoint. We conclude
immediately.
9.3.2. C =0a[v®/ty]. Same as case 4.1.3..
9.3.3. C = 11[u/C1[V® /tx]. The =;-step and the —¢ are disjoint. We conclude
immediately.
9.34. C=0O. Same as case 4.1.3..
9.3.5. C = t1[u/t21][v®/C,]. The =,-step and the — are disjoint. We conclude
immediately.



80 P. Barenbaum and E. Bonelli

94. s = I]][V(ﬂ)/l‘zl[u/(!(.fz)L1)L2]] and t; = t”[V(ﬁ)/l‘z]] and u ¢ fv(ty). Suppose
s = ((g) —=¢ C(d) = r, follows from g —% d. We consider each possible case
for C

9.4.1. C = C;[v®/ty;[u/((et2)L|)L;]]. The =)-step and the —¢ are disjoint. We
conclude immediately.
9.4.2. C=0O.Same as case 4.1.2.4.1.1..
9.4.3. C =1;[v?/0]. Same as case 4.1.2.5..
9.44. C = t;;[v®/C [u/(!(et2)L})L;]]. The =;-step and the —¢ are disjoint. We
conclude immediately.
945. C= lll[V(ﬁ)/lgl[u/Cl]] and C(g) = (!(etz)L)L;. The =;-step and the —¢
are disjoint. We conclude immediately.
10. ¢t = t;[4®/(1z)L] and u ¢ fv(t;). By Lem. D.21(1.11.), there are four cases to con-
sider.
10.1. s = s1[uf/s:] and #; =; s1 and ()L = s5,. Suppose s = C{g) —¢ C(d) = r,
follows from g —¢ d. We consider each possible case for C.
10.1.1. C = 0. Then @ = g and we reason as follows, making use of Lem. D.17
and reason as follows:

t[u®/({)L] == s1[u”/(!1y)L]
HL =—————= siL

10.1.2. C = C;[t#/(!t,)L]. We resort to the TH.
10.1.3. C = 51[4#/C;]. The =-step and the —¢ are disjoint. We conclude immedi-

ately.
102. s = s1[uf/sp] and #; = 57 and (1)L =, s,. We consider all ways in which
()L =1 s5.

10.2.1. 53 = (!s21)L and (!5,)L =, s, follows from 7, =; s5;. Suppose s = C(g) —¢
C(d) = r, follows from g —¢ d. We consider each possible case for C.
10.2.1.1. C = 0. Then a = B and we reason as follows, making use of Lem. D.17
and reason as follows:

1 /(1)) == si1[¥’/(1s21)L]
tHiL =—— s|L

10.2.1.2. C = C;[t#/(!s21)L]. The =,-step and the —2 are disjoint. We conclude
immediately.
10.2.1.3. C = s[¥?/(1C;)L]. We resort to the TH.
10.2.1.4. C = s;[1?/OL,]. There are two possibilities for the step g -2 d. It can
either be a () -step or a ¢ .-step.
10.2.1.4.1. The step g ¢ d is a -4 -step. Then the 7 -step has the form
EQ)[v/(1(e53)KKa] 5 E€(023)K H[v/!(e23)K 1Ky and E€v*) =
('t,)L;. We consider each possible form for E.
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10.2.1.4.1.1. E = (!Ej)L;. The =;-step and the —¢ are disjoint. We conclude
immediately.

1 [ J(CE DL v/ ((ot2)K DK Ly ] ===, s1[t¥/('E1 {v* W)L [v/(!(121)K1 Kz L]

la l

[P J('E (o2 )Ki ML [v/ (112K IKoLo] == s1[f/('E1{(ot21)Ki )Ly [v/(!(e121)K 1)Ko Ly ]

10.2.14.1.2. E= (!l‘z)Lll[V()/)/El]le andL = ]_.11 [V(y)/El]Lll[u/(!(.l“)Kl)Kz]Lz.
The =,-step and the —¢ are disjoint. We conclude immediately.
10.2.1.4.2. Thestepg —? disa »—>‘,’gc-step. Then it has the form (!¢1,)L; [v*/(13)K] |—>‘ng
(!t12)LiKand u ¢ fv(('t12)L). We make use of Lem. D.17 and reason

as follows:
H[WP (1)L v/ (13)K]La] == s1[t#/(1t12)L1 [v*/(113)K]L2 ]
11t/ (1t12)L KLy ] —= s[4/’ /(1t12)L|KL;]

10.2.1.5. 55 = (1)L [u®/s][V® /F]L1, and (1)L = (1)L [u®/s[v®/r]]L}s.
Similar to case 4.1.2.

10.2.1.6. s, = (!tz)LM[u(”)/s[v(‘s)/r]]le and ()L = (!tg)Lll[u(V)/s][v(‘S)/r]ng.
Similar to case 4.1.3.

10.2.2. s = (!l‘z)Lll[V(y)/Sm]le and L = L11[V(y)/l21]]_12 and (!,)L =; s, follows
from 1 =1 $21. Suppose s = C(g) —% C(d) = r, follows from g —¢ d. We
consider each possible case for C.

10.2.2.1. C = O. Then a = B and we reason as follows, making use of Lem. D.17
and reason as follows:

H[#P [(12)L11 [V /521 1L12] sl ()L VY [t1]L2]
1L v/ s21]L1y —=———x siLuV"/t21]L12

10.2.2.2. C = [t /("ty)L11 [V /t21]L12]. The =;-step and the —¢ are disjoint.
We conclude immediately.

10.2.2.3. C = 5[t /(!CL1; [V /ty1]L12]. The =,-step and the — are disjoint.
We conclude immediately.

10.2.2.4. C = s;[4#/0OL};]. There are two possibilities for the step g —9 d. It
can either be a -7 -step or a >gy.-step. Similar to case 10.2.1.4.

10.2.2.5. C= S1[M'B/(!tz)Llll[W(ﬁ)/cl]]_.l12[1)(7)/1‘21]]..12]. The =;-step and the -7
are disjoint. We conclude immediately.

10.2.2.6. C = s1[t?/(1t2)L1; [V /C IL12]. We resort to the TH.
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10.2.2.7. C= s [uﬁ/(!tz)]_]] [V(Y)/Z‘zl]]_]z] [W(é)/C|]L122]. The =;-step and the —¢
are disjoint. We conclude immediately.
102.3. L = Lyy[w/5v®/m]lli; and s = 11[uf/(112)Lyy [w® /3107 [12]L12]
and v ¢ fv((!t,)L;;). Similar to case 4.1.2.
10.24. L = Lyy[w®/5]v" /i)l and s = [ /(1)L W /55[vY [12]1L15]
and v ¢ fv((!#,)L;;). Similar to case 4.1.3.
103. t = t{u/t>] and u ¢ vE(r). By Lem. D.21(1.11.), there are four cases to
consider.
10.3.1. s = s1[u/sy] and #; =, s; and 1, = 5. Suppose s = C(g) = ) =r,
follows from g —¢ d. We consider each possible case for C.
10.3.1.1. C = O. Not possible.
10.3.1.2. C = Cy[u/s2]. We resort to the IH.
10.3.1.3. C = s51[u/C;]. The =;-step and the —¢ are disjoint. We conclude im-
mediately.
10.3.2. s = si[u/sy] and t; = s1 and £, =; s. Suppose s = C(g) =3 Cd) =r,
follows from g —¢ d. We consider each possible case for C.
10.3.2.1. C = O. Not possible.
10.3.2.2. C = Cy[u/s,]. The =;-step and the —¢ are disjoint. We conclude im-
mediately.
10.3.2.3. C = s1[u/C;]. We resort to the IH.
1033. 15 = t;[vV®/tn] and s = t[u/t21][VP/trn] and v ¢ fv(z)). Similar to

case 4.1.2.4..
1034. 1 = lll[v(ﬂ)/llz] and 5 = t]][V(ﬁ)/lzl[M/t2]] and u ¢ fv(ty;). Similar to
case 4.1.2.4..
Proposition D.3 (Flattening is a strong —,-bisimulation). =—¢ C —¢=
Proof. Suppose t Zs. By Rem. D.1 there exists n > 0 and ry,...r, and 7y,..., T,
T T Tp—1 .
suchthat r; = tand r, = sand r| =; 12,12 =| 13,...,Fn—1 = 1 'y, Where n — 1 is the

number of times =F was used in 7. We therefore prove (=;)""! -¢C—?%=, by induction
on n. If n = 1, then t = s and the result hold immediately. If n = 2, then the result
follows from Lem. D.22. Suppose n > 2. Then we rely on Lem. D.22 and the IH:

n-2 -1
r L In—1 lrn
'la IH 'l“ Lem. D.22 '\Lﬂ
/ / /
r Tt Tn

Lemma D.23. Lett, s, r € TVL be well-labeled terms. Suppose t —° s. Then

1. Ha:=r} > s{a:=r}
2. rla:=t} »* rla := s}

Proof. The first item is by induction on ¢ and the second by induction on r.
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1. t = a,t = u®. Immediate.

2. t = Ab.t,. Then the step t = s is in #; and we conclude from the TH.

3. t =1, t,. Then the step + =% s must be in #; or t,, we conclude from the IH.

4.t = (AP.1))Lt,. If the step + =% sisin #| or #, or L, we conclude from the IH.
Suppose it is at the root. Then 8 = @ and t = (1b*. 1)L 1, 5y 11{b := H]L = 5. We
conclude from

(A" 1)L o)la = }
= ((Ab".1{a := rpL { =r} tz{a =r})
oy fila == rHb = nla = ri}L{a :=r}
= (1{b := nll){a = }
We make use of the substitution lemma stating that #;{a := r}{b := t{a = r}} =
tib = ni{a :=r}, if b ¢ fv(r).
5. t = et;. Then the step t = s must be in #;, we conclude from the IH.
6. t = req(t;). Then the step r - s must be in #;, we conclude from the IH.

7. t = red®((et))L). If the step t =% sisin #; or L, we conclude from the IH. Suppose
it is at the root. Then 8 = @ and t = req®((e#;)L) |—>(,’req tilsctx = s. We conclude
from

(req”((er))L)){a :=r}
=req*((et{a := r})Li{a := r})
Fereq N1fa == riLia :=r}
=t L{a:=r}

8. t = !t;. Then the step t =% s must be in #;, we conclude from the IH.

9. t =t1[u/(!(ety)L})L,]. If the step t = sisin ¢ ort, or L or Ly, we conclude from
the IH. Suppose it is at the root. Then @ = f and 1 = C{u*M[u/(!(o12)L1)L2] 7
C{(ot)Li H[u/!(et)L1]Ly = s, where u ¢ fv(t;) and fv(C) N dom(L;L,) = @. We
conclude from

(Clu*Mlu/(M(ot2)L)LaDia = r}
= Cla := ri€u®Hlu/((ot2{a := r})Ll{a =rPhlafa :=r}]
0 Cla :== ri(et2{a := rHhLifa := riplu/!(etla := rPLi{a := r}]lofa := r}
= (CL(ot)L i N[u/!(et2)L]Lo){a := 1}

10. ¢ = 1[1®/(1t2)L]. If the stept —% sisint or fp or L, we conclude from the IH.
Suppose it is at the root. Then @ = S and ¢t = #,[u®/(1t,)L] —%,. HL = s, where
u ¢ fv(ty). We conclude from

.gc

(t[u”/(\2)LD{a :=r}
= ti{a := r}u®/(1t{a := r})L{a := r}]
Pege fila == rjL{a :=r}

= (nLa :=r}

Note that u ¢ fv(r).
11. 1= t[u/ty] witht; € T¥L, 1, € TWL and u ¢ v (1)). Then the step 1 —® sisin 1,
or 1, and we conclude from the IH.

We now address the second item.
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r = b.If a # b, then the result is immediate. Otherwise, it follows from the hypoth-
esis t »% s.

r = u®. Immediate.

r = Ab. ry. The result follows from the IH.

r = ryry. The result follows from the IH, applied twice. First to obtain ri{a :=
t} »® ri{a := s}, then to obtain ry{a := t} »% rp{a := s}. From which we conclude
ri{a =ty rfa =t} »Y ri{a .=t} ra{a = s}.

r = (AbP. )L ry. The result follows from the IH, applied multiple times. First to
obtain ri{a := t} »“ ri{a := s}, then to obtain r{a := t} »% ry{a := s}, and finally
to obtain r3;{a := t} »% r3{a := s}, for each r3; in L = [uy/r31]...[u,/r3,]. This
suffices to conclude that r{a := t} »% r{a := s}.

r = ery. The result follows from the IH.

r = req(ry). The result follows from the TH.

r = reg?((er;)L). The result follows from the IH, applied multiple times.

r = !ry. The result follows from the IH.

r = ri{u/(!(er)L1)Ly] and u € fvZ(ry). The result follows from the IH, applied
multiple times.

r =ri[u®/(!ry)L] and u ¢ fv(r)). The result follows from the IH, applied multiple
times.

r=ri{u/ry] with r; € T(,WL, r € T(,W'L and u ¢ va(rl). The result follows from the
IH, applied multiple times.

Definition D.8 (Multi-hole Labeled contexts).

F:=0|Aa.F| a“.F|Ft|tF|FF | eF | req(F)| req*(F) | !F
| Flu/t] | Flu®/t] | F[u®/F] | t{u/F] | t[u®/F] | F[u®/F]

Lemma D.24. Let C,D € Ctxs’ be labeled contexts. If Cu®) = DGPY, C # D, and
u® £V, then there exists F such that C{u®) = DB = Fu®, v®Y.

Proof. By induction on C.

1.
2.

w

L 0N R

C = O. Immediate from hypothesis.

C = 2a™.Cy. Then D = 1a™.D; and we conclude from the IH.

C = C; t. Then either D = Dy ror D = C;{u®) D; with D;{(v*®) = r. In the former
we resort to the IH; in the latter we set F to be C; D;.

C =t C,. Similar to previous case.

C = oC;. Then D = eD; and we conclude from the IH.

C = req”(C;). Then D = req™(D;) and we conclude from the TH.

C = !C;. Similar to previous case.

C = C;[w?/t]. Similar to the case for application.

C = t{w®/C,]. Similar to the case for application.

We next prove Semantic Orthogonality. Note that p; has no @-labels since the only

a-label was reduced in the step + —¢ s. Similarly, p, has no S-labels since the only
B-label was reduced in the step ¢ —# r. Moreover, since p1 = p; implies they have
the same labels (¢f Lem. D.25), p; has no B-labels. Thus s —# p; is a complete 3-
development. Similarly, » »# p, is a complete -development.
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Proposition D.4 (Semantic Orthogonality). Let t be a well-labeled term with a unique
occurrence of a and a unique occurrence of 5. Then,

s ... B
a » pi

w2

AN

Proof. Suppose t = C{t;) =% C(s1) = s, referred to as the a-step, follows from #; —“ s;
and 1 = D{(t,) —# D(r|) = r, referred to as the S-step, follows from , —* r|. We proceed
by induction on C and, for each case, consider all possible forms for D.

1. C=0.Thent =1t and s = 5.

1.1. The t —% s step follows from ¢t = (da®.t;)Lt '_’(-de tifa = tp}L, with
fv(t12) N dom(L) = @. We next consider all possible forms for D.

1.1.1. D = 0. Then @ = B and we conclude immediately.
1.1.2. D = (Aa”.Dy)Lt15. We define D} to be Di{a := t12} and similarly for #3.
Note that Di{t;)* = D ().

%

* [ 4Kk
Di(r)L B (Lem. D23(1)

T

(Aa®.Di{r))L 112 \{ D (r¥)L

(Aa®.Di{r1)L t12
1.1.3. D = 0L, #».

1.1.3.1. Thet = D{t;) —P D(r;) = r step follows from t, = E{uPH[u/(!(et21)K|)K;] |—>€|S
E{(et21)Ki )[u/!(121)K ]JK, = r;. We consider each possible form for
E.

1.1.3.1.1. E=(1a% E;)LyandL = L;[u/(!(et21)K1)K>]L, and a ¢ fv((!(ep1)Ky)).

EX YLy [u/(!(o12)K 1)K, ]L,

(Aa® By P W)Ly [u/(1(o121)K K2 Lo 112 E}{(ot21)Ki YLy [/ (!(0121)K 1)KLy

(Aa®. Er(ot21)Ki D)L [/ 1(ot21)Ky KoLy 112
1.1.3.1.2. E = (1a% t;1)L11 [V /E;ILip and L = L;; [V /E;IL12[u/(!(et21)K; Ko ]Ls.
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15, Ly VO JE ()] L12[”/(‘(°l21)K1)K2]L2

(Aa®. 1)Ly [V JE1 P I 1o [u/ (o121 K DKo Ly tli“]—ll[V(y)/El«(‘l‘zl)Kl))]le[u/‘('l‘zl)Kl]Ksz
\ T
(Aa”. nipLn[ V(”/El«('tzl)Kl»]le [u/!(o21)K 1 ]K L, 112

1.1.3.2. Thet = D{(t,) —P D(ry) = r step follows from t, = (1a®. t;;)Li[t# /(t21)K] >
(Aa®.t;))LiIK=r and L = Ll[uﬁ/(!lzl)K]Lz. Note that u ¢ fv(t;,).

Ll[uﬁ/('tzl)K]LZ

(Aa®. ty)Li [P /(1121)K]L, 112 11, LiKLy

(da®. t11)L1KL2 to

1.14. D= (/la".tn)Ll[v(V)/Dl]Lg t12

1 Ll[V(Y)/DKlz)]Lz

(Aa”. 1)L v /Dy (0)]Ls 112 L1V /Di(r)]L,

(Aa”. 111)L1[V(7)/D1<i’1> 1Ly 112

1.1.5. D = (1a®. t11)L Dy and D{{t,) = t5.
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tila = D1§t2>}L

X B (Lem. D.23)(2)
(Aa®. t11)LDy{tp) ti{a := Di(rp}L
\(
B @

(Aa®. 1)L Dy ()

1.2. The 1 - s step follows from 7 = req”((e#11)L) H¢req f11L

1.2.1. D = 0. Then @ = 8 and we conclude immediately.
1.2.2. D = req®((eD,)L) and D (t2) = t1;.

Di{t)L
i oy

=
req”((eD;(f))L) Di(ry)L
,w

B
req”((eD;{r1))L)
1.2.3. D = req®(OL,).

1.2.3.1. Thet = D{(t,) =P D(r;) = r step follows from t, = E{uPH[u/(!(et21)K|)K;] r—>’fls
E{ (121K )[u/!(o121)K{]JK, = r;. We consider each possible form for
E.

1.2.3.1.1. E = (¢Ej)L; and L = Ly [u/(!(et2)K| K2 ]L> and @ ¢ fv((!(et21)K})).

E1<<uﬁ>>1-1[u/(!(°lgl)K1)K2]L2

req*((eE {uP))Li[u/(!(ot21)K; Kz ]L,) E1{(et21)Ki YL [u/!(o121)K KoL,
T
ﬁ .,."‘..‘IV(‘Y-V

req”((eE;((er2)K{ )L} tﬂ/!(°l21)K1]K2L2)

1.2.3.1.2. E = (ot1)Ly1[V?Y/E;]Ljp and L = Ly [v™ /E; JL1o[u/(!(et21)K1 Kz L,.
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15, L [V JE Qu WL o M/('('¢21)K1)K2]

req®((ef1)L11 [V /E{]L12[u/(!(et21)K 1Ko ILod}, Lll[V(y)/El«(‘tm)Kl>>]L12[M/‘(‘t21)K1]K2L2

(Ada®. 11l [ V(”/El«('tn)Kl»]le [u/!(et21)K KoL 112
1.2.3.2. Thet = D{t;) =P D(r|) = r step follows from t, = (et;;)L;[1®/(!t21)K] r—>,gc
(et1)LiK = r; and L = L [1®/(1t21)K]L,
tllLl[Mﬁ/('lzl)K]Lz

req*((ef11)L [t?/(1121)K]L) t11L1KL,

\ ,‘T
reqa(('tll)LlK]—Q)
1.2.4. D = req®((et;;)L;[v?? /Dy ]L,).

tLy[ V(y)/D1<l2>]L2

req®((et;1)Li [V /Di(t2)]L2) 11 L1 [v? /Dy (r1)]LaLy

\ )

reqa(('ln)h[V(”/Dl(ﬁ)]Lz)
1.3. Thet — s step follows from ¢ = Cl((u“))[u/('(ot“)Ll)Lz] o Crd(er)Ly Hlu/!(en)Ly Ly

with u ¢ fv(¢11) and fv(C) ndom(L,L,) =

1.3.1. D= 0. The stept = D{t;) —P D{(r) = ris Hh = E«M’B»[u/(!(il‘”)]_.])]_.z] 0—)[:8

E{(ot11)L1)[u/!(et11)L1]L, = r;. We consider each possible form for E.
1.3.1.1. E = C;. Then a = 8 and the result is immediate.
1.3.1.2. E # C;. Then by Lem. D.24 there exists a multi-hole context F such
that C; u®) = EQuP) = Fu®, uP).
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F<<(°f11)L1,Mﬂ»[v/!_("u)Ll]Lz

-
FQu®, uP)[u/(!(et)1)L)Ls] F((et11)L1, <;t11 YLi)[v/!(et11)L1 1L,

FQu®, (sty )Ly )[v/1(ot11)L1 L

1.3.2. D = Dy[u/(!(et;1)L1)L,] and Di{t,) = C;{u®). We consider two further
cases.

1.3.2.1. u® € D;. Consider the context D;; obtained from placing a hole in
the unique occurrence of u® in D(v), for some fresh variable v. By
Lem. D.24 there exists F such that C;{u®) = D1 {v) = F{u?,v).
Moreover, F(u'®, 1,) = Di{t,).

F((et11)Ly, fz)[u/(!(ffl 1)L1)]ILy

.
F(u®, t)[u/(!(et11)L1)L,] F((om)Ll’{l>[u/(!(0t11)L1)]Lz

F(u®, )i/ ((ot1)L1)La]

1.3.2.2. u* € t,. Then C; = D{(D,) for some D, such that D,{u®) = t,. We
consider each possible step for #, —# r;.

1.3.2.2.1. The 1, =F 1y step follows from t, = (AP 1)Kty =5, t{b =
1K = ry, with fv(t5) N dom(L) = @. We next consider each possi-
ble location of u“.

1.3.2.2.1.1. u® € t51. ThenD, = (/le.Dm)Ktzz.
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Dy {(AbP. Dzl«('fll)Ll»)Kfzz)[u/(’("u)Ll)]

\

D ((AbP. Dy Cu MK 122)[u/(1(o111)L1 Lo ] Dy(D, {(ot11)Li YK)[u/(!(ot11)L1)]Lo
LT

i

Di(D3 ((u"»K)[M/('('ll1)L1)L2]
1.3.2.2.1.2. u* € K. ThenD, = (/U)B tzl)Kl[W(y)/DZI]KZ 1.

Di{(APP. l21)K1[W(y)/D21<<(°l‘11)L1>>]K2 to)[u/(!(et1)L1)]Lo

Dy (b 1)K [W /Dy Cu DIK o2/ (!(@t11)L1 ) Lo ] D1 (13, K1 [w? /Dy Cu WK ) ut/ (1011
oy
D1<t21Kl[W(y)/DZI«MQ»]KZ)[L‘/('(’III)LI)LZ]
1.3.2.2.1.3. u® € tp,. ThenD, = (/le.h])K Dyy.
D (AP le)KD21(((0111)Ll»)[u/(’('fu)Ll)]
/ ﬁ
D {(ADP. 121 )K Dy uWy[u/(!(ot11)L1 Lo ] Dyt b := D21<<?(°l11)L1>>}K>[M/(!('t11)L1)]L2

T

/

Di{t21{b := Dzn((bl”»}K)[M/('('fl1)L1)L2]

1.3.2.2.2. The t, —# ry step follows from t, = reqﬁ((otﬂ)K)
We next consider each possible location of u®

oreq HiK=r.

1.3.2.2.2.1. u® € t5;. Then D, = reg?((eDy)K).
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D1<reqﬁ(('D21<<('f11)L1)))K)>[M/(’(°f11)]~1)]

\

ey
Dy (red’((eDy; Cu®M)K))[u/(!(et11)L)Lo] D1<D21<<(°l11\2L1>>>K[M/(!(°l11)L1)]L2

/

Di(Dy «ua»)K[u/('('tlI)LI)LZ]
1.3.2.2.2.2. u* € K. ThenD; = reqﬁ((Otzl)K] [W(Y)/Dzl]Kz).

D1<reqﬁ((°l21)K1[W(y)/Dzl(((0111)1-1»]Kz»[u/('('fn)h)]]-z

Dy (red?((ot21)Ki [w? /Doy u® HIK2))u/(!(et11)L1)Ls] Dl(leKl[W(Y)/Dzl<§('l11)L1>>]K2>[M/(!('
\ a

Dy (121K [w? /Dy, ((M“»]Kz)[u/('('fl DLL:]

1.3.2.2.3. The t, =P r; step follows from t, = EQPH[v/(!(et2)K)K,] 0—>.|S
E((e12))Ki D[v/!(o121)K; ]K, = ry. Recall that Do{u®) = 1 = EQPN[v/(!(e12)KK;].
We consider each case for u® € f,.

1.3.2.2.3.1. u® € E. Then there exists E; such that E;{u®) = E{#). Note
that E; # E. By Lem. D.24, there exists F such that E;{u®) =
EQP) = Fu®, V).

Di(F{(et11)L1, V’B»[V/('(‘lzl)Kl)K2]>[u/('(‘ln)Ll)]Lz

Di(F(u?, (ot2) Ky p[v/(1(ot21 K1) Ko ) [u/(!(o211)L1)L,] Di(F{(et11)Ly, Vﬁ»[‘;/(!('tZl)Kl)K2]>[M/(!('t

D (F{u*, ('lzl)Kl>>[V/('(°l21)K1)]K2>[M/('(°l11)L1)L2]
1.3.2.2.3.2. u® € 1. Then Dyqu®) = EQPH[v/(1(eDay u K1 Ko ].
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Di(EQA)[ V/('(°D21((('l‘l1)L1>>)K1)K2]>[M/('('I11)L1)]L2

Dy (EPN[v/(1(eDay Ku WK Ko 11/ (!(o211)L1)Lo] D (E{(eDy{(ot11)Li MK ) [g/(!(°D21 «(

D (E{(eD21 {u MK [ V/('('Dzl((M“»)Kl)]Kz)[M/('('tl1)]—1)1—2]
1.3.2.2.3.3. u® € K. Then Dr{u®) = EQPW[v/(1(o121)Ky1 [W? /Doy u® HIK12)Ks .

Dy (EQPNIv/(1(ot21)Ky 1 [W? /Dy  ((ot11)Ly >>]K12)K2]>[u/('(°l1 DLDIL

Dy (EQPNIv/(1(o121)Ky 1 [W? /Doy u WIK12)Ka 1)/ (1 (o111)L 1)L, ] D (E{(e121)Ky1 [w? /Dy ((M(I))]Klzj

D1<E<<(°121)K11[W(”/Dzl<(Ma)>]K12)>[V/('(°t21)Kl1[W(”/Dzl((Ma»]Klz)Kz])[M/('('tl1)Ll)Lz]
132234, u® € Ky. Then Do u®y) = EQAY[v/(!(oty K1 Koy [W /Doy ) K.

Di(EQPW[v/(1(e121)K Ky W(y)/D21((('111)1-1>>]K22]>[M/(‘(0111)1-1)]1-2

Dy (EQPHIv/(1(o121)K Ko [ /Doy Cu® W 1Ko 1)/ (!(o111)L 1)L, ] Dl<E<<('t21)K1»[V/('('IZI)Kl)]K\?l[W(Y)/DZI«("M)LI»]

Dl<E<<(°121)K1»[V/('('tzl)Kl)]Kzl[W(y)/Dzl((M”»]Kzz)[u/('('tl1)L1)L2]
1.3.2.2.4. The t, —*# r| step follows from tz = 151 [V8/(1t)K] ,gc 11K =ry.

Then Dau®) = t,[V?/(1122)K] 0—>.gc t71K. We consider all possible
locations for u®.

1.3.2.2.4.1. u® € tp;. Then Do§u®) = Doy Lu®H[V#/(1£22)K], for some Dy;, and
Do{u) = ta1.
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D1<D21((M“»K)[M/('(°t11)L1)L2]

)

Dy (D1 §u Y[V / (122)K]) [/ ({(o111)L 1) L2 ] Di(Dai (et 1%L1>>K>[u/(!(°l11)L1)]L2

S

/

Dl(Dzl((('fl1)1—1>>[V8/('f22)K]>[M/(’(°fl1)]—1)]]—2
1.3.2.2.4.2. u® € ty. Then Dru®) = tr1[V?/(1D2 {u®»)K], for some D,;, and
Do {u) = ts.

Di(t21 [VB/('Dzl<<(°l11)L1>>)K]>[M/('('t11)L1)]L2

\

Dy {21 [V /(!D21 Cu” WK [/ ({(o111)L1)L2] Di(Dai (ot 1)L YK)[ue/(!(ot11)L1)]L2

_

D {21 K)[u/(!(ot11)L1)Lo]
1.3.2.2.4.3. u® € K. Then D{u®) = t21[VB/(!ZQQ)Kl[w(y)/Dﬂ«Ma»]Kz], for
some Dy, and K = Ky [w?) /Dy {u® HIK,.

/

Dy {121 [V /(112)Ky [W(y)/Dm((('hl)h))]K2]>[M/('(°l11)L1)]L2

g
Dyt [V2/(1122)K [W™ /Dy Cu DKo 1)/ (1 (@111 )L 1)L, ] Dyt K [W? /Dy «(7'111)14 PR D[/ (1ot )L1)]Lo

D1<t21K1[W(”/Dzl<<M”>)K2]>[u/('('f11)]—1)1—2]
1.3.3. D = C{u*»[u/(!(eD1)L1)Ly] and Di{tz) = #.
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Ci{(eD({12))L; »[u/('('Dl (t,))L]IL

Cru»u/(!(eDi{t2))L1)Ls ] C1«('D1<V1>)L1>>[M/('(°D1(Vl NLIL,

\

Cl((“”»[u/('('DKrl>)T—1)L2]
1.3.4. D = Ci{u”Wu/(!(et11)L11 [V /Dy ]L12)Lo] and Ly = Ly [v™/Di{t)]L15.

C1(<(°l11)L11[V(y)/Dl<t2>]L12>>[M/('(°l11)L11 [v® /Dy {t2)]L12)]Ls

CruMu/(!(ot11)L11 [V /Di{12)]L12)Ls] Ci((ot1 )Ly [V(”/Dl(V1>]L12>>[M/('('l‘11)L11 [v®/Dy{t2)]L12)]L,

Ciu Bl u/(‘(‘tll)]-ll[V(y)/D1<r1>]L12)L2]
1.3.5. D = C{u*»[u/aLpL,]. The context L; = L;;[v/(!(ef1)K;)K>]L;» and
the step t = D{tp) —B D{r)) = rist = E<<v6>>[v/(!(0[21)K1)K2] [
E{(ot21)K i p[v/!(8t21)K;]K; = r;. We consider each possible form for E.

1.3.5.1. E= !(.El)L“.

Crluu/(((oE; WPH)Ly; [V/(_!('l21)K1 )K2]L12)Lo]

CruMu/Q(OE QWL [v/(1(o121)K)KaIL12)La]  Crd(oty1)L1i [V /Dy (ri)IL1a)[u/(1(ot11)L11 [V /Di{t2)]L12)]L2

CriuWu/(W(oE VP WLy1 [v/(1(ot21)K1)K2]L12)Lo ]

1.3.5.2. E = I(oty)Ly11 [W?/E{]L 12 where Ly; = Ly [w® /E;{#YIL1 1. We
write L}, for Ly [w® /E; {(et21)Ki H]L 12
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Ci((ot1 )Ly [V/(’('121)K1)Kz]Ln»[u/('('ln)Ln [v/(1(e121)K )KL 2)]Lo

Crlu™Mlu/(1(ot11)L11[v/(!(o121)K K2 ]L12)L, ] CrfuMu/(M(ot1)LY, [v/(!(ot21)K1)JKoL12)]Lo
4
\ Sy
CruHlu/(M(et11)LT, [V/(!('-t-21)K1)]K2L12)L2]
1.3.6. D = C{u®W[u/(!(et11)L1)Lo [V /DL ]
Cl(((‘ﬁ1)L1>>[u/('(°l11)L1)]L21[V(y)/D1<t2>]L22
CruNu/(!(ot11)L1)Los [V /Di{t2) L] C1<((°l11)L1>>[M/(7!(°111)L1)]L21[V(y)/D1<r1>]L22

CrluM[u/(1(ot11)L1)Lyy [V(y)/Dl (ri)ILaa]

1.3.7. D = C {u*)[u/OLy]. The step t = D(t,) =P D(r1) = ris t, = EQGPEY[v/(!(ot2))K|)K,] —
E{(ot21)Ki )[v/!(##1)K;]K, = r;. We consider each possible form for E.

1.3.7.1. E=(!(eE;)L{)Ly;

CLLE AWML M/ (1(oE, «VB»)LI)]LZL [v/(1(e121)K 1)K ]L2,

Crlu W/ ((E1 QP WMILDLo1 [v/(!(o121)K DK 1L ] cl<<<-151<<<°f21)K1»)Ll»[u/(!sm«(mom»)Ll)]ul[V/(!(.t2

Cl«u”»[u/(‘('El<((°f21)K1>>)L1)L21 [V/('('le)Kl)]Kszz]
1.3.7.2. E = ({(et1)L11 [W?/E{]L12)Loy
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C1(<(°t11)L11[W(y)/El<(v6>>]1-12>>[u/('(°l11)L11[W(y)/El«VB))]le)]Lzl [v/(1(e121)K1)K;]Loy

CruNu/(A(oty )Ly W JE{ QWPHIL12) Loy [v/(1(e121)K1 K2 [Los ] C1<<(°l11)L11[W(y)/El«('lzl)Kl>>]L12>>[M/('(°111)L11[W(”/El«'

Crluu/(M(ot1 )L [ W(y)/El<<('121)K1>>]L12)L21[V/('('lzl)K1)]K2L22]
1.3.7.3. E = (1(e#;1)L1)Ly11 [WY/E|]L12. The @ and S-steps are disjoint.

Cr{(ot )L plu/ (Mot )L )L [ Wy/El((Vﬁ))]l-zu[v/('('121)K1)K2]L22

Cru™»u/(M(ot11)L1)Loy [WY /E1 PN ILa1a[v/(1(et21)K K2 [Los ] Crl(oty )Ly plu/(M(ot11)L1)|Log1 [WY /E;

C1((M">>[M/('(°f11)L1)L211[Wy/E1<((°l21)K1>>]L212[V/(‘(°lz1)K1)]K2L22]
1.4. The t —% s step follows from t = #;;[u”/(1t12)L] =%, t11L, with u ¢ fv(z)).
We consider each possible form for D:

egC

1.4.1. D = 0. Then @ = 8 and the result holds immediately.
1.4.2. D = Dy[u®/(1t12)L]
Dy (1)L

N

Di{t2)[u/(1t12)L] Di(r)L

\ e

Di(rip[u®/(Mti2)L]
1.4.3. D = t11[u®/(!D;)L]
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1L

/\

t11[u®/(IDi{t2))L] l11L

N

lll[ua/('D1<r1>)L]
144. D= 1‘11[M(I/(!l‘lg)Ll[v(}’)/Dl]Lz]
fllLl[V(”/DKfz)]Lz

1 [u®/(112)Li [V /D1 {t2) L5 ] 1L v /Dy (r)]La

t11[u “/(’ﬁz)Ll[V(y)/D1<V1)]L2]
1.4.5. D=1 [u¥/OL,] and L = (!llz)Ll[V/(!(Ol‘g])Kl)Kg]Lz. The stept = D{ty) P

D(ri) = risty = EQPYv/(1(o121)K Kol -5 EQ(o120)Ki D[v/ (012K, IKp =
r1. We consider each possible form for E.

1.45.1. E=(E)L,

tLy V/('('lzl)Kl)Kz]Lz

/ tllLl[v/(‘(Ol‘21)K1)K2]L2

i [u® /CE P ML [v/(1(e121)K K2 Lo | =

\ fiiLy [V/(!("z])Kl)]Ksz
E

ti[u®/((E1€(ot21)Ky )Ly V/('('le)Kl)]Ksz]
1.4.5.2. E = (1t;0)L 1 [W?/E| L2
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L[ W(y)/El«VB»]LIZ[V/('(”Zl)Kl)Kz]

ey
11 [u® /(1)L W JE L OPDIL 12 [v/((ot21)K DKo L, ] 111 L1t [WO JE (o121 Ky MIL12[v/ (o221 K )IK

ti[u® /(ML [ W(y)/El<<('121)Kl))]le[v/('(°f21)K1)]Ksz]
1.4.6. D = f;;[u®/0OL,] and L = L;[v?/D,]L,. The step 1 = D{tp) -2 D(r) = ris
t2 = (1)Li [V /(121)K] Hlage (1112)LiK = 1.

mly [Vﬁ/('lzl)K]Lz

fi[u® /()L [P/ (1121)K]L, ] lllLlKLz

f [MQ/('llz)LlKLz]
2. C = Aa.C;. Then both the @ and S-steps are inside C;(t;) and we conclude from the

IH.

3. C = (Aa”.Cy)Lt;p. We next consider all possible forms for D.

3.1. D = 0. We proceed as in case 1.1..

3.2. D = (Aa”?.Dy)L t1,. Then we conclude from the IH.

3.3. D = (Aa”. Ci{t;)L1[u?’ /D ]L, t12. Then we conclude immediately since the a
and SB-steps are disjoint.

34. D=0OL,tipand L = Li[v/(!(et51)K;)K>]L,. The stept = D{ty) —B D{(r) = ris
1, = EQPY[v/(1(e12)KK; ] H[;S E{(o121)K i H[v/!(e121)K Ky = r;. We proceed
asincase 1.3.2.2..

3.5. D =0Lytp and L = L[v/(1t1)K]L,. The step ¢ = D{¢t») —SBD(r) =rist =
Aa”. CLdt ML [P /(1121 K] |—>[fgc (Aa”. Ci{ti»)L1K = r;. Then we conclude
immediately since the @ and S-steps are disjoint.

3.6. D = (Aa”.Ci{#;))LD;. Then we conclude immediately since the @ and -steps
are disjoint.

4. C=(Aa”.t;))Li [V /Ci]L, t12. We next consider all possible forms for D.

4.1. D = 0. We proceed as in case 1.1..

4.2. D = (Aa”.Dy)L [V /C t; H]La t12. Then we conclude immediately since the a
and B-steps are disjoint.

43.D = (/lay.1‘11)]_.11[u(y)/Dl]le[V((s)/Cl<<l1>>]]_.2 t1o. Then we conclude immedi-
ately since the a and S-steps are disjoint.



Sharing and Linear Logic with Restricted Access 99

4.4. D= (Aa”.t;;)L;[v¥/D;]L, t12. Then we conclude from the TH.

45.D = (Aa".1;)L1[v®/C{ty )]y [u?’ /D]l t12. Then we conclude immedi-
ately since the a and S-steps are disjoint.

46. D = Dle[V(E)/Cl«ll»]Lz 50 and L, = Lll[V/(!(Otzl)Kl)KQ]le. The step t =
D(t2) =B D(ry) = risty = EQPY/(1(o20)KKa] % EQ(ot20)Ki M[v/!(0121)K I, =
r1. We consider each possible location for 2.

4.6.1. V% € t;. We proceed as in case 1.3.2.2..
4.6.2. v* € L;. Then we conclude immediately since the o and SB-steps are dis-
joint.

47. D = DL]Z[V((S)/C]«tl»]LQ tipand Ly = L”[uﬂ/(!tﬂ)K]ng. The stept = D{t,) —h
D{(ri) = ris t, = (da®. l]])L]l[M'B/(!lz])K] I—>'€zgC (Aa®. t11)L11K = r;. Then we
conclude immediately since the @ and S-steps are disjoint.

4.8. D =0OLy t1p and Ly, = Ly [v/(!(et21)K1)Ky]Ly,. The step r = D(ty) —B D(r) =
ris f = EQPYv/(1(et21)K1 Ko ] '—>lj|s EQ(et20)Ki p[v/!(e121)K Ky = 7. We
consider each possible location for 2.

4.8.1. v* € t;;. Then we conclude immediately since the @ and S-steps are dis-

joint.

4.8.2. V# € L;. Then we conclude immediately since the @ and S-steps are dis-
joint.

4.8.3. v € C,. Then we conclude immediately since the a and S-steps are dis-
joint.

4.8.4. v € t,. We proceed as in case 1.3.2.2..
4.8.5. ¥ € Ly;. Then we conclude immediately since the  and SB-steps are dis-
joint.
49. D = (Aa”.1;;)L;[v®/C{t,)]L, D;. Then we conclude immediately since the «
and S-steps are disjoint.
5. C= (Aa”.t;1)L C;. We next consider all possible forms for D.

5.1. D = 0. We proceed as in case 1.1..

5.2. D = (4a”.D;)L Ci{t;). Then we conclude immediately since the o and S-steps
are disjoint.

5.3. D = (Aa”.1;))L; [u® /D] C;{t;). Then we conclude immediately since the a and
[B-steps are disjoint.

54. D =0Lyt1p and L = Ly[v/(!(ety1)K;)K;]L,. The step t = D{t;) —B D{r)) =r
is 1, = EQPY[v/((o121)K) K, ] '_)ffls E{(ot2)K i »[v/!(8121)K{ Ky = 7. Then we
conclude immediately since the @ and S-steps are disjoint.

55.D = oLty and L = Ll[uﬂ/(!lzl)K]Lz. The step t = D(ty) P D(ri) = r
ist, = (Aa® t;)L1i[?/(12))K] H{ggc (Aa®. t11)LiK = ri. Then we conclude
immediately since the @ and S-steps are disjoint.

5.6. D = (1a”. ;1)L D;. We conclude from the IH.

6. C = C; t1;. We next consider all possible forms for D.

6.1. D = 0. We proceed as in case 1.1..
6.2. D = D; t1;. We conclude from the IH.
6.3. D = C(t;)D;. Then we conclude immediately since the o and S-steps are dis-
joint.
7. C = t1; Cy. Same as previous case.
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8. C = ¢(Cy. We conclude from the IH since D must be of the form eD;.
9. C =req®(C;). We next consider all possible forms for D.

9.1. D = 0. We proceed as in case 1.2..
9.2. D = req”(D;). We conclude from the TH.

10. C = !Cy. Then both the a and B-steps are inside C;(t;) and we conclude from the
IH.
11. C = C;[v?"/t;;]. We next consider all possible forms for D.

11.1. D = 0. We proceed as in case 1.3..
11.2. D =Dy[v™/#;;]. We conclude from the TH.
11.3. D = C{t;)[v?"?/D;]. Then we conclude immediately since the a and -steps are
disjoint.
12. C = s[v??/C;]. Same as the previous case.

D.1 The A**-calculus as an ARS
Residuals after flattening

Remark D.3. IftZ 5,1 € steps(t), then lift(z, r, @) Z s’, for some s’ variant of s.

Definition D.9 (Residuals after flattening). Given 1 = s, v € steps(t) and « ¢ lab(r),
consider lift(t, v, @) Z s, where s’ is some variant of s. The set of residuals of t after
tZs, is defined as

t[r £ s] := {steps, (') | lift(t, 1, @) = s’}

. s . s
We write x[[t = s’ if v’ € t[t = s5].

We must verify that r[[# = s] in Def. D.9, does not rely on &. In other words, that
It Z s = [t Z s], for any pair of ¢ Z sand = s. This requires making sure that if there
are s’ and s” such that lift(z, v, @) Z ¢ and lift(z, v, @) z s”, then s = s”. By transitivity

of =, it suffices to check that 7 £ s and #° = s° implies ¢t = s (cf. Lem. D.27). First we
introduce some auxiliary notions and results.

Definition D.10 (Well-named labeled term). A labeled term t € T is well-named if
1) all its bound variables are pairwise distinct and 2) all its labels are pairwise distinct.

Definition D.11 (Label ordering). Let t € TZ be a well-named term. The label order-
ing, <,C lab(r) x lab(¢), is the total order on its labels defined as the left-to-right order
when reading t as a string.

Lemma D.25. Let t be well-named and nt + t = s. Then:

1. sis well-named;
2. lab(?) = lab(s); and
3. =<

Proof. By induction on .
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Definition D.12 (Equally labeled terms). Let ¢, s € TE be variants (ie. t° = 5°). We
say that t and s are equally labeled if they have labels on exactly the same symbols in
1°, although these labels might not be identical.

For example, (1a®. a)[u® /v] and (1a®. a)[u® /v] are equally labeled.

Lemma D.26. Let t, s be well-named and equally labeled. If

1. lab(r) = lab(s), and
2. <=<
thent=s

Proof. By induction on ¢.

1.
2.

4.

LR aR

t=aort=u®. The result is immediate.

t = Ada.t;. From t° = s°, it must be the case that s = Aa. s; and #,° = s5;°. Moreover,

t; and s; must be well-named and equally labeled. We thus resort to the IH and

conclude.

t = Aa”.t;. Since t and s are equally labeled, it must be the case that s = 1a®. s; and

11° = s1°. Moreover, it also follows that #; and s; must be well-named and equally

labeled too. We thus resort to the IH and conclude.

t =1 tp. From ¢° = 5°, it must be the case that s = 51 s and 11° = 5;° and 1,° = 5,°.

4.1. lab(r) = lab(s). First we verify that lab(¢;) = lab(s;). Suppose that, on the
contrary, there is a @ € lab(#) \ lab(s;). Then @ € lab(s,). Since lab(r) = lab(s)
and ¢ and s are equally labeled, there is a 8 € lab(s;) \ lab(#;). Then 8 € t,.
Then we have a <; 8 and 8 <; @, contradicting <,=<;.
If we assume « € lab(sy) \ lab(#), rather than « € lab(#;) \ lab(s;), we reach a
contradiction in a similar way. Therefore, lab(¢) = lab(s;). A similar argument
shows that lab(z,) = lab(s;).

4.2. <,=<,. Note that <, =<, and <;,=<,, follow immediately from <,=<;.

We thus conclude from the IH applied twice.

t = et;. From ¢° = s°, it must be the case that s = es; and #;° = s;°. Moreover,
lab(#;) = lab(s;) follows from lab(r) = lab(s). Likewise, <, =<;, follows from
<;=<,. We thus conclude from the IH.

t = req(t;). Same as above.

t = req®(t;). Same as above.

t = !t;. Same as above.

t = t1[u/t;]. This is similar to the case for application. From #° = s°, it must be the
case that s = s1[u/s;] and 1,° = 5,° and 1,° = 5,°.

9.1. lab(¢) = lab(s). First we verify that lab(¢;) = lab(s;). Suppose that, on the
contrary, there is a @ € lab(#)) \ lab(s;). Then @ € lab(s,). Since lab(¢) = lab(s)
and ¢ and s are equally labeled, there is a 8 € lab(s;) \ lab(#;). Then 8 € t,.
Then we have @ <, 8 and 8 <, @, contradicting <,=<;.

If we assume « € lab(sy) \ lab(z,), rather than « € lab(z;) \ lab(s;), we reach a
contradiction in a similar way. Therefore, lab(z;) = lab(s;). A similar argument
shows that lab(#,) = lab(s,).
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9.2. <;=<,. Note that <, =<, and <;,=<,, follow immediately from <,=<;.
We thus conclude from the IH applied twice.
10. t = #;[u”/t;]. Same as above.

Lemma D.27 (Well-definedness of Step Correspondence). Let t € TL be well-named
s and

having labels exactly at the anchors of all the steps in t°. Let s be such that t
t°=s°Thent=s.

Proof. By induction on 7w we can prove that 7 and s are equally labeled. Indeed, = does
not create nor erase steps nor labels. Moreover, from Lem. D.25, we obtain that s is
well-named, lab(r) = lab(s) and <,=<;. We then conclude from Lem. D.26.

As a consequence of Lem. D.27, we will henceforth drop the derivation r in [ Z 5]
and write simply [# = s]. The residual relation on flattening [ = s] is in fact a bijection
between steps in ¢ and those in s. We shall name this bijection step-correspondence:

Definition D.13 (Step-correspondence). Let t = s. We define step-correspondence,
¢.s C steps(r) X steps(s), as follows: ¢, 4(r) = s iff vt = s]s.

Step-correspondence is well-defined in the sense that it does not depend on the proof
of t = 5, a consequence of Lem. D.27.

Lemma D.28 (Well-definedness of step-correspondence ). Let t, s be labeled terms
such that t = s. Then ¢, ; is well-defined.

Proof. Assume that all bound variables in ¢ are distinct. Let ¢ be the lifting of all the
steps in ¢. Note that ¢ is well-named. Let 7 be any derivation such that ¢ Z 5. Consider

rEy. By induction on r it is easy to verify that s” has labels on the anchors of all steps
in s. Therefore, each step in # has a unique residual in s’. Moreover, by Lem. D.27, s’
is unique for ¢ = s and §’° = 5. Thus ¢, ; is well-defined.

Definition D.14 (Steps modulo flattening and their equivalence). Letr v : t; — s1 be
a step in A'* and suppose t| 2 t and s, Z s1. We say that (my, v, m2) : [t1]= —a [s1]= is
a step modulo flattening:

, 7 T L

tl Etl —e 51 ES]

Suppose (m3, 5,74) : [t2]= —e [$2]=. In other words,

L} s T4
t2:t2—>.S2=S2

Assume, moreover, that t|, = ty and ¢y, 1,(x) = s. Then we say (r1, v, m2) and (13, 5, 4)
are equivalent and write (my,1,m,) = (73, s, T4). Notice that equivalent steps are coini-
tial and cofinal; the latter follows from Prop. D.3.

Remark D.4. Equivalence on steps modulo flattening is an equivalence relation. We
write [(mr}, 1, m5)]= for the equivalence class of steps of (my, 1, 7).

Definition D.15 (1'* as an ARS). 1'* may be modeled as an Axiomatic Rewrite System
Ape =0, R, src, tgt, [1) where
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— Objects. Objects are =-equivalence classes of terms: O := {[t]= |t € T.}.
— Steps, Src, Tgt. Steps are A'*-steps modulo flattening

R = {[{m,r,m)]=: [fl= = [sl=|v:t > sisastepin A and 1’ Zrands 2 s, for some t',s'}

— Residuals. Consider two coinitial steps [{r1,v,m2)]= : [ti]l= = [s1]= and [{73, 5, m4)]= :
[2]= = [s2]= and t) = tp:

/]ﬂ T 4
=10 =481 S

ma w3

/72 S ’
t2 =1 o, N S5

The set of residuals of [(m, 1, m2)]= after [{m3, s, m4)]= is defined as follows
<7Tl’ T, ”2)[[(”3’ S, ﬂ4>]] = ¢11,lz(r)[[5]]

Note that the notion of residual is well-defined as a consequence of the following
result, whose proof is an immediate consequence of the proof of Prop. D.3 (that flat-
tening is a strong —,-bisimulation) whose diagrams are all closed using steps with the
same label.

Lemma D.29. c[[s]lv" iff ¢1, ,,x[ 01, ., 51Es, 5, Y

17 17
t

1 Sl
\ .
m « V9] ,
, s
n=n > 5§ Y/ S
Fid s
3 [ Ty
) —_— 1.2 ,
12 el ) > §H — S5
A &1y VEDr 1y Yﬂ¢m
” 1"
l2 87

Lemma D.30 (Auto-Erasure). [(r),v,m)]=[[{(7r1, 1, m)]=]] = @.
Proof. Recall from Def. D.15 that [{7ry, 1, m)]=[[[{71, 1, m2)]=] is defined as
b1y O] (1

By taking the trivial derivation of #; = ¢, that uses reflexivity and resorting to Lem. D.27,
(1) is just x[[r]. The latter is immediately seen to be the empty set.

Lemma D.31 (Finite Residuals). For any pair of coinitial steps in Ay, [{m1,1,m2)]= :
[11]= — [s1l= and [{m3, 5, m4)]= - [t1]= — [s2ls, (o, v, mp)=[€ns, 5, ma)]=1) is finite.

Proof. This is immediate from the fact that ¢;, ,, (v)[s] is finite.

We next prove finite developments. Note that since step-correspondence is a bijec-
tion (Lem. D.27), it suffices to prove the following:
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Lemma D.32 (Finite Developments). Let t € TZ. Then - is strongly-normalizing.
Proof. This is immediate from Prop. D.2.

Lemma D.33 (Semantic Orthogonality). Consider two coinitial steps in Ajy., say
[(mi,v,m)]= @ [ti]le — [s1lz and [{(n3,5,m4)]= : [ti]le — [s2]=. Then there exists r
such that [(my, v, i) =[[{73, s, ma)l=]l = [s1]= — [rl= and [(m3, 8, wa) )=[[{m1, v, )]0
[52]5 - [I"];.

Proof. This is an immediate consequence of Prop. D.4, Prop. D.3 and Lem. D.27.

D.2 Strong normalization

In this subsection, we show that —, is strongly normalizing for the typed fragment of
A'* by means of the translation [-] to the Linear Substitution Calculus (LSC). Recall
that the simply typed LSC without gc is given by the relation —gi :=—go U —1s U —¢c
on the set of LSC terms.

Theorem D.2 (The typed LSC is strongly normalizing). IfI" s t : A, there are no
infinite reduction sequences t =i 11 =lsci 12 —lsci - - -

Proof. See [19].

Postponement of —.gc
Lemma D.34. Ift —.4 (da. s)L, then one of the following hold:

I t=Qa.t)L and t; —eyc s
2. L="Li[u/rn]lly and t = (Aa. s)Li[u/r]Ly and ri —egc 12
3. L=LiL,L3 andt = (Aa. s)Li[u/(\r)L, L3 and u ¢ tv((Ada. s)Ly).

Proof. By induction on ¢.

1. t =aort = u. Not possible since there are no — .y steps from variables.
2. t = Aa.s. Then L = O and the — .4 step must be in s and case 1 holds.
3. t = t; 1. Not possible since then the —,.q. step would have to be in #; or in 7, and
(Aa. s)L would have to be an application.
4. t = ot;. Not possible since then the —.4c step would have to be in #; and (da. s)L
would have to be of the form er.
5. t = req(t). Not possible since then the —.4. step would have to be in #; and
(Aa. s)L would have to be of the form req(r).
6. t = !t;. Not possible since then the —.4c step would have to be in #; and (da. s)L
would have to be of the form !r.
7. t = t1[u/t,]. There are three possible cases.
7.1 The —.gc step is at the root. Then #, = (!t3)L, and u ¢ fv(#;) and L = L,L, and
t1 = (Aa. s)L;. Case 3 then holds.
7.2 The —4gc stepisin #1. Then L = Li[u/r] and #; —.gc (da. s)L;. We conclude
from the TH.
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7.3 The —.4 stepisint,. Then L = Li[u/r] and t, —.yc r. Case 2 holds.
Lemma D.35. Ift —.g (o5)L, then one of the following hold:

1. t=(et)Land t; —egc §
2. L=Li[u/r]ly and t = (es)Li[u/r11Ly and ri —egc 1>
3. L=LiLyL3andt = (es)Li[u/(\r)Ly]Ls and u ¢ fv((es)L).

Proof. By induction on ¢. Similar to that of Lem. D.34.
Lemma D.36. Ift —.g (!(e5)L)L,, then one of the following hold:

t = (I(et;)L1)L; and t —egc S

Ly =Ly [u/r]Liz and t = ({(es)Lyi[u/r1]L12)Ly and ri —egc 12

Ly = Lot[u/r2]Lap and t = (/(es)L1)La1[u/r1]1Las and 11 —ege 72

L; =L LoLys and t = (1(es)Lyi[u/(1r)Li2]L13)Ly and u & fv((es)Lyy).

Ly = LyiLyoLos and t = (1(es)L1)Lo[u/(1r)Lan]Laz and u ¢ fv((!(es)Li)Lyy).

LA B~

Proof. By induction on ¢. Similar to that of Lem. D.34.
Lemma D.37.

1.t —>agc S Dedo 1 implies there exists s’ such that t —egp 8" =40 T
2.t —egc § —els T implies there exists s’ such thatt —. s s —>fgc r
3.t —egc § —ereq 7 implies there exists 5" such thatt —eeq 8" —ege ¥

Proof. By induction on ¢.

1. t = aort = u. This case is not possible since no —.g-steps are possible from
variables.

2. t = Aa.t;. Then it must be the case that s = Aa. s; and the step t —.gc s follows
from #; —egc s1, for some term s;. Similarly, it must be the case that r = Aa.r;
and s —, r follows from s; —, r{, for any r € {edb, els, ereq}. We thus obtain the
desired result by the TH.

3. t =11 . Two cases arise depending on whether the egc is internal to #; or to ;.
3.1. The egc is internal to f;. Then s = 515 and t1f —.g s1 1 follows from

| —egc S1. We next consider each item.

3.1.1. Ttem 1. There are three possibilities.
3.1.1.1. The odb step is at the root. Then s; = (da. s;;)L and r = sy;{a := £, }L.
By Lem. D.34, there are three cases.

3.1.1.1.1. 4 = (da.t;1)L and ¢4 —egc S11- Then 111, = (da.tj1))Lty —edb
ti{a = nJL —egc si{a := t}L.

3.1.1.1.2. L= L[[u/til]]_z and #; = (da. s11)Li[u/t11]L; and 14 —egc t/ll' Then
t1ty = (da.si)Lilu/ti]latz —egp s1t{a := BJLi[u/ti1]Ly —ege
sifa := piLi[u/t]]Ls.

3.1.1.1.3. L =LiLLyand #; = (Aa. s;1)Li[u/(1t11)L2]Ls and u ¢ fv((Aa. s11)Ly).
Thent; 1 = (da. s1)Li[u/(1t1)L2]Ls 12 —edb S1i{a := L [u/(t11)L2]Ls —ege
s11{a := ,}L1L,L5. Note that we may assume that u ¢ fv(z,).

3.1.1.2. The edb step is internal to ¢;. We use the IH.
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3.1.1.3. The edb step is internal to f,. Then the egc step and the edb steps are
disjoint and we can conclude immediately by swapping them.
3.1.2. Ttem 2. There are two possibilities.
3.1.2.1. The els step is internal to ¢;. We use the IH.
3.1.2.2. The els step is internal to #,. Then the egc step and the els steps are
disjoint and we can conclude immediately by swapping them.
3.1.3. Item 3. There are two possibilities
3.1.3.1. The ereq step is internal to ¢;. We use the TH.
3.1.3.2. The ereq step is internal to f,. Then the egc step and the ereq steps
are disjoint and we can conclude immediately by swapping them.
3.2. The egc is internal to #,. Similar to the previous case.

4. t = ot1. Then it must be the case that s = es; and the step 1 —.gc s follows from
11 —egc S1, for some si. Similarly, it must be the case that r = er; and s —, 7
follows from s; —, ry, for any r € {edb, els, ereq}. We thus obtain the desired
result by the IH.

5. t = req(#;). Then it must be the case that s = req(s;) and the step t —.gc s follows
from | —.gc 51. We next consider each item.

5.1. Item 1. The edb step must be internal to s;. We use the IH.
5.2. Ttem 2. The els step mut be internal to s;. We use the IH.
5.3. Item 3. There are two possibilities
5.3.1. The ereq step is at the root. Then s; = (es;;)L and s = req((es11)L) —ereq
s11L = r. By Lem. D.35, there are three cases.
5.3.1.1. t; = req((et;;)L) and ¢, —egc S11- Then req(t;) = req((et;;)L) —ereq
t1L —ege s11L.
5.3.1.2. L = Li[u/t};;]L2 and #; = (es1)Li[u/t11]Ls and t1; —.g ],. Then
req(t;) = req((esy1)L1[u/t11]L2) —ereq S11Lilu/t11]Ly —ege s11L1[u/t]ILo.
5.3.1.3. L =LiLyLsy and #; = (esy1)Li[u/('t11)L2]L3 and u ¢ fv((esq1)L;). Then
req(t;) = req((esi1)Li[u/(111)L2]L3) —ereq s11L1[u/(Mt11)L2]Ls —ege
S11L1L2L3.
5.3.2. The ereq step is internal to s;. We resort to the IH.

6. t = !t;. Then it must be the case that s = !s; and the step t —.gc s follows from
11 —egc S1. We next consider each item.

6.1. Item 1. The edb step must be internal to s;. We use the TH.
6.2. Item 2. The els step must be internal to s;. We use the TH.
6.3. Item 3. The ereq step must be internal to s;. We use the IH.
7. t = t1[u/t;]. There are three possibilities for the egc-step.
7.1. The egc step is at the root. Then t, = (!#;)L and u ¢ fv(¢;) and s = £L and
dom(L) N fv(t;) = @. We next consider each item.
7.1.1. Ttem 1. Three further cases arise.

7.1.1.1. The edb step is at the root. This is not possible unless L = 00, in which
case the following case applies.

7.1.1.2. The edb step is internal to #,. Then we conclude with 7 = #;[u/(!#21)L] —edp
11[u/(121)L] —ege 1L

7.1.1.3. The edb step is internal to L. Then we conclude with # = #;[u/(!t1)L] —egb
ti{u/(M))L'] —ege HL'.
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7.1.2. Ttem 2. Three further cases arise.
7.1.2.1. The els step is at the root of #{L;[v/(!(e#1)K;)Ky] and L = Ly [v/(!(ef;1)K{)K;] Ly.
This case is not possible since dom(L) N fv(#;) # @.
7.1.2.2. The els step is internal to #;. We use the TH.
7.1.2.3. The els step is internal to L. The steps are disjoint and we can commute
them.
7.1.3. Item 3. The ereq step must be in #;. Then both steps are disjoint and we
can commute them. That is ¢ = #;[u/(!t21)L] —ereq 1] [u/(1121)L] —egc 1L
7.2. The egc step is internal to . In other words, s = s1[u/t;] and the step t —.gc §
follows from #; —.qc 51. We next consider each item.
7.2.1. Item 1. Two further cases arise.
7.2.1.1. The edb step is internal to s;. We use the TH.
7.2.1.2. The edb step is internal to #,. Then both steps are disjoint and we can
commute them.
7.2.2. Item 2.
7.2.2.1. The els step is at the root. Then s; = C{u) and t, = (!(e#;1)K;)K; and

s = Clup[u/(M(ot1 KK ] —a1s CL(ot1 DK N1/ (021K Ky = 7

Fromt; —.gc 51 = C{u)), it follows that #; = Du), for some context D.
Then we have t = #1[u/t2] = DLup[u/(!(o111)K1)K2] — o1 DE(@211)K D1/ !(0111)K1]Ky —ege
C(ot DR u/! (ot K K.
7.2.2.2. The els step is internal to s;. We use the IH.
7.2.2.3. The els step is internal to #,. Then both steps are disjoint and we can
commute them.
7.2.3. Item 3. There are two possibilities
7.2.3.1. The ereq step is internal to s;. We use the IH.
7.2.3.2. The ereq step is internal to #,. Then both steps are disjoint and we can
commute them.
7.3. The egc step is internal to . In other words, s = #;[u/s>] and the step t —.gc §
follows from #, —.gc 52. We next consider each item.
7.3.1. Item 1.
7.3.1.1. The odb step is internal to #;. Then both steps are disjoint and we can
commute them.
7.3.1.2. The edb step is internal to s,. We use the IH.
7.3.2. Item 2. There are three possibilities.
7.3.2.1. The els step is at the root. Then #; = C{u) and s, = (!(es521)K;)K; and

s = Clup[u/(1(0521)K K] =45 CL(@520)K D1/ !(@521)K Ky = 7

From £, —.gc (1(0521)K{)K, and Lem. D.36 there are five cases to con-

sider.

1. tp = (!(e#21)K()K; and 17 —>egc S21. Then we have ¢ = #1[u/t] =
Cluplu/((er1)KK2] —es CL(o12 DK D1/ !(0621)K Ky —egc—ege
CL(@s21)Ky Hue/ ! (@521)K1 K.

2. Ky = Ky1[v/r2]Kyz and 15 = (1(e521)K11[v/71]K12)K2 and 11 —ege 72.
Similar to the previous case.
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3. Ky = Ky [v/m]Ky; and 1, = (1(es521)K()Ky  [v/r1]Kp and 11 —ege F2.
Similar to the previous case.
4. Ky = K;1K2Ky3 and £ = (1(es21)Ky1 [v/(1r)K12]K13)K; and v ¢ fv((es21)Ky).
Similar to the previous case.
5. Ky = Ky KpKoz and = (1(es521)K1)Kp [v/(17)K22]K3 and v ¢ fv((!(es21)K)Kay).
Similar to the previous case.
7.3.2.2. The els step is internal to #;. Then both steps are disjoint and we can
commute them.
7.3.2.3. The els step is internal to s,. We resort to the IH.
7.3.3. Item 3. There are two possibilities
7.3.3.1. The ereq step is internal to #;. Then both steps are disjoint and we can
commute them.
7.3.3.2. The ereq step is internal to s,. We use the IH.

Fusion

Definition D.16 (Fusion). The binary relation of fusion = C Tsc X TLsc between
terms of the LSC, called fusion, is defined as = := =, where = in turn is the
closure by compatibility under arbitrary contexts of the following rules:

(=>w) f[x/s] ="t if x ¢ fv(t)

(=0 1lx/sly/s] 2! t{x := y}y/s]

(=abs) Ax.tly/s1 2 Qx.D[y/s]  if x & fv(s)

(=applL) tlx/s]r =" (tr)[x/s] if x ¢ fv(r)

(=appR) trix/s] 2" (tr)[x/s] if x ¢ fv(r)

(=esL) tx/slly/r] 2" tly/rlx/s]  ifx & fv(r) and y ¢ fv(s)
(=esR)  ilx/sly/rl] 2" tlx/slly/r] ify ¢ fv(0)

Remark D.5. Itis easy to check that the relation = as defined in Def. D.16 is equivalent
to the definition of fusion given in the body of the paper, which replaces rules =abs,
=appl, =appR, =esL, =esR by a single rule of the form C{¢[x/s]) = C{t)[x/s]
provided that C does not bind s.

Lemma D.38 (Properties of fusion).

1. CLtlx/s1) = CLeplx/s]
2. CLLY[x/1L] = CLehlx/t]L

Proof. We prove each item separately:

1. By induction on C:
1.1 If C = O, it is immediate.
1.2 If C = Ax. C’, it follows from the IH and =abs.
1.3 If C = C s, it follows from the IH and =appL.
1.4 If C = s C', it follows from the IH and =appR.
1.5 If C = C’'[x/s], it follows from the IH and =esL.
1.6 If C = s[x/C’], it follows from the IH and =esR.
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2. By induction on L. If L = 0O, it is immediate, so let L = L’[x/s]. Then:

CQILY[x/1L] = CLeL [x/sIH[x/tL [x/ s]]
= CKL W[x/s1lx/tL [x/s]] by part 1. of this lemma
= CL W[x/s1[x/tL [x/ 5] by =esR
= C{(L"){x := x'})[x"/s][x/fL"][x/s] by a-conversion, where x" ¢ fv(rL")
= CLEL){x := X" })[x/L'][x’/s][x/s] by =esL

= CQL Hx/1L 1[x/s] by =c
= CLeHlx/tIL [x/s] by TH
= CLeH[x/t]L

Lemma D.39 (Reduction before fusion of variables).

1. Let x,y,7 be different variables. If C{z)) = t{x := y} then there exists a context C
such that t = Co{z)) and C = Cof{x := y}.
2. Let t{x := y} =i 8. Then there exists a term sy such that t — g So and s = so{x :=

yh
Proof. The first item is by induction on C:

1. If C = 0. Then C{z) = z = H{x := y} and z distinct from y implies that ¢ = z. We set
Co := O and conclude.

2. If C = Ax’.C’. Without loss of generality, we may assume that x’ is distinct from
X,¥,2. Then C{z) = (Ax'.CH() = Ax'.C'{z) = t{x := y}. Thus t = Ax’.1; and
C'{z» = ©i{x := y}. From the TH there exists a context Cy such that r; = C;{z) and
C" = Cj{x := y}. We set Cp := Ax". C{ and conclude.

3. If C = C’ s (the case C = s C’ is similar). Then C{z) = (C' s){z) = C'Lz) s = H{x :=
v}. Thus t = t; t, and C'{z)) = t;{x := y} and s = t,{x := y}. From the IH there exists
a context Co such that 1, = Cj{z) and ' = Cj{x := y}. We set Cp := Cjj 12{x := y}
and conclude.

4. If C = C'[x/s] (the case C = s[x/C’] is similar). Without loss of generality, we may
assume that x’ is distinct from x,y, z. Then C{z)) = (C'[x'/s]D{z) = C{zp[x'/s] =
t{x := y}. Thus t = #[x'/tz] and C'{z) = t1{x := y} and s = f,{x := y}. From
the IH there exists a context Co such that 1, = C{{z) and C' = Cj{x := y}. We set
Co := Cj[x"/t2{x := y}] and conclude.

For the second item we proceed as follows. Suppose #{x := y} —1si s. Then two
cases must apply depending on whether the —i; step is a —gp-step or a —g-step.

1. {x := y} = C{(Ax. s)Lr). Then it must be the case that t = C’((Ax.s")L ") with
s=s{x:=yland r = ¥{x := y} and C = C'{x := y}. We set 5o := C’{(Ax.s")L+")
and conclude.

2. t{x := y} = C(DEx»[x/r]). Then it must be the case that r = C'{t;[x/r']) with
D{x) = ti{x := y}and r = ¥'{x := y} and C = C’'{x := y}. By item 1, there exists a
context Dy such that #{ = Dyp(x) and D = Dy{x := y}. We set s := C'(DolxH[x/7'])
and conclude.

Lemma D.40 (Backwards preservation of abstractions). Ift =' (Ax. s)L then t is
of the form t = (Ax.ty)Ly where for all r whose free variables are not bound by Ly we
have that ty[x/r]Ly = s[x/r]L.
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Proof. We proceed by induction on t:

1. Variable, ¢ = x: this case is impossible, as there are no steps x =' (Ax. s)L.

2. Abstraction, t = Ax.t': we consider two subcases, depending on whether the fusion
step is internal to ¢’ or derived from =abs at the root:

2.1 If the fusion step is internal to ¢/, the situation is that we have that ¥ =! ¢ and
t=Ax.t’ 2" Ax.t” = (Ax. s)L so L must be empty and #” = s. Taking y := '
and Ly := O we have that t = (1x. fy)Lo. Moreover, given an arbitrary term r we
have that fo[x/r]Lg = ' [x/r] ' t”[x/r] = s[x/r] = s[x/r]L, as required.

2.2 If the fusion step is derived from =abs at the root, then ' = #,[y/f;] with
x ¢ fv(fp) and the step is of the form r = Ax.t[y/5] = (Ax.n)y/t] =
(Ax.s)L, so L = O[y/f,] and s = ¢;. Taking tp := ' = f1[y/] and Ly = O
we have that t = (Ax. 79)Lo. Moreover, given an arbitrary term r we have that
tolx/rlLo = ti[y/t]lx/r] ' t[x/rlly/t] = s[x/r]L by =esL.

3. Application, t = 1] ,: this case is impossible, as the fusion step can be either internal
to t, internal to #,, derived from =appL at the root, or derived from =appR at the
root. In any of these cases, the right-hand side is not of the form (Ax. s)L.

4. Substitution, ¢t = #,[y/t,]: we consider six subcases, depending on whether the fu-
sion step is internal to ¢#;, internal to t,, or derived from any of the rules =w, =c,
=esL, =esR at the root:

4.1 If the fusion step is internal to t;, then ¢ = #,[y/t;] =1 t1[y/t2] = (Ax. s)L with
i ' #/. Hence L = L'[y/t,] and 7| = (Ax.s)L". Since t; 2! #{ = (Ax. )L’
by IH we have that #; = (4x.19)L;,. Taking Lo := L{[y/f2] we have that ¢ =
tily/t2] = (Ax. to)Lyly/t2] = (Ax. fp)Lo. Moreover, if r is a term whose free vari-
ables are not bound by Lo, then #y[x/r]Lo = to[x/r]Ljly/t2] = slx/rIl[y/ 2] =
s[x/r]L using the fact that #[x/r]Lj = s[x/r]L’ holds by IH.

4.2 If the fusion step is internal to #,, then t = #[y/t] ' /5] = (Ax. s)L
with , =! t;. Then L = L'[y/#;] and #; = (Ax. s)L’. Taking #o := s and Ly :=
L = L'[y/t;], we have that t = #1[y/t,] = (Ax. s)L'[y/t] = (Ax.1ty)Ly. More-
over, if r is a term whose free variables are not bound by Ly, then #[x/r]Ly =
slx/rIL’[y/t2] ' slx/r]L’[y/t,] = s[x/r]L, using the fact that 1, =' 7.

4.3 If the fusion step is derived from =w at the root, then t = f;[y/t,] =l =
(Ax. s)L, where y ¢ fv(t)). Taking ty := s and Ly := L[y/%;], we have that ¢
t[y/t:] = (Ax. s)L[y/t2] = (Ax.ty)Lo. Moreover, if r is a term whose free vari-
ables are not bound by L, we have that #o[x/r]Ly = s[x/r]L[y/t,] =" s[x/r]L.
For the last step, note that y ¢ fv(r;) by hypothesis and y ¢ fv(r) because the free
variables of r are not bound by L. Hence y ¢ fv(t;)Ufv(r) = fv((dx. s)L)Ufv(r) =
fv(s[x/r]L).

4.4 If the fusion step is derived from =c at the root, then t = #,[y/t:][z/1,] =Y
tiy := z}[z/tr] = (Ax.s)L, so L = L'[z/t,] and t;{y := z} = (Ax.s)L’. This
means that #; = (Adx.#)L{ where fo{y := z} = s and Lj{y := z} = L’. Taking
Lo := Ljly/]lz/t2] we have that 1 = t1[y/n]lz/6] = (Ax.10)Ljly/0][z/12] =
(Ax.ty)Ly. Moreover, if r is a term whose free variables are not bound by Ly,
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then:

tolx/rlLo = tolx/rILyly/t21lz/1]

= (to[x/rILiy := 2}z/12]

= toly == Z}lx/rly := ZIL{ly = 2lz/n2]

toly := Z}[x/rILily = Z}[z/t2] asy ¢ fv(r)
s[x/r]l [z/1]

s[x/r]L

4.5 If the fusion step is derived from =esL at the root, then #; = #;[z/t2] where
y ¢ fv(t12) and z ¢ fv(fy), and the step is of the form ¢ = #;,[z/t21[y/t2] =
I[][_y/l‘z][z/llz] = (Ax.s)L. Then L = L/[y/tz][z/llz] and 17 = (Ax. s)L’. Tak-
ing fp := s and Ly := L'[z/t1x][y/t2] we have that 1 = #1[z/t12][y/12] =
(Ax. $)L'[z/t12][y/12] = (Ax. tH)Lo. Moreover, if r is a term whose free variables
are not bound by Ly, then fo[x/r]Ly = s[x/rIL [z/ti2][y/t2] 2' s[x/rIL [y/t2][z/t12] =
s[x/r]L.

4.6 If the fusion step is derived from =esR at the root, then #, = p1[z/#2,] where
7 ¢ fv(t;), and the step is of the form ¢ = #|[y/t1[z/t22]] 2! t:1[y/t211[2/t2]
(Ax.s)L. Then L = L'[y/t2][z/t22] and #; = (Ax. s)L’. Taking #; := s and L :
L'[y/t21lz/t22]] we have that t = t1[y/t[z/t2]] = (Ax. s)L'[y/t21[z/t22]]
(Ax. t9)Ly. Moreover, if 7 is a term whose free variables are not bound by Ly,
then 19[x/rlLg = s[x/rIL'[y/t21(2/t22]] ' s[x/r]L’[y/t211[z/t22] = s[x/r]L.

Lemma D.41 (Backwards preservation of variables). Ift =' C{x) then t is of the
formt = Co{x,...,x) where Cy is a context with either one or two holes, and for any
term r whose free variables are not bound by Cy one has that Co{r,...,r) = CLr).

Proof. By induction on ¢:

1. Variable, t = y: this case is impossible, as there are no steps y = C{x).
2. Abstraction, t = Ay.t": we consider two subcases, depending on whether the fusion
step is internal to ¢’ or derived from =abs at the root:

2.1 If the fusion step is internal to ¢, then t = Ay.r’ =' Ay.C(x) = C{x)
where C = Ay.C’ and ¢ =' C’{x). By IH, we have that /' = C{{x,...,x)
and C{r,...,r) = C(r). Taking Cp := Ay.Cj we have that 1 = Ay.v" =
Ay. Cikx, ., xP) = Colx, ..., xP, and Colr, ..., 1) = Y. Cikr, ..., 1) 2 . C{r) =
CLr).

2.2 If the fusion step is derived from =abs at the root, then ¢ = t[z/f;] with
y ¢ fv(ty), and the step is of the form ¢ = Ay. f,[z/1] = (Ay. 10)lz/k] = CLx).
There are two subcases, depending on whether the hole of C lies inside #; or
inside #,. We only check the first of these cases, the other one being simi-
lar. Indeed, suppose that the hole of C lies inside #;. Then C = (dy.C")[z/t,]
and t; = C'{x). Taking Cy := Ay.C’[z/f,] we have that t = Ay.t1[z/] =
Ay. C{xVlz/2] = Cofx) and Cofr) = Ay. C{rYlz/n] = (Ay. CErMlz/n] =
CLr)-

3. Application, t = ¢ t,: we consider four subcases, depending on whether the fusion
step is internal to ¢, internal to #,, derived from =appL at the root, or derived from
=appR at the root:
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3.1 If the fusion step is internal to #;, then t = #; 1, =' 1 ta = C{x) with ¢, =1 f.
There are two subcases, depending on whether the hole of C lies inside #] or
inside f:

3.1.1 If the hole of C lies inside f{, then #; = C'¢x) and C = C'1; and £ =1
C’{x)». By IH, we have that ; = C{{x,...,x) and C({r, ..., r) = C{r).
Taking Co := C{#o we have that t = 11 1o = C{{x, ..., x) t2 = Co{x, ..., X},
and Co{r,...,r) = C(Lr, ..., 1 1 = C{rHtr = CLr).

3.1.2 If the hole of C lies inside #,, then 1, = C’{x) and C = #] C'. Taking Cy :=
hC wehavethatt = 11, = 1 C'¢x) = Colx) and Colr) = 1, C'r =!
1, Cr = C{r).

3.2 If the fusion step is internal to #,, the proof is similar to case 3.1.

3.3 If the fusion step is derived from =appL at the root, then #; = t1[y/t12] where
y ¢ fv(t;) and the step is of the form 7 = #11[y/t12]1 1 = (11 2)[y/t12] = CLxY.
There are three similar subcases, depending on whether the hole of C lies inside
t11, inside f,, or inside #1,. We only check the first of these cases, the other
ones being similar. Indeed, suppose that the hole of C lies inside #;;. Then
C = (CU'n)ly/tiz] and t;; = C'{x). Taking Cy := C'[y/t;2]t, we have that
t = tly/tial & = CExNy/tia] 1 = Cofx) and that Cor) = C'{rYly/tal 1 '
(CLrY )ly/ti2] = CLr).

3.4 If the fusion step is derived from =appR at the root, the proof is similar to
case 3.3.

Substitution, ¢t = #,[y/t,]: we consider six subcases, depending on whether the fu-
sion step is internal to ¢;, internal to #,, or derived from one of the rules =w, =c,
=esL, or =esR at the root:

4.1 If the fusion step is internal to #;, then t = t,[y/t:] = fiy/t2] = C{x) with
f ! t| and the proof is similar to case 3.1.

4.2 If the fusion step is internal to #,, then t = #;[y/t,] ' 1, /1] = C{x) with
t ! t, and the proof is similar to case 3.1.

4.3 If the fusion step is derived from =w at the root, then y ¢ fv(¢;) and ¢ =
nly/n]l ' 1 = C{x). Taking Co := C[y/n2] we have that 1 = 1[y/n] =
Cxy/n] = Cofx) and Cor) = CrYly/r2] =' C(r). The last step an
instance of the =w rule. To justify that this step can be applied, note that
y ¢ fv(t;) = fv(C{x)) so in particular y ¢ fv(C), and the free variables of r are
not bound by Cy by hypothesis, so y ¢ fv(r). Hence y ¢ fv(C)Ufv(r) = fv(C{r)).

4.4 1If the fusion step is derived from =c at the root, then #; = #{[z/1,] and the step

is of the form t = #|[z/t2][y/12] =1 t1{z := y}ly/t2] = C{x). There are two
subcases, depending on whether the hole of C lies inside #|{z := y} or inside #,:

4.4.1 If the hole of C lies inside #{{z := y}, then C = C’[y/r;] and C'{x)) =
ti{z := y}. Since x # y, by Lem. D.39 there exists a context C; such that
t; = Cy€x» and ' = Cj{z := y}. Taking Cq := Cj[z/%2][y/t2] we have that



Sharing and Linear Logic with Restricted Access 113

1 = t1lz/1ly/n] = Cxhlz/n]ly/1] = Cofx) and:

Colry = Clrdlz/n]ly/ 1]

=' Mz = yiy/n]

= Glz = yiriz = yPly/1]

= Glz = yKrly/e] as z ¢ fv(r)
CLrily/2]

Cr)

4.4.2 1If the hole of C lies inside f,, then C = #{{z := y}[y/C’] and C'{x) = 1.
Taking Cy as the two-hole context Cy := #{[z/C’][y/C’] we have that:

t=t1lz/t21ly/t2]
= 11[z/C ]y /C"{xD]
= (t1[z/C1ly/C"DLx, x)
= Cox, X

and that:

Colr,ry = @ lz/C1ly/C DL )
1 [2/C Y1/ ()]
iz = )/ C ()]

CLr)

Note that this is the only base case in which a context Cy with more than
one hole is needed.

4.5 If the fusion step is derived from =esL at the root, then #; = #11[z/#2] with
y ¢ fv(t12) and z ¢ fv(ty), and the step is of the form ¢ = 1;[z/t12][y/t2] ='
t11y/t2][z/t12] = C{x). There are three similar subcases, depending on whether
the hole of C lies inside 71, inside t,, or inside #;,. We only check the first
of these cases, the other ones being similar. Indeed, suppose that the hole of
C lies inside #;;. Then C = C'[y/t:][z/t12] and #;; = C'{x). Taking Cy :=
C'[z/t12][y/12] we have that t = t11[z/t12][y/t2] = CLxPlz/ti2]ly/t2] = Colx)
and Co(r) = C'(ryle/n2lly/n] ' CErdly/nllz/ta] = CLr).

4.6 If the fusion step is derived from =esR at the root, then #, = #,1[z/f2] with
z ¢ fv(t;), and the step is of the form ¢ = #;[y/t1[z/tn]] ' t1[y/t211[z/t22] =
C{x)». There are three similar subcases, depending on whether the hole of C
lies inside #;, inside #,;, or inside #,;. We only check the first of these cases,
the other ones being similar. Indeed, suppose that the hole of C lies inside #,.
Then C = C'[y/t1][z/t2] and t; = C'{x). Taking Cy := C'[y/h1lz/tn]] we
have that t = t1[y/ta1lz/tn]] = C{xPly/tailz/t2]]l = Codx) and Colr) =
C{ryly/talz/t0]] ' CLrdly/talz/ta] = CLrY.

Lemma D.42 (Postponement of single fusion step). =! — . C —>1’; o =

TR T

+

Proof Lett =' s - r and let us check that there exists a term p such that ¢ i

p = r. Graphically:
t s
l

+

s

18]

S
U
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We proceed by induction on #:

1. Variable, t = x: note that there is no s such that = s, so this case is impossible.
2. Abstraction, t = Ax.t': we consider two subcases, depending on whether the fusion
stept = Ax.t’ =' sis internal to ¢’ or derived from =abs at the root:
2.1 If the fusion step is internal, then ¢t = Ax.# =' Ax. s’ = s with s =! ¢ More-
over, the reduction step s = Ax. s —y; ¥ must be internal, so s = Ax. 8" =y

Ax.r’ = rwith s > 7. Then:

o=y Ax.t =2 s
;l+ J'—:L by IH, SO V—;L_‘_ J.—:lf
p =7 Ax.p = Ax.r

2.2 If the fusion step is derived from =abs at the root, then ¢ = Ax.t[y/t] =
(Ax.1))[y/t2] = s. There are three further subcases, depending on whether the
reduction step s = (Ax.#)[y/t2] =i r is internal to #;, internal to f,, or a —s

step at the root:
2.2.1 If the reduction step is internal to #;, then the situation is:

Ax.t1[y/t] 2! QAx.1)y/t]
l

OS[e—

’
where 1| =1 1]

108]
T:

Ax[y/] = (A )ly/e]

2.2.2 1If the reduction step is internal to #,, it is similar to the previous case.
2.2.3 If the reduction step is derived from —s at the root: then #; = C{y)) and

the situation is:

Ax. CIy/n] = (Ax.ChNly/n]
l l

— —
z 17
e} o]

Ax. Cdy/n] = (x. Clo)ly/n]

3. Application, t = ¢ #,: we consider four subcases, depending on whether the fusion
stept =t 1, =' sis internal to #;, internal to ,, derived from =appL at the root,
or derived from =appR at the root:

3.1 If the fusion step is internal to t;, then t = t; 1, =' 516 = s with t; =' 5.
There are three subcases, depending on whether the reduction step is internal
to s, internal to #,, or a —qp Step at the root:

3.1.1 If the reduction step is internal to s;: then s = s1t, >3 71 = r with
S1 —1sci 71- Then the diagram can be closed by resorting to the TH:

151 =1 S1 I5R ) =! S|l
0 | AT 4
p1 > n Pt S rh
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3.1.2 If the reduction step is internal to t,: then s = §16 —i §1 12 = r with
S1 —1sci 71- Then the steps are disjoint and the diagram can be immediately
closed as follows:

b =1 s1 1

1

8]

nnr 51 S1 1
3.1.3 If the reduction step is a —gy step at the root: then s; = (Ax. s7)L. Since

Hh='s, by Lem. D.40 we know that ¢#; must be of the form #; = (Ax. fy)Lg
in such a way that o[ x/#;]Lo = s][x/5;]L. Hence the situation is:

(Ax.t9)Lo 1 =1 (Ax. S/I)L 1)
! !

+ z
]

hlx/h]Ly = silx/n]L

o8]

3.2 If the fusion step is internal to t,, then t = t, t, =' #; s, with t, =' s,. There
are three subcases, depending on whether the reduction step is internal to 1,
internal to s;, or a —4p, step at the root:

3.2.1 If the reduction step is internal to #;: the steps are disjoint and the diagram
can be closed similarly as for case 3.1.2.
3.2.2 If the reduction step is internal to s;: then the diagram can be closed by
resorting to the IH, similarly as for case 3.1.1.
3.2.3 If the reduction step is a —qp step at the root: then #; = (Ax.#])L. Hence
the situation is:
(Ax.t))Lt, ' (Ax.7})L s,

l !

z z
] e}

1 [x/t]L =1 ti[x/ s ]L
3.3 If the fusion step is derived from =appL at the root, then #; = #;[x/t2] where
x ¢ fv(t,) and the step is of the form ¢ = #;[x/t12] 12 ' (111 )[x/t12] = 5. We
consider five subcases, depending on whether the reduction step (¢11 £2)[x/t12] —1sci
r is internal to ¢, internal to #,, internal to 715, a =5 step at the root, or a —gp
step involving the application #,; #,:
3.3.1 If the reduction step is internal to #,: then ;] —1s; 11 and the situation is:

tlx/ti] h 2 (11 t)lx/t2]
l

z
]

OS[e—

I

rilx/tinl t, 2 () R)[x/112]

3.3.2 If the reduction step is internal to #,: then #, —14 7> and the situation is:

mlx/ti], 2 (11 0)[x/t2]

—
«—

= —~
<] .

tll[x/ilz] ry 2 (111 r)lx/h2]
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for the fusion step at the bottom of the diagram, observe that x ¢ fv(r,)
because reduction does not create free variables.

3.3.3 If the reduction step is internal to 7,: similar to case 3.3.1.

3.3.4 If the reduction step is a —5 step at the root: note that x ¢ fv(t,) because
the step #11[x/t12]tn =' (t11 t)[x/t12] is an instance of the =appL rule.
Hence in the —g step (#11 12)[x/t12] —s 7 the substituted variable must
necessarily lie inside #;;. This means that #; is of the form #;; = C{x)) and
the situation is:

Claplx/tin] ' (CLx) n)[x/t12]
l l

73 z
a a

Clta)lx/tin] 12 = (i) )x/ 2]

3.3.5 If the reduction step is a —gp step on the left: then #; = (4y.#},)L and the
situation is:

(Ay. 7, LLx/t2] 1 ' (Ay. 1] DL 1) x/112]

le—
le—

— 10§
— 10§

1, v/t L[x/flz] = 1,/ L[X/flz]

3.4 If the fusion step is derived from =appR at the root, then #, = f,;[x/t2,] where
x ¢ fv(t)) and the step is of the form ¢ = 1 f,1[x/22] =1 (1 )[x/tn] = 5. We
consider five subcases, depending on whether the reduction step (#; £1)[x/t22] —1sci
r is internal to #;, internal to #,, internal to ,;, a —5 step at the root, or a —¢p
step involving the application #; t5;:

3.4.1 If the reduction step is internal to #;: similar to case 3.3.2.

3.4.2 If the reduction step is internal to #,;: similar to case 3.3.1.

3.4.3 If the reduction step is internal to #,,: similar to case 3.3.1.

3.4.4 If the reduction step is a —s step at the root: note that x ¢ fv(¢;) because
the step #; tr1[x/t2] =! (1) 11)[x/t22] is an instance of the =appR rule.
Hence in the —g step (¢ t21)[x/t2] —s 7 the substituted variable must
necessarily lie inside #,;. This means that 1, is of the form #;; = C{x)) and
the situation is:

1 CEYx/12] ' (1 ClaN)lx/122]

H
OS[¢—

18]

11 Cta)[x/tn] 2! (1 C<<l22>>)[x/t22]

I

3.4.5 If the reduction step is a —qp step on the left: then #; = (Ay.f])L and the
situation is:

(Ay. 1)L 121 [x/ 1] 2 ((Ay. 1)L t21)[x/122]

le—
le—

— 108
— 108

Cly/mlix/m] = £ly/m]Lix/m]
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4. Substitution, ¢ = t;[x/f,]: we consider six subcases, depending on whether the
fusion step ¢ = #1[x/1,] =! sis internal to #;, internal to 7,, or derived from one of
the rules =w, =c, =esL, or =esR at the root:

4.1 If the fusion step is internal to ¢;, then t = #[x/t;] =1 g[x/] = s with
t1 ' s5,. There are three subcases, depending on whether the reduction step is

internal to sy, internal to f,, or a —g step at the root:
4.1.1 If the reduction step is internal to s;: then the diagram can be closed by

resorting to the IH, similarly as for case 3.1.1.

4.1.2 If the reduction step is internal to f,: the steps are disjoint and the diagram
can be closed similarly as for case 3.1.2.

4.1.3 If the reduction step is a —s step at the root: then s; = C{x) and #; =
C{x)». By Lem. D.41, we have that #; is of the form Co{x, ..., x)), where Cy
is a context with either one or two holes such that Co{1s, ..., 5 ) = C{HL).
Then the situation is:

Colx, ..., xN[x/6] ' Clx)
l

+

Colltas....2)x/a] = CLEYLx/1a]

4.2 If the fusion step is internal to t,, then ¢ = t;[x/t] =' #;[x/s,] with 1, =1 s,
There are three subcases, depending on whether the reduction step is internal

to #;, internal to s,, or a —g step at the root:
4.2.1 If the reduction step is internal to #;: the steps are disjoint and the diagram

can be closed similarly as for case 3.1.2.

4.2.2 If the reduction step is internal to s,: then the diagram can be closed by
resorting to the IH, similarly as for case 3.1.1.

4.2.3 If the reduction step is a —s step at the root, then #; = C{x) and the
situation is:

—

x/t]

IS[e—

o8]

Cadlx/n] ' L/ 5]
! e

7 173

Cls2D[x/52] = Cnplx/n]
4.3 If the fusion step is derived from =w at the root, then x ¢ fv(¢;) and t =
ti[x/t,] = t; = s. The situation is:

s[x/t] = s
Loy

2
e}

rlx/t] =" r
The fusion step at the bottom is an instance of the =w rule, which can be
applied because x ¢ fv(r) holds, given that x ¢ fv(s) and using the fact that the
reduction step s —s; + does not create free variables.

4.4 1f the fusion step is derived from =c at the root, then #; = #{[y/t2] and ¢ =
11 ly/t1lx/t] =1 t1{y := x}[x/t2] = s. There are three subcases, depending on
whether the step is reduction step is internal to 7{{y := x}, internal to #,, or a
—s Step at the root:
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4.4.1 If the reduction step is internal to #]{y := x}: then #]{y := x} —i 7. By
Lem. D.39 there exists rp such that #; —15; ro and r = rp{y := x}. Hence
the situation is:

4 y/nllx/n] ' 4y = x)x/n]
1 4

108]

roly/tllx/62] 2 roly := x}[x/102]

4.4.2 If the reduction step is internal to ,: then ¢, —5; 2 and the situation is:

4 y/nllx/n) 'y = x}[x/1]
A %
(y/mllx/r] 21 11y = Dx/r]

4.4.3 If the reduction step is a —s step at the root: then #{{y := x}[x/t] —5 7.
We consider two further subcases, depending on whether the substituted
occurrence of x in #{{y := x} corresponds to an occurrence of x in 7 or to
an occurrence of y in #{:

4.4.3.1 Substitution of an occurrence of x in #{: then #{ = C{x) and the situa-
tion is:
Cloply/nllx/n] =" Cly = x}xp[x/6]
!

z
&

) y/nllx/in] = Cly = (Yl ia]

4.4.3.2 Substitution of an occurrence of y in #]: then #; = C{y) and the situa-
tion is:

IS[e—

COI/nllx/n] ' Cly = )/ n]
! e

—

173
o)

C<<t2>)[y/‘t2][X/tz] =' Cly = X} n)lx/n]

4.5 If the fusion step is derived from =esL at the root, then #; = #1;[y/#12] where
y ¢ fv(t;) and x ¢ fv(t)»), and the step is of the form ¢ = #1;[y/t2][x/12] =
t11[x/t]1[y/t12] = s. There are five subcases, depending on whether the reduc-
tion step is internal to #;;, internal to #,, internal to #,,, a —5 step contracting y,
or a —g step contracting x:

4.5.1 If the reduction step is internal to #;: then #;; —j s1; and the situation is:

mly/tallx/6] 2 tilx/nlly/h:]

1S
le—

108

suly/tillx/t] ' s lx/6]ly/ha]

4.5.2 If the reduction step is internal to #,: similar to the previous case.
4.5.3 If the reduction step is internal to #1,: similar to the previous case.
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4.5.4 If the reduction step is a —g step contracting y: since y ¢ fv(f;) we have
that 1, = C{y) and the situation is:

CyIy/mallx/n] =" CyYlx/tlly/ha]
! l

Cltapy/nallx/ia] ' Cinx/tlly/i]

4.5.5 If the reduction step is a —g step contracting x: then #;; = C{x)) and the
situation is:

Claply/tiallx/2] 21 CxPlx/0]ly/ 1]
!

173
<] ]

iy nallx/ 2] = Cliylx/nally /o]

4.6 If the fusion step is derived from =esR at the root, then t, = t,[y/t22] where
y ¢ fv(¢)) and the step is of the form ¢t = #,[x/t2[y/t22]] = s. There are five
subcases, depending on whether the reduction step is internal to ¢, internal to
11, internal to 1,5, a —5 step contracting y, or a —s step contracting x:

4.6.1 If the reduction step is internal to ¢;: then #; =5 1 and the situation is:

Sl

Hlx/taly/te]] 2 tlx/ti]1ly/ 0]

le—
le—

108
108

silx/t1ly/t2]] 2 silx/t1]1ly/ ]

The step on the bottom is an instance of the =esR rule, which can be
applied because y ¢ fv(s;) holds, given that y ¢ fv(#;) and using the fact
that the reduction step #; —5; 51 does not create free variables.

4.6.2 If the reduction step is internal to ,;: similar to the previous case.

4.6.3 If the reduction step is internal to f,;: similar to the previous case.

4.6.4 If the reduction step is a —s step contracting y: since y ¢ fv(z;), we have
that #,; = C{y), and the situation is:

Hx/CMy /2]l ' 1[x/CloNly/ 1]
l

z
e}

«—

18]

nlx/CltYy/t2]l ' 1ilx/ C(<t2—§>>][y/ 1]

4.6.5 If the reduction step is a —g step contracting x: then #; = C{x)) and the
situation is:

ClxPlx/ta1ly/t]] =1 Capx/t1ly/tn]
l

—
7]

Cht21[y/ 120X/ 121 [/ 12211 = CLeaa D x/1211[y/122]
The step on the bottom is justified by Lem. D.38.

Sle—
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+
Isci

Lemma D.43 (Postponement of fusion). If is —-SN and t = —y; s thent —
= .

Proof. We prove the statement by first proving two auxiliary claims:

1. First claim: - € =i (=15 U 21"
Since = is the reflexive—transitive closure of =, by definition, this is equivalent to
showing that (2')" =i € i (1 U 21)* holds for all n € Ny. We proceed
by induction on n. If n = 0, it is immediate to conclude. Now assume the property
holds for a given n € Ny. Then:

(31)n+1 lsci = (Bl)n 31_>lsci

cEHY - =2 by Lem. D.42

= (31)’1 _>lsci_>;ﬁsci3 since _>i;ci = _)ISCi_)l*sci

C —isci (_)lsci ) 5])* _>l*sci3 by IH

= 5 (e U since -7 . € (—15i U =')* and transitivity

= o (o1 U D) since = = (2!)" C (> U ') and transitivity

2. Second claim: if 7 is —«i-SN and 7 (=i U =1)* s then ¢ —i=> s. The relation
—5¢i Testricted to SN terms is obviously SN, so we may proceed by well-founded
induction on ¢ with respect to —g;.

We know that ¢ (- U=')* s holds. We consider two cases, depending on

whether 1 = s or not:

2.1 If t = s, it is immediate to conclude that ¢ 1S S

2.2 Otherwise, in the reduction ¢ (=i U =')* s there must be at least one — g
step. Considering the first such step, this means that 1 =— i (=15 U =hrs.
By the previous claim we have that t —i (=i U ') (=1 U 2)*s so,
by transitivity, =i (=i U =!)*s. Let ¢’ be a term such that t — i /(=i
U =1)*s, and note that ¢ is —i-SN, because it is a reduct of ¢ which is itself
—15¢i-SN. By IH we have that ¢ —] .= 5, 50t > ¢’ —} ;= s. This means
thatt —; .= s, as required.

3. Finally, we prove the main statement: if 7 is —15;-SN and t = —s; s then t —
> .

Suppose that ¢ = —.; 5. By the first claim, ¢ — (=1 U =) 5. Let ¢ be a
term such that 1 =i (=i U =')*s, and note that ¢’ is —«i-SN, because it is
a reduct of 7 which is itself —4i-SN. Since ' (=i U =1)*s, by the second claim
we have that#’ —; .= s. Hence 1 >y ' —} ;= s, which means in particular that

Isci
+ C
t =/ .= s, as required.

*
Isci

+
Isci

Lemma D.44 (Fusion preserves SN). Ift is —si-SN then t is (—15; =)-SN.

Proof. We first prove an auxiliary claim: if ¢ is a —4;-SN term which is not (—; =)-
SN, then it has a reduct ¢ — s s such that s is not (—15; =)-SN. Indeed, suppose that
t is not (—ys; =)-SN. Then there is an infinite (—1s; =)-reduction sequence starting
from ¢. Consider in particular a prefix of the sequence of the form t — i 2> = 7.
Let ¢’ be a term such that t — 5 ' =—5; = r. By hypothesis, 7 is —;-SN so its
reduct ¢ must also be —15;-SN, Which means that we may apply Lem. D.43 to post-

pone the fusion step and obtain that ¢ —g; —>1:Cis = r. Since fusion is transitive,



Sharing and Linear Logic with Restricted Access 121

we have that 1 — —>1+5Ci3 r. Since = is reflexive, —i € —1i= and, moreover,
- € (21=)", which means that 1 - (—1i=)" = r. The last fusion step
can be absorbed to the immediately preceding one by transitivity, so we have that
I i (2156i)T 1. Let s be a term such that 1 =i s (—=1i=)" 7. Then 1 >y s
and s is not (—1,;=)-SN because s(—1,;=)"r where r in turn is not (—,;=)-SN. This
concludes the proof of the claim.

To prove the statement of the lemma, let # be —;-SN and suppose by contra-
diction that it is not (—14;=)-SN. By the claim, it has a reduct ¢t —y; f; which is
not (—15;=)-SN. Iterating this argument, we construct an infinite reduction sequence
t >lsei 11 lsei B2 - - ., meaning that 7 is not —.i-SN, contradicting the hypothesis.

D.3 Translation of 2'* to LSC

Definition D.17 (From 1'* to LSC). We assume that 1 stands for some inhabited type
in the LSC, and * for a closed inhabitant of 1 in normal form. Types, terms, and typing
contexts, are translated as follows:

[a] =«

[A — B] :=[A] — [B] Moty s Aq, . up c Ayl i= w1 > [A . u, i 1> [AL
[eA] :=1 — [A] [ai : Ay, ...,a, : Ayl i=aq : [AL, ... an : TAG]D
Al := [A]

[all :=a [et] := Az. [I£]] where 7 ¢ tv(t)
[ull :=u [rea®] := [¢]l *
[Aa.t]] := Aa. [t el == Mz
[z sh == MeD LD Melx/ s10 2= M2/ Ts
The translation is extended to contexts by declaring that [T] = O. In particular, the
translation of a substitution context L = O[x1/t1]...[x,/t,] is a substitution context

(L] = alxi /M d]- . . [x. /200
Remark D.6. tv([[t]]) = fv(r)
Lemma D.45 ([-]] commutes with substitution). The following hold:

1. L] = [D[L]
2. [CH] = [CIKIAD
3. [dx = s}l = [2Dix = [sT}

Proof. The first item is by induction on L. If L = O, then [[rfL]] = [#] = [I[[L] since
[o] = o.If L = L’[x/s], we reason as follows.

(L]
= /L' [x/s]11
= [«L"1[x/[sI] by definition
[OIL TLx/[sT] (TH)
[fNIL'[x/s]] by definition
= 1L

The second item is by induction on C.
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1. C=0. Then [C{()]] = [#]] = [CIK[zI), since [T]] = O0.
2. C = Aa.C,. Then we reason as follows:
(D1
= [1a. ;O]

= Aa.[Ci(1)]] by definition
= Aa. [C IKI[D) (IH)
= [CIKIDy by definition

3. C=C; s (the case C = s(; is similar). Then we reason as follows:

(<ol
= [Ci() sl
=[C{()T[s by definition
= [C KD LsT (TH)
= [CIKII) by definition

4. C = Cy[x/s] (the case C = s[x/C;] is similar). Then we reason as follows:

(D1
= [C{D)x/ 11
= [Ci{H)I[x/[sT] by definition
= [C KM Lx/ LT (TH)
= [CIKLD) by definition

The third item is by induction on .

1. t = y. We consider two cases.

1.1 y = x. Then [#{x := s}]] = [s] = x{x := [s]} = [¢D{x := [s]}.

1.2 y # x. Then [[t{x := s}]| = [y =y = y{x := [s} = [¢1{x := [s]}.
2. t = Ay.r. Then

[r{x = s}
= [(Ay. Nfx := s}l
= [Ay. r{x := s}

= Ay. [r{x := s} by definition
=y [rl{x = [s1} (UH)

= (. [rID{x == [[sh}

= [[Ay.rli{x := [s} by definition

3. t =1 1, (the case t = t;[x/1,] is similar). Then

[#{x := s}l
= [[(r 2){x := s}l
= [n{x = s}n{x = s}l
= [[t1{x := s} [t2{x := s} by definition
=[x := [sD} (2 1{x == s} (UH)
= ([6n ] [2Dix = [sI}
= [t L1{x := [sl} by definition
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Lemma D.46 ([-] preserves typing). IfA;I" + t : A then [A], [I'] Fisc [£] : TA].

Proof. By induction on the derivation of 451" + ¢ : A:

1.
2.

3.

lvar: Let4;a: A+ a: A. Then [4],a : [A] bisc a : [A] by 1-var.

uvar: Let 4,u : A;- + u : oA. Then we have that [A],u : 1 - [A] bic u# : 1 —
[A], so indeed [[4,u : A]l Fisc u : [®A]] by 1-var.

abs: Let 4;I" + Ada.t : A — B be derived from 4;1,a : A + t : B. By IH
(40,071, a : DAL ke [eD : OBD, so [AD 0] +ise Aa.l7] : [TADI — [BI by
1-abs, which means that [4]], [I'] Fisc [Aa. ] : [A — B, as required.

app: Let 4;1'1,I> + ts : B be derived from 4;'y + t : A — Band 4,1, +
s : B. By IH we have that [A4], [I"1] risec [2] : TAT — [B1 and [41, [72] Fise
[sT : [B]. By weakening we have that [A]l, [1"1 1, [12] risc [z : TAT — [B]
and [41, 0711, 21 rsc [sD : [BI. Hence, by the 1-app rule, we have that
[47, L7710, [121 Fise [l MsT : [B1, as required.

. grant: Let 4;I" + ot : oA be derived from A;1" + t : A. By IH we have that

[41, [ +ise [21 : [AL. By weakening we have that [A], [771,z : 1 risc [2] : [TATL
where z is a fresh variable, not occurring free in 4, I', nor t. Then, by the 1-abs
rule, A1, [T Fisc Az [£] : 1 — [A]. Hence [[A41, [T Fisc [oz] : [eA].

request: Let 4; 1" + req(?) : A be derived from A4; ' + ¢ : o A. By IH, [[41], [1'] Fisc
[] : 1 — [A]. By the 1-app rule we have that [A]], [1'] +isc [£]] * : [A]l, given that
* is assumed to be a closed term of type 1. So indeed [A]l, [1'] Fisc [rea(®)] : [AT.
prom: Let A4;- + !t : !A be derived from 4; - + ¢ : A. Then by IH [4] +isc [21 : [AT,
and we are done because [[!¢]] = [#]] and [!A]] = [[A]l by definition.

sub: Let A4; 1", I> + t{u/s] : Bbe derived fromAd,u : A; Iy +t: Band A;15 + s :
leA. By IH we have that [A]l,u : 1 — [AI, [11] kise 121 : [B] and [A7, [72] Fisc
[s] : ['eA]l, where, by definition, [!eA]] = 1 — [A]. By weakening we have that
(4D, u : 1 — QAL L0, 0720 Fise DD 2 0BT and [ADL [0, 220 Fise IsT 2 1 —
[[A]. Hence by the 1-es rule [41, [Z11, [Z2] Fise [£0[z/[sT] : [B]. To conclude,
it suffices to observe that [#[u/s]]] = [#][u/[LsT].

Lemma D.47 (Simulation of 1'* in LSC, up to fusion). Ift —,; ¢ then [[{] —>1J; (i
(1.

Proof. By induction on the derivation of the step r —; t’:

1.

2.

Root —.qp step: let (da. )L s —4qp Ha := s}L. Then:

[(Aa.HL sl =  (Aa. [IDILT LsT
—ap [#lla/[sTIML]
- [f{a := [sT}a/TsTIL]
=  [[tl{a := [sIBIL] by =w
= [Ha:= s}L] by Lem. D.45

Root —4req step: let req((e1)L) > ureq L. Then, for z ¢ fv(r):

[req((en)L) =  (Az. [zIDIL] *
—db [1[z/*]1IL]
= [IIL] by 2w, as z ¢ fv(r) = fv([[z])
= [l



124 P. Barenbaum and E. Bonelli

3. Root — s step: let CLuD[u/(!(of)L1)L;] a5 C{(o7)Li H[u/!(ot)L;]L,. Then:

[CLuplu/ (oL LT = [CTKuP e/ (Az. [ADIL) ML 1]
—1s [CNK(Az. [eDIL DTL2 I [we/ (Az. [eIDILTTL2 1
=  [CICAz. [eDIL I) e/ (Az. [eDIL TIIL2 1) by Lem. D.38
= [CL(enNLiH[u/!(en)Li]L2]]

4. Congruence closure below contexts of any of the following forms:
Ada.0 Os sO el req(m !O oOs sO

are all immediate by IH because both —1s; and = are closed by compatibility under
arbitrary contexts. For example, suppose that et —,; ¢ is derived from ¢t —,; #'.
Then by IH we have that [[t]] —; ;= [#]. Hence [[oz]] = Az.[[1]] — = Az.[] =
[ez'11.

Lemma D.48 (Abstract postponement lemma). Let X = (X, —) be an ARS. Suppose
that reduction can be written as a union — = —1 U —,, where —, is SN and it can be
postponed in the sense that —,—1 C —1—5. Then an arbitrary object x € X is —-SN
if and only if it is —1-SN.

Proof. (=) Immediate. (<) We prove the statement by first proving two auxiliary
claims:

*

1. First claim: —3— C ——].
Since —* is the reflexive—transitive closure of —, by definition, this is equivalent
to showing that —%— € —1— holds for all n € Ny. We proceed by induction on
n. If n = 0, it is immediate to conclude. Now assume the property holds for a given
n € Ny. Then:
_);+l_)1 = —)g—)2—>1

*

C —J—1—) by the hypothesis that =, —1 € —1—]
C — =5 by IH
C o] by transitivity
2. Second claim: if x € X is not —-SN, there exists y € X such that x —; y and y is
not —-SN.
Suppose that there is an infinite reduction sequence x = xp — x; — X — ....
By hypothesis, —; is SN, so the reduction sequence must contain at least one —

%

step. Let i be the first index such that x —5 x; —1 x;41. By the first claim we have
that -3 —; € —1—5, 50 x =1 y =} x;y1 for some y € X. Note there is an infinite
—-sequence starting on y since y =} Xj31 = X2 = Xiy3..., S0y is not —-SN, as
required.
3. Finally, we prove the main statement: if x is —;-SN then x is —-SN.

Suppose that x is —-SN. By contradiction, suppose that x is not —-SN. Then by
the second claim there exists x; € X such that x — x; and x is not —-SN. Iterating
this argument, we construct an infinite reduction sequence x —; x; —1 Xx2...,
contradicting the fact that x is —-SN.
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Theorem D.3 (Termination [proor or Tum. 4.1]). If t is typable in A'* then t is —,-SN.

Proof. Suppose that ¢ is a typable A'*-term, i.e. 4;1 + t : A holds for some 4, T, A.
By the fact that gc steps can be postponed (Lem. D.37) and Lem. D.48, showing that
t is —,-SN is equivalent to showing that 7 is —.;-SN, where we recall that —,; =
e \ _)ogc-

Suppose that there is an infinite reduction sequence t —4; t| —i ... (With-
out —.gc steps). By Lem. D.47 we obtain an infinite reduction sequence [[#]] —>1’; =
[t:1 —,= [r]... where we know that [[7] is simply typable in LSC, as the trans-
lation preserves typing (Lem. D.46). Since [[#] is simply typable in LSC, then [[#] in
particular —,;-SN by Thm. D.2. To conclude, apply Lem. D.44 to obtain that [¢]] must
be (—* .=)-SN, in contradiction with the fact that we have an infinite sequence of

Isci
(—1.;>)-steps starting from [[7].

D.4 Normal forms

We present an inductive characterization of the —,-normal forms. It is used in the proof
of preservation of normal forms of our translations. Let A := {var, 1, @, req,e,!, e}
The set of —,-normal forms is characterized by N := (J,ecq No, Where N, is defined

as follows:
teN, seNg uetv(t) p+!le

a € Nyar tu/s] € N,
teN, seNg ugtv@) Béllel)
u € Nyar tlu/s] € Ny
te N, teN, teN, a+e teN,
Aa.te N eteN, Ite N ite N

teN, seNg a#d teN, a#e

tse Ne req(t) € Nreq

E Appendix: Embedding CBN, CBV and CBS

E.1 CBN

Remark E.1. fv(tV) = fv(?).

Remark E.2. C{t)N = CN(NY and cepN = CN¢ANY. In particular, ((L)N = NLN.
Proposition E.1 (CBN typing [proor oF Pror. 5.1)). If '+t : A then I'N;- + N : AN,
Proof. By induction on the derivation of I" + ¢ : A:

1. 1-var: LetI,x: A + x : A be derived from the 1-var rule. Then:

uvar
I"N,x:AN;-kx:oAN

Nox: AN b req(x):AN

request
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2. 1-abs: LetI' + Ax.t : A — B be derived from I, x : A + t : B. Let a be a fresh
linear variable, such that a ¢ fv(sN). Then:

H
FN,x:AN;~|-tN:BN FN;a:IOANi—a:YOAN
I'N;a: 1eAN + N[x/a] : BN
™ v da.M[x/a] : 1eAN — BN

lvar

sub

abs

3. l-app: LetI'+ts: Bbederivedfrom I +t:A — Band '+ s : A. Then:

IH
IH ™Nyop sV AN
rant
N b N:leAN - BN ;. FesN: eAN 9
prom

Nk lesN : leAN

Nk NiegN . pN

app

4. 1-es:LetI'+ t[x/s] : Bbe derived from I, x: A+ t:Band '+ s: A. Then:

IH
IH ™Nor sV AN
grant
FN,x:AN;~|-tN:BN FN;-i—osN:OAN

prom
;. F lesN : teAN

;v tN[x/!osN] : BN

Definition E.1. We define a subset Ctxs\ C Ctxs,, called CBN contexts, by the follow-
ing grammar:

C = req() | Aa.Clu/a) | Clot | £1eC | Clu/tor] | tu/!eC]

where, in the production C ::= Aa.Clu/a] we assume that a is fresh, that is a ¢ fv(C).
Furthermore, we define a subset SCtxs\ C SCtxs, of the set of substitution contexts,
called CBN substitution contexts:

L ::= O Llu/lef]

The inverse translation can be extended to CBN contexts and substitution contexts,
setting req(0) N := o for CBN contexts, and 0N := O for CBN substitution contexts.

Remark E.3. fv(r™N) = fv(z).
Lemma E.1 (Context decomposition for the inverse CBN translation).

1. (L e TN ifand only if t € TN and L € SCtxs!.

2. C{x) € TN ifand only if C € Ctxs\.

3. IfCe Ctxsl and t € TN then Cor)y € TN.

4. Ifte TN and L € SCtxsY, then (tL)™ = rNLN.
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5. If C € Ctxs then Cx)™ = CN¢x).
6. IfCe Ctxs) and t € T, then Cloty™ = CN( ™).

Proof. By induction on the first judgement in the statement of each item, except the
first and fourth items which are by induction on L and L € SCtxs}, resp.

Lemma E.2 (Inverse CBN simulation [proor oF LEmma 5.2]). Lett € T, ,N and s € T
such thatt —, s. Then s € TN and t™N -y s7N.

Proof. By induction on the (unique) derivation of ¢ € T\:

1. t = req(x): Impossible, as there are no steps t —, s.

2. t = req(et’): We consider two subcases, depending on whether the step is at the
root of the term or internal to e#’:

2.1 If the step is at the root, we have that ¢ = req(et’) Hereq ' = 5,50 s =1 € TN
and N = req(et) N =N =N

2.2 If the step is internal to ez, note that it cannot be at the root of ¢, since this
term does not match the left-hand side of any rewriting rule. Then the step must
be internal to ¢, that is, t = req(et’) —, req(es’) = s witht' —, s’. By IH,
s € TN, s0o s = req(es’) € TN, and ™™ = req(er)™ = r'™N -5 &N =
req(es’)™N = sN.

3. t = Aa.t'[x/a]: Note that the step cannot be at the root, and that that there cannot
be a — s nor a — .4 step involving the substitution [x/a], since these rules would
require that a be of the form (!r)L, but a is a linear variable. This means that the
step must be internal to ¢, that is, ¢ = da. '[x/a] —. Aa. s'[x/a] = s witht’ —, '
By IH, s’ € TN, sos = da.s'[x/a]l € TN, and N = (a.t'[x/a)™ = Ax.t'™ >§
Ax. s N =a. s'[x/a)™N = 57N,

4. t =1, let,: We consider three subcases, depending on whether the step is at the root
of the term, internal to ¢, or internal to !ez,:

4.1 If the step is at the root of the term, it must be a edb step, that is, 7, must
be of the form (la.t)L. By Lem. E.1, this means that da.t € 7N and L €
SCtxs’.\'. In particular, ¢+ must be of the form ¢ = f[x/a]. Then we have that
t = (da.t|[x/a])L 1et, >eqp 1;[x/!et,]L = 5. Note that s = £} [x/!et,]L € TN by
Lem. E.1. By IH, we have that

= ((a.rjlx/a]L ler)™
(Ax. 1, LN N

ap £ N [x/HNLN

(@ [x/ oty JL)™

= siN

4.2 If the step is internal to £,, we have that ¢ = 1, let, —, 51 lef, = swithf, —. s1.
ByIH, s; € TN, s0 s = 53 let, € TNand N = EIN QN -y sl‘N 5N =s N

4.3 If the step is internal to !ez,, note that it cannot be at the root of !ez, nor at the
root of et,, since these terms do not match the left-hand side of any rewriting
rule. So the step must be internal to t,, that is, we have that ¢ = ¢, let, —,
t,les; = switht, -, s5. By IH, s, € TN, sos = t lesy € 7N and N =

‘NN _,= N N_ N
L 2N s =5



128 P. Barenbaum and E. Bonelli

5. t =1t,[x/!et,]: We consider three subcases, depending on whether the step is at the
root of the term, internal to ¢, or internal to !ez,:
5.1 If the step is at the root of the term, it must be either a els or a egc step. We
consider two further subcases:
5.1.1 Ifthe step is a els step, we have that ¢, = C{x)) € ‘7',“ andt = C{x)[x/!et,)] —es
C{et,»[x/!et,] = s. Note that, by Lem. E.1, C € CtxsY, so, again by
Lem. E.1, we have s = C{et,)[x/!et,] € 7N. Moreover, also using Lem. E. 1,
we have that ™ = (CQe)[x/!er, )™ = CNEN /5N s CNEEMY /55N =
(CQor)x/tor,h™N = 57N,
5.1.2 If the step is a egc step, we have that x ¢ fv(z,) and t = 1, [x/!et,] Foegc £, =
s. Note that s = 1, € TN. Moreover, 1™ = £, [x/!1ot,]™ = t;N[x/5;"] 4c
;N = s™N. Note that x ¢ 1, because fv(1;™) = fv(z,), as noted in Rem. E.3.
5.2 If the step is internal to t,, then t = t,[x/!et,] —, si[x/!et,] = s with
t, = 51.ByIH, s € 7',N, so s = si[x/!et,] € ‘7'.N and Z‘N = gl‘N[x/gN] -y
s x/pN] = 57V
5.3 If the step is internal to !ez,, note that it cannot be at the root of !ez, nor at the
root of et,, since these terms do not match the left-hand side of any rewriting
rule. So the step must be internal to z,, that is, we have that z = #,[x/!et,] —.
t,[x/les:] = s witht, =, 55. By IH, s, € T, s0 5 = 1,[x/!es5,] € 7. and
N = NN F N /s N = s

E.2 CBV
Proposition E.2 (CBV typing [proor or Pror. 5.2]). If "'+t : Athen I'V;-r 1V : 1eAY.
Proof. By induction on the derivation of I' + ¢ : A:

1. 1-var: LetI,x: A+ x: A be derived from the 1-var rule. Then:

uvar
Fv,x:AV;-kx:OAV

Fv,x:AV;- Flx:leAY
2. 1-abs: LetI' + Ax.t : A — Bbederived from I, x : A+ ¢t : B. Let a be a fresh

linear variable, such that a ¢ fv(¢V). Then:
IH

FV,x:AV;~|—tV:!OBV I“V;a:!OAVFa:!OAV
Fv;a cleAY tv[x/a] - leBY
IV v da.t'[x/a] : 1eAY — leBY

I'V; -+ eda.tV[x/a] : e(1eAY — leBY)

prom

lvar

sub

abs

grant

Vi rleda.t'[x/a] : le(leA" — leBY)
3. 1-app: LetI'+ts: Bbederivedfrom /I +7:A — Band '+ s : A. Then:

/4 b IH
su _—
Y-+ requ)u/t’] : 1eAY — leBY IVook sV 1eAY

rv;.r req(u)[u/tv] sV : leBY
where 7 is given by:

app

prom
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uvar IH

request IV:-r 7' :le(leAY — leBY)

IVou:1eAY — 1eBY; 1 u:e(leAY — leBY)
I'V,u:leAY — leBY; req(u) : leAY — leBY

rv;.r req(u)[u/tv] 1oAY — leBY
4. 1-es:Let '+ t[x/s] : Bbe derived from I, x: A+ t:Band '+ s: A. Then:

sub

IH IH
Fv,x:AV;-i—tv:!OBV FV;~|—sV:!0AV

IV, r1V[x/s']: teBY

sub

The translation can be extended to operate on contexts, by declaring 0" := 0. Note that
the translation of a substitution context is a substitution context:

@lxi /] L/t = 0lx /1] [x /2]
Remark EA4. fv(#V) = fv(?)
Remark E.5. C{t)V = V() and C{r)" = CV(t"). In particular, (L) = VLV,

Lemma E.3 (CBV simulation [proor or Levma 5.3]). Ift —y s thent' —% sV. Further-
more, the reduction uses at least one, and at most four —, steps.

Proof. By induction on the derivation of # —y s. The interesting cases are when there is
adb, Isv, or gcv+ step at the root. The closure by compatibility under arbitrary contexts
is straightforward by resorting to the IH:

1. q4p: Let (Ax. 1)L s 4y t[x/s]L. Then:

((Ax. 0L s)V = req()[u/('eda.tV[x/a])LV] sV
—as req(elda.t¥[x/a])[u/'eda.V[x/a]]LV sV
—ereq (da. Vx/a)[u/eAa. tV[x/a]]LY sV
edp 1V [x/sV][u/10Aa.V[x/a]]LV
—ege 1V[x/sVILY

= (lx/sIL)Y

To perform the egc step, observe that in the second term in the sequence, namely the
term req(u)[u/(leda.tV[x/a])LV] sV, the subterms ¥ and sV lie outside the scope
of the bound variable u, so by a-conversion we may assume that u ¢ fv(tV[x/s"]).

2. gy Let C{x)[x/VL] sy CEVY[x/V]L. Recall that values are abstractions, so v is
of the form v = Ay. t, which means that in turn vV = les, where s = Aa.t'[y/a] for
a fresh linear variable a. Then:

(CLxplx/vL])

CVlxpx/vVLY]
CVlx)lx/(les)LY]
—as CV(losH[x/!es]LY
VvV vVILY
(CLvHx/vIL)Y
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3. Pogevst Let #x/VvL] Fogevs fL, where x ¢ fv(f). Recall that lax values are either
variables abstractions, so the lax value v* is of either of the forms v* = y or v* =
Ay. s. In either case, this means that v*" must be of the form v*¥ = ! for some term
r € 7,. Then:

/vy = VIx/viLY]

V[x/(1HLY]

ege VLY

= ()Y

To perform the egc step, note that x ¢ fv(zV) because fv(rV) = fv(), as noted in
Rem. E 4.

Definition E.2. We define a subset Ctxs, C Ctxs,, called CBV contexts by the follow-
ing grammar:
C=x=10

| leda.C[x/a]

| req(u)[u/C]

| req(eda. C[x/a])

| da.C[x/a]

|CrltC

| Clu/t] | t[u/C]

Remark E.6. fv(t™) = fv(z).
Remark E.7.

1. If t € 7. is of the form ¢ = (da. s)L, then s is of the form s = s,[u/a] where
s, €7V anda ¢ fv(s,) and L € SCtxs,.
2. Ift € 7V is of the form ¢ = (!5)L, then exactly one of the following two holds:
2.1 t = (!x)L, where L € SCtxs).
22 t=(leda.t'[x/a])L, where t’ € T, L € SCtxs), and a ¢ fv(@’).
3. Ifre TV is of the form ¢ = (!(es)L1)L;, thenitis in fact of the form ¢ = (leda.t'[x/a])L,
where ¢’ € 7./, L € SCtxs!, and a ¢ fv(¢').

Lemma E.4 (Context decomposition for the inverse CBV translation).

1L e T ifand only ift € T and L € SCtxs).

Cdxy € TV if and only if C € Ctxs!.

IfCe Cixs! andt € T and a ¢ (&), then C{eda.t[x/al) € T.'.

Ift e T and L € SCtxs!, then (L)Y = VL V.

If C € Ctxs, then C{x)™" = CV(x).

IfCe CtXSY andt € T.) and a & ™(¢), then C{eAa.t[x/al)y™" = CV{ax.t7V).

ALk~

Proof. By induction on the first judgement in the statement of each item, except the
first and fourth items which are by induction on L and L € SCtxs), resp.

Lemma E.5 (Inverse CBV simulation, up to gcv+ [proor or Levma 5.4]). Lett € T/

and s € T, such thatt —, s. Then s € T.! and t*V >y 5™V, where >y := (—y U —>§clv+).



Sharing and Linear Logic with Restricted Access 131

Proof. By induction on the (unique) derivation of t € 7:

1. t = !x: Impossible, as there are no steps t —, .

2. t = leda.t'[x/a] with a ¢ fv(¢'): Note that the step cannot be at the root of ¢, nor
at the root of eAda.t'[x/a], and that there cannot be a els nor a egc step involving
the substitution [x/a], since these rules would require that a be of the form (!r)L,
but a is a linear variable. This means that the step must be internal to ¢, that is,
t = leda.t'[x/a] —. !eda.s'[x/a] = s witht’ —, s. By IH, s’ € 7,50 s =
leda. s'[x/a]l € T, and Z_V = Ax. g’_v >y Ax. gV =5V

3. t = req(u)u/t,]: Note that the step cannot be at the root of req(u), since this
term does not match the left-hand side of the ereq rule. We consider two subcases,
depending on whether the step is at the root of req(u)[u/t,] or internal to ¢,:

3.1 If the step is at the root, note that it cannot be a —.yc step, because there are
free occurrences of u in req(u). Hence the step must be a —5 step. This in
turn means that ¢, must be of the form 7, = (!(er)L;)L,. But by construction of
t we know that ¢, € 7Y, so by Rem. E.7 we know that it must be of the form
t, = (leda.t|[x/a])L. Then the step is of the form:

t
= req(u)[u/(leda. t|[x/a])L]
—s req(eda. i [x/al)[u/!ela. t][x/a]]L
=¥

Observe that s € 7./ and that:

t—V
= (req)lu/('eda.t|[x/aL])™"
= (LY by Lem. E.4
Dot Ax. ;™ O[u/ax. ;7L
= (req(eda.t|[x/a])[u/!eda.[x/allL)""
= S

To be able to perform the —>§év+ step, note that in the second term in the se-
quence, namely the term (req(u)[u/(leda.t] [x/a])L])‘V, the subterm #| lies
outside the scope of the bound variable u, so by a-conversion we may assume
that u ¢ fv(#}). This in turn implies that u ¢ fv(z; ™), because fv(z, ") = fv(t})
by Rem. E.6. Moreover, the —>gév+ step can be applied because Ax. g’l_v is in-
deed a lax value.

Remark: this is the only point in the proof in which a —

applied.

3.2 If the step is internal to t,, then t = req(u)[u/t;] —. req)lu/s;] = s
with £, —. s1. By IH, 51 € ‘7',V, so s = req(u)u/s] € ‘7',V and g‘V =
(rea@)u/t,)™ = 17V >y 57V = (req@)u/siD™ =57,

4. t = req(eda.t,[x/a]), with a € fv(t,): Note that there cannot be a els nor a egc step
involving the substitution [x/a] since, since these rules would require that a be of
the form (!r)L, but a is a linear variable.

We consider two subcases, depending on whether an ereq step is performed at the

root or internal to £,

-1

gov+ Step is explicitly
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4.1 If the step is an ereq step at the root, then t = req(eda. t,[x/al) —ereq da.t,[x/a] =
5,50 s € 7.V and we have that

™V = (req(eda. t,[x/a]))™"
=Ax.1;Y

= (Aa.t,[x/a))™
= S—V

4.2 If the step is internal to ¢, then ¢ = req(ela.t,[x/a]) —, req(eda. s|[x/a]) =
switht, —, s1. By IH, 51 € ‘7',V, so s = req(eda. si[x/a)]) € ‘7',V and we have
that

~V
= (req(eda.t,[x/a]))™’
= Ax. ZI‘V
>y Ax. sV
(req(eda. si[x/a]) ™"
= S’V

5.t = Aa.t[x/a], with a ¢ fv(t'): Note that there cannot be a els or a egc step
involving the substitution [x/a], since these rules would require that a be of the
form (!7)L, but a is a linear variable. Hence the step must be internal to ¢,. Then
t = (da.t,[x/al)Lt, —. (da.si[x/a])Lt, = s with t, =, s; By IH, 51 € 7/, so
s = (da. si[x/a])Lt, € T,/ and we have that

Vv

V= ey ans =57
6. t = t, t,: We consider three subcases, depending on whether the step is a edb step
at the root, internal to ¢, or internal to z,:
6.1 If the step is a edb step at the root of the term, then ¢, must be of the form
t, = Aa.t; [x/al) and t = (Aa.t, [x/al)L t, > t,,[x/t,]L = 5,50 s € T, and
Y
= (. )LV Y
Hap 1) [x/2; VLY
= (21\}[x/£2]k)7v

=5

6.2 If the step is internal to ¢,, then t = 1, £, —. s1f, = s with ; —. s1. By IH,

51 € 7. and gv >y sl’v, Sos=s11, € 7. and we have that
Vo VoV s VoV SV
L =07 bys L =5

6.3 If the step is internal to ¢, then t = t, 1, —, t; 52 = s with t, —, s;. By IH,

5o € T) and ;Y >y 57", s0 s = 1, 5, € T, and we have that

-V Vv -V

_ VoV s oV -V
I =15 Pyl 8 =S
7. t = t,[u/t,]: We consider four cases, depending on whether there is a els step at the

root, or a egc step at the root, or whether the step is internal to z, or t,:



7.1

7.2

7.3

7.4
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If there is a els step at the root, then ¢, is of the form r, = (!(ez))L)L;. By
Rem. E.7, this implies that ¢, must actually be of the form ¢, = (leda. t)[x/a])L
where 1) € 7Y, L € SCtxs!, and a ¢ fv(t,). Moreover, ¢, must be of the form
t, = C{u). The step is of the form:

4
= Cluplu/(leda.t;[x/a])L]
s C{oda. th[x/al)[u/eda. t)[x/a]]L

= s

Note that ¢, = Cu) € ‘7',V so, by Lem. E.4, we have that C € Ctxs\,/ and,
again by Lem. E.4, C{eda.t;[x/al) € 7. This in turn implies that s € 7.’
Moreover, using Lem. E.4, we have that:
Vv

= (Cu)lu/(lela. tz[x/a])L])‘V

= V<<u>>[u/(/1x % )L™V

sy CVAx 1) Vyluf . 4Ly
(C{oAa. zz[x/a]»[u/'-/la t[x/allL)™Y
= Siv

If there is a egc step at the root, we have that u ¢ fv(¢,), and that #, is of the
form z, = (!)L. By Rem. E.7, this implies that z, must actually be of either
the form ¢, = (y)L with L € SCtxs!, or of the form t, = (leda.t)[x/a])L with
f € 7Y, L e SCtxs!, and a ¢ fv(t}). In either case, t, is of the form ¢, = (If))L
where !t} € 7, L € SCtxs , and (') is a lax value, since both (1y)™ =y
and (leda. 3[x/a])™ = Ax.t,”" are lax values.

Then the step is of the form:

L’

I—).gc

!

= 4lu/()L]
t
N

So s € 7. and:

v

(@t [u/ ()LD
IIV[M/('I )Y
Fgev+ 1] L, v

= s~

To be able to perform the gcv+ step, note that u ¢ fv(g;v) because we know that
u ¢ fv(t) = fv(gl‘v) by Rem. E.6. To be able to perform the gcv+ step, it must
be also noted that, as already remarked, (! 5’2)‘\’ is a lax value.

If the step is internal to ¢, then z = t,[u/t,] —. s1[u/t,] = s with t; —, s1. By
IH, 51 € 7., s0 s = si[u/t,] € T and 7V = tlv[u/tzv] >y sy /Y] =57V,
If the step is internal to z,, then z = ¢ [u/tz] —e 4lu/s2] =5 W1th t, —e 5. By
IH,5, €7, s0s= t,[u/s;] € TV and V= g;v[u/ggv] >y sl’v[u/sg 1=sV.



134 P. Barenbaum and E. Bonelli

E3 CBS
Proposition E.3 (CBS typing [rroor or Pror. 5.3]). If '+t : Athen I'S; -+ 15 : 0 AS,
Proof. By induction on the derivation of I" + 7 : A:

1. 1-var: LetI,x: A+ x : A be derived from the 1-var rule. Then:

S S S uvar

T2, x: A% - x:eA
2. 1-abs:Letl + Ax.t: A — Bbederivedfrom I, x : A+ t: B. Let a be a fresh linear
IH

I“S,)c:AS;-ktS:oBS I"S;a:!oASHz:!oAS
variable, such that a ¢ fv(s5). Then: I'S;a:1eAS + 15[x/a)] : eB°

FS;- + /la.ts[x/a] : 1eAS — oBS

lvar

sub

abs

IS5+ eda.t5[x/a] : o(1eAS — eBS)
3. 1-app: LetI'+ts: Bbederived fromI"+t:A — Band I + s : A. Then:
IH H

I"S;-FIS:O(!OAS—OOBS) I“S;-FSS:OAS
request prom
rs;.+ req(ts) : 16AS — B IS k155 : leAS

S Sy 1S S app
I'>;-+req(r’)!s® : eB
4. 1-es:LetI'+ t[x/s] : Bbe derived fromI,x: A+ t:Band '+ s: A. Then:

H IH
IS+ 5% eAS
S .. 4S... .S..pS ’
[P.x: A% b im o oB IS, +15%: 1eAS prom
’ sub

rs;-+ ts[x/!ss] : oB°

The translation can be extended to operate on contexts, by declaring 0% := 0. Note that
the translation of a substitution context is a substitution context:

@b/t /6D = Bla /W] /1]
Remark E.8. (%) = fv(¢)
Remark E.9. C(t)S = CS(s5) and C{r)® = CS(¢SY. In particular, (rL)S = ¢SLS.
Definition E.3. We define a subset CtxsS C Ctxs,, called CBS contexts:

Cx=0O
| eda.C[x/a]
| req(©)
| da.C[x/a]
| Clu/'t] | tlu/!C]
|Cllec

Remark E.10. fv(t™S) = fv(t).

Remark E.11.
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If t € 72 is such that r = (da.#)L, then L € SCtxs? and ¢ = s[u/a] for some
se€ TS anda ¢ fv(s).
If ot € 72, then ¢ = Aa. s[x/a], for some s € 7, and a ¢ fv(s).

Lemma E.6 (Context decomposition for the inverse CBS translation).

1.

SR

1L € T8 ifand only if t € TS and L € SCixsS.

C{x) € T8 ifand only if C € Ctxs®.

IfC e CtxsS and t € TS then C{1) € TE.

Ift € TS and L € SCtxs?, then (1L)S = S LS,

If C € Cixs;, then C{x)~S = CS¢x).

IfCe CtXS? andt € TS and L € SCtXSf‘ and a ¢ (1), then C{(eAa. t[x/a])L)~S =
CSAx. 5L S).

Proof. By induction on the first judgement in the statement of each item, except the
first and fourth items which are by inductionon L and L € SCtxsY, resp.

Lemma E.7 (Inverse CBS simulation [proor oF LEmma 5.6]). Let t € 7',3 and s € T

such that t —, s. Then s € T3 and 15 >3 575,

S

Proof. By induction on the (unique) derivation of ¢ € 75:

1.
2.

3.

t = x: Impossible, as there are no steps t —, s.

t = eJda.t'[x/a] with a ¢ fv(t’): Note that the step cannot be at the root of ¢, and that

there cannot be a els nor a egc step involving the substitution [x/a], since these

rules would require that a be of the form (!r)L, but a is a (linear) variable. This

means that the step must be internal to ¢, that is, t = eda. '[x/a] —, ®da. s'[x/a] =

switht =, s.ByIH, s’ € 72,50 s = eda.s'[x/a] € TS, and 5 = Ax.1'~S —Nd

Ax. S =578,

t = req(t,): We consider two subcases, depending on whether the step is at the root

or internal to ¢,

3.1 If the step is at the root of req(t,), then ¢, must be of the form (ef))L and, by
Rem. E.11, #| must be of the form Aa. #{/[x/a]. Thus the step is

4
= req((eda.t}[x/a])L)
—ereq (/la-f/l/[x/a])L
=

SO s € ‘T,S and, using Lem. E.6, we have that

5 = (req((eda.1/[x/a])L))S
— (/lx z/[/*S)L—S
= ((Aa.1[x/a])L)~®

= S_S

3.2 If the step is internal to ¢, then ¢ = req(t,) —. req(s;) = s with ¢, —, s1.
By IH, s; € 72,50 s = req(s)) € 72 and 15 = req(t))° = ;5 -y, 5,° =

req(s;) S = s7S.
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t = Aa.t,[x/a], with a ¢ fv(¢,): Note that there cannot be a els or a egc step
involving the substitution [x/a], since these rules would require that a be of the
form !rL, but a is a (linear) variable. Hence the step must be internal to ¢,. Then
t = Ada.t)[x/a] —, Aa.si[x/a] = s with t;, —, s1. By IH, 51 € 7',3, S0 § =
(Aa. si[x/a])L !t, € TS and we have that 75 = Ax.£;5 -5, Ax. 575 = 575,
t = t,[u/'t,]: Note that the reduction step cannot be at the root of !z,, since there
are no rules in A'* that have a ! in the root of their left-hand sides. We consider four
cases, depending on whether there is a els step at the root, or a egc step at the root,
or whether the step is internal to ¢, or z,:
5.1 If there is a els step at the root, then z, is of the form 7, = (e))L. By Rem. E.11,
this implies that ¢/ must actually be of the form Aa. £;[x/a] where £, € T, S and
a ¢ fv(t}). Moreover, t, must be of the form ¢, = C{u). The step is of the form:

t= Cluplu/!(e(da.ty[x/a])L)]
s Cl(eda. ty[x/al)L)[u/!(e(Aa. t;[x/al))L]
= s

Note that £, = C{u) € 72 so, by Lem. E.6, we have that C € Ctxs{ and,
again by Lem. E.6, C{(eda. #;[x/a])L) € 7',3. This in turn implies that s € ‘7',5.
Moreover, using Lem. E.6, we have that:

z—S

(Cuplu/\(o(Aa. ty[x/a])L)])™S

= CSQuplu/(Ax. 1, L8]

Fiew CSC(Ax. £ LW [u/(Ax. 1, )L™S]

= (C{(eAa.ty[x/aDLy[u/ (e a. ty[x/a])L])"S

= N

5.2 If there is a egc step at the root, we have that u ¢ fv(z,), and the step is of the

form:
= 2 [u/'Ez]
Fege £1
= )
So s € 72 and:
8= (lu/'t,)®
=Sy, /+-S
= 1°u/t,°]
Pgc Iy
= s

To be able to perform the gc step, note that u ¢ fv(gs) because we know that
u ¢ fv(t,) = fv(£;%) by Rem. E.10.
5.3 If the step is internal to £, then ¢ = #,[u/!2,] —o s1[u/!t,] = s with z, —. s1.
ByIH, s; € 78 s0s = silu/lt,] € 73 and g’s = gl‘s[u/ggs] —Nd sfs[u/gs] =
-s
sV,
5.4 If the stepisinternal to z,, thent = ¢, [u/!t,] —. t,[u/s>] = s withz, —, 55. By

IH, 5, € 78,50 s = t,[u/!s;] € 7o and 175 = £,5[u/1;°] >y 5,°[u/s;°] =
-S
s .
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6. t =1, !t,: We consider three subcases, depending on whether the step is at the root,
internal to ¢,, or internal to z,:
6.1 If the step is at the root, it must be a edb step. Hence ¢, is of the form (da. r)L.
Then by Rem. E.11 L € SCtxs? and r = r,[u/a] for some r, € 7S such that
a ¢ tv(r)). The step is of the form ¢ = (da.r [u/a)L!t, =, r[u/!t,]L = s.
Note that s € 72 and £ = (Au. r{ )L™V ;Y —ng 17V [u/t; VLY = 57V,
6.2 If the step is internal to ¢, the step is of the form 7 = ¢, !, —, 51 !t, = 5, with
t, —. s1. By IH we have that s; € 78 and gl‘s —Nd SIS, sos=slt, € T3
and 5 = 1,565 55, 575655 = 575
6.3 If the step is internal to ,, the step is of the form ¢ = ¢, !, —, 1, !s2 = s, with
t, —. s2. By IH we have that s, € 78 and 58 —Nd sgs, sos =115 € T8

-S_ 5,5 _,= 55 _ S
and 17> =1 6,° > 75,0 = 5.

F Appendix: Simulating Weak Evaluation

Definition F.1. We write t wfpl !!!!! o) Vift =1y v, 1 oy, ..., 1, =t holds for
terms ty, ..., t,.

We write R, for the set of all possible rulenames:
R. := {edb, els, egc} U {¢(u, (ef)L) | varying u, t,L} U {¢(u) | varying u}

Definition F.2 (CBN Rulenames). We define a subset RY C R, by the following gram-
mar:
p = edb | g(x, e1) | els | egC | ereq

where t stands for a term in T). The translation of a CBN-rulename is a sequence of
RN rulenames, given by:

db" := (edb)

s(x, N := (¢(x, otN), ereq)
IsN := (els, ereq)
gc" := (egc)

The inverse translation of a RY rulename is a sequence of CBN-rulenames, given by:

odb™N := (db)

s(x, o)™ := (g(x,17N))
ols™ := (Is)
egc™N :=(gc)

ereq N := ()

Remark F.1. fv(p™N) = fv(p) is an immediate consequence of Rem. E.3.
Lemma F.1 (CBN Evaluation - Simulation). If 1~/ ¢’ then N ~ N,

Proof. By induction on the derivation of the step ¢ w/’:‘ v:
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1. EN-db: Let (Ax. )L s o} 1[x/s]L. Then:

(Ax.HOL N = (Aa. N[x/a])LN lesN
~regp N [x/1esN LN by E*-db
= (flx/s]LN

2. EN-¢: Let x w?(m t. Then:

N = req(x)
(e Teq(e) by E*-req, E*-¢
ereq by E*-reqe

3. EN-1s: Let 7[x/s] ~» 7'[x/s] be derived from ¢ M”?(x,x) . By IH we have that

N S N, Since ¢(x, s)N = (¢(x, esN), ereq), this means there exists a term

r € T such that N Wre(xesN) T Yereq #N. Hence:

tlx/sIN = N[x/lesN]
s r[x/1esN] by E°-1s since tN v oqn) 7
M ereq t'N[x/!esN] by E*-esL since r areq !

= ([x/sD"

4. EN-gc: Let 1[x/s] wg‘C t where x ¢ fv(z). Recall that the translation does not create
free variables (Rem. E.1), so x ¢ fv(tV). Hence:

(lx/sDN = N[x/lesM]
""’)ogc tN

*

5. EN-app: Let s wy ' s be derived from ¢ pr . By IHMN ~»*, N. Hence:

P
tsHN=NlesN
W;N N lesN by E*-app (many times)
= @9
6. EN-subL: Let #[x/s] W': t'[x/s] be derived from ¢ “""2‘ ', where x ¢ fv(p). By IH,
N M»ZN #'N. Recall that the translation does not create free variables (Rem. E.1), so
x ¢ fv(p) implies x ¢ fv(pN). Hence:
(tlx/sPN = N[x/lesN]
w;N t'N[x/!esN] by E*-esL (many times), since x ¢ fv(o")

= (¢[x/sDN

Lemma F.2 (CBN Evaluation — Inverse Simulation). Let t € TN, p € RY and s € T,
such that t ~, s. Then s € T and t™ (WN);,N s,

Proof. By induction on ¢:
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. Translation of a variable before substitution, ¢ = req(u): The step is of the form
t = req(u) ~, s and must be derived using the E*-req rule from an internal step

u ~», s'. The internal step cannot be derived using the E*-¢ rule because p € RN so
o cannot be of the form «(«). This means that the internal step can only be derived

using and E°®-¢, where, again, we know that p = ¢(u, er) because p € RN Hence the

step must be of the form req(u) .., req(er) = s. Note that s = req(er) € gN

and:
-N N

s@u,r™)

N -N

tN=requy N =u~ =rN=reqern ™ =s

. Translation of a variable after substitution, ¢ = req(er): Note that the step can not
be derived using the E®-req rule, because there are no rules that allow deriving a
step of the form er ~», s'. Hence the step is derived from the E*-reqe rule and of

the form req(er) mrereq r = 5. Note that s = 7 € ‘7',N and:

-N N -N

£ = req(‘f)_N = L‘_ =g

. Translation of an abstraction, ¢ = Ax.t,[u/a]: This case is impossible, as there are
no rules that allow deriving a step of the form Ax. ¢, [u/a] ~», s.

. Translation of an application, ¢ = ¢, !ez,: We consider two subcases, depending on
the inference rule applied to conclude ¢ ~,, s:

4.1 E*-db: Then ¢ = (da.t, [u/a))L 'et, where t, ,t, € TN and L € SCtxs]' and
the step is of the form

z = (/lagll[u/a])L !.22 M edb Ell[u/!.ZZ]L =S
Note that s € 7N and:
N = QLN BN s £ T/ L = 57

4.2 E°-app: Then the step is of the form t = ¢, ez, v, 51 lor, = s where t; o, s1.
By IH we have that s; € 7' and £;N >
applying EN-app, we conclude:

o spN. So s = sy let, € TN and,

N _ .—N —N N
_zl Z2 'V\’)p—N

N l_N

r =2

t St

. Translation of an explicit substitution, ¢ = ¢,[u/!et,]: We consider five subcases,

depending on the inference rule applied to conclude that there is a step t ~», s.

5.1 E*-1s: The step is of the form ¢ = ¢,[u/!et,] w5 si[u/let)] = s where
I, e, 1. Note that g(u, ,) € RY, so by IH we have that s; € 7' and

ZIN M ) sl’N. So si[u/t,] € 7N and, applying EN-1s, we conclude:

N
Su.t,

N _ Np, N7 N Ny, N7 _ N
=00/ g s /7] = s

5.2 E*-gc: The step is of the form ¢ = 1, [u/!ef,] weqc t, = 5 where u ¢ fv(t,)).
Note that s = ¢, € TN, Note also that u ¢ fv(ng) by Rem. E.3. So:

-N -N -N N _-N —-N
ro=1 [“/fz ]Wgczl =S
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5.3 E*-esL: The step is of the form ¢ = ¢,[u/!et,] ~>, si[u/!et,] = s where
t, w, s and u ¢ fv(p). By IH we have that s; € 7" and £;N ~ v s7N. Note
that s = s5,[u/!et,] € T\. Note also that u ¢ fv(p™) by Rem. E.1. So, applying

EN-subL, we conclude:

-N _ N, /N -Np, /N -N

U=/ o s /7] = s

5.4 E*-esR: We argue that this case is impossible. Indeed, the step must be of the
form ¢t = 1 [u/!et,] wp t,[u/s2] = s where let, wp 52 This is impossible
because there are no rules that allow deriving such a step.

5.5 E®-es!: We argue that this case is impossible. Indeed, the step must be of the
form ¢t = 1, [u/!et,] ~>, t,[u/!s2] = s where t; ~>, t, and ez, ~», 5. This is
impossible because there are no rules that allow deriving the step oz, ~, s5.

Definition F.3 (CBV Rulenames). We define a subset RY C R, by the following gram-
mar:
p = odb | ¢(x, eda.t[u/al) | els | egc | ereq

where t stands for a term in ). The translation of a CBV-rulename is a sequence of
RY rulenames, given by:

db := (els, ereq, edb, egc)
s(x,v)Y = (g(x, ovV))
Isv¥ := (els)
gev+' = (egc)

where we define an auxiliary operation to translate values as follows:
Ax. )™ := Aa.1V[x/a]

We define an extended CBV evaluation relation t >X s, extending the system defining
w),’ with a further rulename gov+~" and the following rule:

x ¢ fv(t)
EV-gcv+

t | /v

PV,
gev+

The translation of a R\ rulename is a set of sequences of CBV-rulenames, given by:

odb™V := {(db)}
s(x, eda. tlu/al)™ := ((g(x, Au. 1))}
ols™V := ((Isv), (gev+1))
egc™ := {(gcv+)}
ereq™’ := {()}

Note that the result is a set of sequences, which should be understood as the fact that
the translation is “non-deterministic”.

Lemma F.3 (CBV Evaluation — Simulation). [ft ~»Y ' then 1Y oy V.
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Proof. By induction on the derivation of 7~ #':
1. EV-db: Let (Ax. 1)L s M”Xb t[x/s]L. Then:

((Ax. DL s)Y = req(u[u/(leda.tV[x/a])LV]) sV
s req((eda.tV[x/aD[u/!eda. tV[x/a]]lLV) sV
by E*-app,E*-req,E*-1s,E*-¢
Wrereq (da. Vx/a)u/eda. tV[x/a]]LY sV
by E*-app, E*-reqe
wegp tV[x/sV1[u/eAa. ¥ [x/a]]LY
by E*-db
wege 1V[x/sVILY
by E*-gc
= (lx/sIL)Y

To justify the application of E*-gc, note that by a-conversion we may assume that
u ¢ tv(t[x/sV1Y).

2. EV-¢: Let x w\g’(x » V- Then:

v _ v

x
M (x,ov ) lev(") by E*-I¢
= vV as lev(¥) = vV holds by definition

X

3. EV-1sv: Let f[x/vL] ), #'[x/v]L be derived from ¢ w;’(x’v)

. By IH, 1V ~»*

s(xv)V
1V, that is, 1/ (e ', Hence:

VIx/vVLV]

V[x/(levY)LV] since vV = lev(¥) holds by definition
g 'V [x/1evVILY by E*-1s, since 1Y sy 1Y
VvV ILY

(' [x/vIL)Y

(tLx/vL])Y

4. EV-gcv+: Let #[x/v*L] wgcw tL, where x ¢ fv(r). Recall that the translation does

not create free variables (Rem. E.4), so x ¢ fv(zV). Note that the translation of a lax
value always starts with “!”, i.e. (v*) is of the form !s. Hence:

Vx/(v)VLY]

Vx/(1s)LY]

Mege VLY by E*-gc since x ¢ fv(t")
= @Y

(tLx/v*L])Y

5. EV-app: Let ts «MX ' s be derived from ¢ WX t'. By IH we have that 1V w;v V.

Hence:
(ts) = requ)lu/t']s’
% req(u)[u/t'V] sV by E*-app, E*-esR (many times)
— (t/ S)V
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6. EV-subL: Let #[x/s] ~) 1'[x/s] be derived from ¢ ~» ', where x ¢ fv(p). By IH
we have that 7V w;\, V. Recall that the translation does not create free variables
(Rem. E.4), so x ¢ fv(V), which means that x ¢ fv(p"). Hence:

(tlx/shY = 1V[x/s"]
o #'V[x/sV] by E*-esL (many times), since x ¢ fv(p")

= (Ix/sDY

7. EV-subR: Let #[x/s] ~») t[x/s'] be derived from s ~" s'. By IH we have that

sV w7 s’V Hence:

(tlx/sDV = 1V[x/s']
w;v V[x/s'V] by E*-esR (many times)

= (tlx/s']DY

Lemma F.4 (CBV Evaluation — Inverse Simulation). Lett € 7./, p € RY and s € T,

such that t ~», s. Then s € T and there is a sequence of rulenames p € p~" such that

Vv (>V); sV,
Proof. By induction on ¢:

1. Translation of a variable, ¢t = lu: The step must be derived using the E*-!¢ rule and
thus of the form ¢ = !u ~> ey (o)L = s. Since p = ¢(u, (er)L) € RY, we have
that L is empty and = Aa.r,[v/a]. Then s = leda.r,[v/a] € 7',V and:

-V v

" =u

-V _ -V
- > . ™

=Adv.r;" ' =s

n

2. Translation of an abstraction, ¢ = !eda.t,[u/a]: This case is impossible, as there are
no rules that allow deriving a step of the form !eda. 1, [u/a] ~», s.

3. Request (1), ¢ = req(u)[u/t,]: Then the step must be of the form req()u/t] ~,
s. Note that the step cannot be an instance of the E*-gc rule because u € fv(req(u)).
We consider four subcases, depending on whether the step is derived using E°*-1s,
E®-esL, E*-esR, or E*-es!:

3.1 E*-esL: Then ¢, = (!(er)L;)L; and the step is of the form

t = requ)[u/(!(er)Li)La] w5 req((er)L)[u/!(er)L]Ly = 5

Since r, = (I(er)L))L; € 7 then by Rem. E.7 we have that t, = (leda.t,,[v/aDLy
where L, € SCtxs!. Hence s = req(e.a. tyv/aDlu/\eda. 1, [v/allL, € T,
and:
v = (req(u)[u/(lela. gll[v/a])Lz])7V
= (. ;;g)L;V
b eyl v 1Y 1LY
= (req(eda. 1y [v/aDlu/!eda.1;, [v/a]IL,)™
=5
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3.2 E*-esL: We argue that this case is impossible. Indeed, the only way to re-
duce req(u) is by substituting u, i.e. with a step of the form req(u) ¢ (erL)
req((er)L), but E*-esL cannot be applied because u € fv(s(u, (er)L)).

3.3 E*-esR: The step is of the form req(u)[u/t,] ~», req)u/si] = s. where
t, ~, s1. By IH we have that s; € 7,/ and ;" (»V); 57" for some p € B’V.
This means that s = req(u)[u/s;] € 7./ and:

V= (req)u/t,D7Y
= L‘IV
()

= (req)[u/s1)7Y
= S—V

3.4 E*-es!: Thent, = !rand the step is of the form req(u)[u/!r] ~, req()[u/!¥'] =
s where req(u) v, req(u) and r ~», r’. Since t, € 7 we have that t, must
be either the translation of a variable (¢, = !v) or the translation of an abstrac-
tion (¢, = !eda. p[x/a]). We consider these two as subcases:

3.4.1 If t; = v, then r = v. The step r = v v, 1’ can only be a substitution step,
i.e. it must be of the form r = v v, epy1) (®p)L = r’. Since by hypoth-
esis p = ¢(v,(ep)L) € RY, we have that L is empty and p is of the form
)4 =_/lb.£1[w/b]. The step is then of the form ¢ = req(u)[u/!v] gy ep)
req(u)[u/'ep] = s. To conclude, note that s = req(u)[u/!ep] € ‘7'," be-
cause lep = leAb. p [w/b] € 7 and note that:

Y = (req()[u/W])™Y
=y
>2‘/(V,/1WABI’V) Aw. B;V
=(lep)”"
= (req(u)[u/!ep])™"
= S_V

3.42 Ift, = leda. p[x/a], then r = eda. p[x/a]. This case is impossible, as there
are no rules that allow to derive a step of the form r = eda. p[x/a] ~, 1.

4. Request (2),t = req(eda.t,[u/a]): Then the step is of the form ¢ = req(eda. t,[u/a]) ~,
5. Note that the step cannot be internal to Aa. 7, [u/a] because there are no rules that
allow to reduce inside a “eo”. Hence the step must be an instance of the E*-reqe
rule, i.e. of the form: t = req(eda.t [u/al) weeq Aa.t,[u/a] = s: then note that
s € 7 and:

Y = (req(eda. 1, [u/a)))

=Au.t;V)
= (da.t,[u/a])™"
=S

5. Abstraction, t = Aa.t,[u/a]: This case is impossible, as there are no rules that allow
deriving a step of the form Aa. 1, [u/a] ~, s.

6. Application, ¢ = 1, t,: We consider two subcases, depending on whether the step is
derived using the E*-db rule or the E*-app rule:
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E®-db: Then ¢, must be of the form (da. r)L. and by Rem. E.7 we know in turn
that r = r,[u/al, where a ¢ fv(r)) and r, € 7' and L € SCtxs!. The step is of
the form t = (Aa.r,[u/a])Lt, »ep 1,[u/t,]L = s. Note that s € 7',V and

v =Qa.r[ufa)Lt;¥
= (Au. L'I’V)L’V 5\/
> £y L/ 'L
= (Zl[u/fz]]-')_v
= S_V

E*-app: Then the step is of the form ¢ = ¢, 1, v, 511, = s where t; ~», s1.
By IH, s € 7, and 1;¥ (»V);, 57" for some p € p™/. Then s = 5, 1, € 7,/ and,
applying EV -app once per each step, we have:

-V -V -V -V \ -V -V -V -V
I =(£1£2) =05 (> )251 2y =(Sl£2) =S

7. Explicit substitution, ¢ = t, [u/,]: We consider five subcases, depending on the rule
used to derive the step:

7.1

7.2

7.3

E®-1s: For the E*-1s rule to be applicable, ¢, must be of the form ¢, = (!(e7)L;)Ls.

Since t, € 7./, by Rem. E.7, we have that actually z, = (leda.r[u/a])Ls,

where r, € 7, a ¢ fv(r,), and L, € SCtxs!. Thus the step is of the form ¢ =
t[u/(teda. ri[u/al)La] was si[u/!eda.r [u/allly = s, where 1} (. eta. 7, [u/a))

s1. By IH, we have that s; € 7,/ and ;" »V s7V.Hence s = s[u/!eda. r [u/a]]L, €

s(u,Au. gl’v)
7 and:
v = [u/(leda. r[u/al)La]) Y
= g;V[u/(ﬂu.gV)L;\;’]
> sV du VLS
= (S1V[u/!°/la-zl [u/allLy)™Y
p— s_

E®-gc: For the E*-gc rule to be applicable, ¢, must be of the form £, = (!r)L.
Since 1, € 7Y, by Rem. E.7, we have that L € SCtxs! and that r is either a
variable (r = v) or of the form r = eda.r,[v/a], where r, € 7Y and a ¢ fv(r)).
Note that in both cases (!)™" is a lax value, because it is either of the form v
or of the form Av. L’I‘V. Moreover, the step is of the form ¢ = #,[u/(e7)L] ~regc
t,L = s, where u ¢ fv(z)). Note that s = t,L € 7, . Moreover, we have that
u ¢ fv(t;¥) by Rem. E.6, so:

=t [w/(HL)Y
= gl_v[u/!r_VL_V]

\ -Vy -V
> v L L
= (Z]L)7V
= s—V

E®-esL: The step is of the form ¢ = ¢,[u/t,] ~, si[u/t,] = s, where u ¢ tv(p)
and 1, ~, s1. By IH, we have that s, € 7,/ and £}V >\p’ 57V for some p € ,c_)‘V.
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Then s = s1[u/t,] € T,/ and:

Y o=@ lu/n)
=1[u/5"]
>)D’ SIV[u/ 5\’] by EV-subL (many times)

= (silu/t,D™Y

= S_V

E®-esR: The step is of the form 7 = 1, [u/t,] ~, t,[u/s2] = 5, where 1, ~, 55,
By IH, we have that s, € 7,/ and 1,¥ » s," for some p € p~. Then s =
t,lu/s] € T, and:

V=@ lu/ty)Y
=17 [u/;"]
>y V[u/s;Y] by EV-subR (many times)

= (¢, [u/s:1)7Y

= S,V

E®-es!: For the E*-es! to be applicable, ¢, must be of the form ¢, = !r. Since
t, € 7, by Rem. E.7, we have r is either a variable (r = v) or of the form
r = elda.r,[v/a], where r, € 7Y and a ¢ fv(r,). Moreover, the step is of the
form ¢ = 1,[u/!r] ~, t/[u/s2] = s where t; ~,, t, and r ~», s3. Note
that r cannot be of the form eAa. r,[v/a], because there are no rules that allow
deriving a step eda. r,[v/a] ~», 5. Hence r must be a variable, i.e. r = v. The
step r = v ~, 55 can only be derived using the E°~¢ rule, so p = ¢(v, (ep)L)
and s, = (ep)L. Since p € RY, we know that (ep)L must be of the form (ep)L =
o/lb.;_al [w/b]. In sumlﬁary, the step is of the form ¢ = #,[u/!V] Mc(v.eb. p [w/b])
1 [u/!db.gl[w/b]] = 5. Note that s € 7./ and:

Y = (t, [u/ )™
=1, [u/v]

\% -V v v Vi

>§‘(V,/lw. EIV) £1 [I/l//lW Bl ] by E -G, EV-subR

= (1, [u/10b. p [w/b11)"™
= S,V

Definition F.4 (CBS Rulenames). We define a subset RS C R, by the following gram-

p = edb | ¢(x, (eda.t[u/a])L) | els | egC | ereq

where t stands for a term in T2. The translation of a CBS-rulename is a sequence of
RS rulenames, given by:

db® := (ereq, edb)
§(x,vL)S := (g(x, (ev'S)LS))
IswS := (els)
gc® := (egc)
(xS = (u(x))



146 P. Barenbaum and E. Bonelli

where, moreover, we define an auxiliary operation to translate values as follows: (Ax.1)® :=
Aa. 3[x/al.
The translation of a RS rulename is a sequence of CBS-rulenames, given by:

edb~S := (db)
s(x, (8da. tlu/a])L)™S := (g(x, (Au.t~S)L-S))
ols™> = (Isw)
g :=(gc)
ereq S := ()

1(x)7S = (u(x)
Lemma F.5 (CBS Evaluation — Simulation). Ift 3 ¢’ then 13 s 'S,

Proof. By induction on the derivation of ¢ wf) r:
1. ES-db: Let (Ax. )L s wgb t[x/s]L. Then:

((Ax. 1)L 5)® = req(e(da. r5[x/a])LS) 55
Wereq (Aa. 3[x/a])LS 155 by E*-app, E*-reqe
wseqp 15[x/1sS]LS
= (t[x/s]L)®

2. ES-¢:Letx wf(x’vL) vL. Then by E*-¢:

x5 = X o evors) VLS = VLS = (vL)®

Note that vS = ev(® holds by definition.

3. ES-¢;: Let f[u/x] wf’(x,vL) t{u/vL]. Then by E*-esR and E*- !¢

tu/x1° = S[u/1x] > S[u/ 1 (ev)LS] = (#[u/vL])S

S
S(x,(ov)LS)

4. ES-1sw: Let #[x/VL] WEW '[x/vL] be derived from ¢ W?(x,vL) . By TH we have

that 15 w:(x s ¢S, that is, 5 M (x,evSILS) t'S. Hence:

(t[x/vL])® 1S[x/1(vL)%]

5[x/!1(ev®LS)] as v° = ev(® by definition

s '5[x/1(0vS)LS)] by E*-1s since 15w, ayors) 1S
'S[x/1(vLS)]

(t'[x/vL])®

5. ES-gc: Let t[x/s] WS‘C t, where x ¢ fv(¢). Recall that the translation does not create
free variables (Rem. E.8), so x ¢ fv(¢S). Then:

(t[x/sDS = 15[x/!s%]
rego 15 by E*-gc since x ¢ fv(t°)

6. ES-i: Let x w5

iy X Then x% = x ~wo ) x = x5 by E*-.
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7. ES-app: Let t 5 ~5 1’ s be derived from 7 ~5 /. By IH 1° e #'S. Hence:

(ts)® = req(®!s®
s req(#’S) !sS by E*-app, E*-req (many times)
— (t/ S)S

8. ES-subL: Let t[x/s] ~5 1'[x/s] be derived from 1 ~»5 ¢/, where x ¢ fv(p). By IH
S M»ZS #'S. Recall that the translation does not create free variables (Rem. E.8), so
x ¢ fv(p®). Hence:

(tlx/sD® = 1°[x/!5%]
8 'S[x/!5s%] by E*-esL (many times), since x ¢ fv(o®)
= (('[x/sD®

9. ES-subR: Let 7[x/s] w? t[x/s’] be derived from ¢ wls(x) tand s wﬁ s’. By IH we

have that 15~ 15 and s° w;S 5’S. Note that pS must be a sequence of the form

{O1,-..,Pn), SO there exist terms sg,...,S, € T, such that $S = 50 Mo 81 W,
...$, = §'S. Hence:

S[x/ s8]
15[x/!s0]
~,, 15[x/151] by E*-es!

t[x/s]®

~wp S[x/!s,] by E*-es!
S[x/15'5]
f[x/s'1®

Lemma F.6 (CBS Evaluation — Inverse Simulation). Lett € 75, p € RS and s € T,

such thatt ~, s. Then s € 7'.8 and S (««»S’)*,s s7S.
- £ - o

Proof. By induction on ¢:

1. Variable, r = u: Then the step can only be derived using the E*-¢ rule, i.e. of the
form t = u v err) (o)L = 5. Note that p = ¢(u, (er)L) € R? so we know that r

is of the form Aa.r[v/a] and L € SCtxs?. Hence s = (eda. r[v/a])L € 7S and:

E_S = u
W?(u,(ﬁv. rS)L-S) (. rS)L~S
((eAa. r[v/a])L)~S
= S—S

2. Translation of an abstraction, t = eda.t,[u/a] with a ¢ fv(z,): this case is impossi-
ble, as there are no reduction rules that allow deriving a step ¢ = eda.t [u/a] ~, s.

3. Request, 1 = req(t,): we consider two subcases, depending on whether the step is
derived using the E*-reqe or the E*-req rule:
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E*-reqe: Note that, for the E*-reqe rule to be applicable, 7, must be of the
form ¢, = (er)L. Moreover, since t;, € 78 we have that L € SCtxs® and that
r is of the form r = Aa.r,[u/a] with r, € 7S and a ¢ fv(r,). Then the step
is of the form ¢ = req((eda.r [u/a])L) ~eeq (da.r,[u/a])L = s. Note that
s = (da.r,[u/a])L € T and:

S = req((eda.r,[u/a])L)"S
= (Au.r;S)L™S
= (Aa.r,[u/a])L™°
= S_S

E*-req: Then the step is of the form ¢ = req(t;) ~», req(s;) = s, where

t, ~, s1. By IH, we have that 5; € '7“,‘S and ZI‘S (ws);_s sl‘s. Note that

s =req(s;) € 72 and:

S = req(t,)S
1
() s 5,8

= req(s;)"®
_ ¢S

4. Translation of an explicit substitution, t = ¢, [u/!t,]: We consider five subcases,
depending on the rule used to derive the step:

4.1

4.2

43

E®-1s: For the E°-1s rule to be applicable, ¢, must be of the form £, = (er)L.
Moreover, since t, € 7, ,S, we know that L € SCtxsf‘ and that r is of the
form r = Aa.r,[v/a] where r, € 7S and a ¢ fv(r,). The step is of the form
t = gl[u/'gz] Mrgls 51 [M/'{z] = s, where 3] M o(u(eda. 1, [v/aDL) S1- Note that
s(u, (eda.r,[v/al)L) € RJ so we may apply the IH to obtain that s; € 7 and

- S — | S .
4 Wc(u,(/la.z,’s>L‘s> s7°. Hence s = s1[u/!t,] € 77> and:

5 =(,[u/N(eAa. r,[v/a])L])~®
= {l’s[u/(/lv. KI’S)L’S]
s s S/ (. rS)LS] by ES-1sw

= (s1[u/'t,))°
= S—S

E*-gc: The step is of the form t = £,[u/!t,] —egc t, = s, where u ¢ fv(z,).
Thens =1t €7, S. Moreover, since fv(z)) = fv(gl’s) by Rem. E.10, we have that
u ¢ fv(t)), so:

S = [u/'it,)S

E*-esL: The step is of the form ¢ = 1, [u/!t,] ~, s1[u/!t,] = s, derived from
an internal step ¢, ~», s where u ¢ fv(e). By IH, we have that 5, € 7, ,S and
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S (WS);_S 575,50 s = s1[u/!t,] € TS and:
rs = 1,[u/!1,]S
= £,5[u/1;°]

(«MS);,S sIS[u/ggs] by ES-subL (many times)

= (silu/',])7S
S—S

4.4 E°-esR: The step is of the form ¢ = 1, [u/!t,] ~, t,[u/s2] = s, and derived
from an internal step !z, ~, s5. The internal step can only be derived using the
E®-!¢ rule, namely £, must be a variable (¢, = v) and the internal step is of the
form !v MW (v,(eda. riw/a])L) '(O/laf[w/a])L = S, where re 7:8, a ¢ fV(f), and
Le SCtXS?. Then s = t,[u/!(eda. r[w/a])L] € 7S and:

s = (t,[u/V)~S
=1°[u/v]

S sy T L/ (Aw. 1 9)L7S] by ES-¢,

= (t,[u/ (e da. rlw/a])L])~S
= S,S

4.5 E°-es!: The step is of the form ¢ = t,[u/!t,] ~», t,[u/!s2] = 5, where £, v,
t; and 1, ~, 2. By IH on the first premise, we have that g;s W[S(u) gl‘s. By
IH on the second premise, we have that s € 72 and 1;° (ws);_s 5,°. Then

s =1t,[u/!s2] € TS and:

rs = (¢, [u/'t,])"S
= 1,5[u/t;°]
(WS);_S ;5[u/s,%] by ES-subR (many times)
= (t,[u/!52])7S
= S_S

5. Abstraction, t = Aa.t,[u/a] with a ¢ fv(t,): this case is impossible, as there are no
reduction rules that allow deriving a step ¢ = Aa. t,[u/a] ~», s.
6. Translation of an application, ¢ = ¢, !t,: We consider two subcases, depending on
whether the step is derived from E*-db or E*-app:
6.1 E°-db: For the E°-db rule to be applicable, ¢, must be of the form (da.r)L.
Moreover, since f, € 7',3, we have that L € SCtxs? and that r is of the form
r = r,[u/a], where r, € 7S and a ¢ fv(r,). The step is of the form ¢ =

(da.r [u/aDL !ty wsegp 1, [u/'t,]L = 5. S0 s = r,[u/!t,]L € 78 and:

5 =((a.r,[u/a)Lt,)S
= (Au.rP)L S 1S
S 1 S[u/t;SILT
= ((r,[u/'t,]L)~S
= SiS
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6.2 E°-app: The step is of the form ¢ = 1, 1t, ~, 51 !t, = s, and derived from an
internal step ¢, ~, s1. By IH, we have that s; € 72 and £;° (WS);S 55, So
s =51 t, € TS and:
-3 _ _s
4 = (éls !g_zg
Sy - EI_SZZ_S s X
(> );fs 57°1,° by E°-app (many times)

(S[ 22)78
e

G Appendix: The Bang Calculus

G.1 A Simplified Presentation of the Bang Calculus

A binary relation < C Tgeer X T, called dereliction unfolding is defined inductively as:

s xS fHhxs xSy Ihxs

XXX AxtxAx.s  titaxspsy  tlx/t] = osi[x/s;]

s t<s ts  x¢fv(s)

It s der(r) < x[x/s] t< s[x/!r]

The last rule is required since a dereliction step der((!f)L) —q fL is simulated as a Is!
step x[x/(!)L] —s1 t[x/(1H)]L.

Remark G.1. Note that r € 7g implies < t.

Lemma G.1 (Simulation of dereliction [Proors on Skc. G.2]).

*

. X.san —pder ', Lhere exists §" suc ar s —g § an = §’. Moreover, i e
1 Ift dt v, th ts s" such that s —g s and t' < s'. M th
*

step t —geer 1’ is not a gc! step, the reduction s —J s’ consists of exactly one step.
2. Ift= s and s —per s, there exists ' such that t —g t and t’ < s'.

In the second part of the lemma, the only situation where a step is simulated by an empty
BY%'_step is when an Is!-step is made inside the body of a garbage substitution. For
example, x[z/!r] < x[y/!z][z/!r]. The preceding lemma has the following consequence:

Proposition G.1 (Simplified Bang simulation [proor or Pror. 7.1]). —pger and —p
simulate each other.

Proof. To show that —p simulates —geer, consider a reduction sequence #; —>pgder £y —>pgder
... t,-] —per 1y, let s| be the smallest term such that 7, < s; and proceed by induction on
n, resorting to Lem. G.1(1). To show that —pgar simulates —g, we resort to Rem. G.1

and Lem. G.1(2). The —geer step can be taken to never be empty since —g C —pgeer and
the derivation of Rem. G.1 does not erase substitutions.
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G.2 Embedding the Bang Calculus
Remark G.2. Suppose t »< s. Then:

1. fv(?) C fv(s), and;
2. if the rule gc is not used in the derivation, then fv(7) = fv(s).

Lemma G.2. 1. Ax.txsimplies s = (Ax. s1)L with t<s; and dom(L)Nfv(Ax. s;) = @.
2. (Ax. 1)L = s implies s = (Ax. s1)L" with t < s; and L <x L’ and X N fv(1x. s1) = @.
3. Clx) < s implies s = C'{x) and C<x C' and x ¢ X.

4. (1)L = s implies s = (!s;)L" and t < sy and L =x L" and X N fv(!s)) = @.

5. t<sand x ¢ tv(t) and x € fv(s) implies s = C{s1[y/!s2]) and y ¢ tv(sy) and
x € fv(lsy) and t =< C{s1 ).

6. t=sand x ¢ fv(t) and x € fv(s) implies there exists s' such that s —>;c! s’ and tx s
and x ¢ tv(s’).

7. t< sand Cxx D and X Nfv(s) = @ implies C{t)) < D{s).

8. tx sand L <y Kand X Nfv(s) = @ implies L{t) =< K(s).

Proof. Ttem 1. By induction on the derivation of Ax.¢ = s. Notice that only two rules
apply.
1. s = Ax. 57 and the derivation ends in:
1< 8
—— abs
Ax.t =< Ax. 51

We set L’ := O and conclude.
2. Then s = s1[y/!s,] and the derivation ends in:

Ax.t<sy y ¢ fv(sy)

Ax.t =< si[y/!s;]

From the IH, s; = (Ax. s11)L’ with ¢ = s1; and dom(L’) N fv(Ax. s11) = @. We set
L := L'[y/!s,] and conclude.

Item 2. By induction on L using item | for the base case. For the inductive case,
only two subcases arise (the derivation ends in esub or gc); in each we use the IH.

Item 3. By induction on the derivation of C{x)) i s.

Item 4. By induction on the derivation of 7 i s.

Item 5. By induction on # x s.

— t = x»<x = 5. The result holds vacuously since x ¢ fv(¢) and x € fv(s) is not possible.

—t = Az.t; x Az. 51 = s follows from #; < 57 and x ¢ fv(Az.1)) and x € fv(Az. s1)
and, w.l.o.g., we assume x # z. Note that x ¢ fv(t;) and x € fv(s;). By the IH,
st = CGsnly/!si2]» and y ¢ fv(syy) and x € fv(lsyp) and #; =< C{s11). We set
C := Az.Cy. Note that s = C{sy1[y/!s12]) and y ¢ fv(s;;) and x € fv(lsy) and
t < C{s11). The latter follows from #; < C;{s11)) and abs. Thus we conclude.

— t =1 thx s s, = s follows from ¢ & s; and £, &< s, and x ¢ fv(f) and x € fv(s). Note
that x ¢ fv(¢) and x ¢ fv(t;). Also, either x € fv(s;) or x € fv(s,). We consider three
cases:
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1. x € fV(S]) and x ¢ fV(Sz). By the IH, s, = C]((S]][_Y/!S]Q]» andy ¢ fV(S]]) and
X € fV(!S]z) and #; < C;{(s11). We set C := C; s5. Note that s = C«S]][y/!slz]»
and y ¢ fv(sy;) and x € fv(lsp) and 7 =< C{sy1 ). The latter follows from #; =
Ci{s11) and 1, » s, and app. Thus we conclude

2. x ¢ fv(sy) and x € fv(s,). Similar to the previous case.

3. x € fv(sy) and x € fv(s,). Similar to the previous case but using the IH twice.

— t =t1[z/tr] < 512/ s2] follows from ¢; =< s1 and £, < s, and x ¢ fv(¢) and x € fv(s) and,
w.l.o.g., we assume x # z. Note that x ¢ fv(¢;) and x ¢ fv(z;). Also, either x € fv(sy)
or x € fv(s,). We consider two cases:

1. x € fv(s) and x ¢ fv(sy). By the IH, s; = C;{s11[y/!s12]) and y ¢ fv(s;) and
x € fv(lsip) and 1, <Cy (511 ). We set C := Cy[z/s,]. Note that s = C{s11[y/!s12])
and y ¢ fv(sy;) and x € fv(lsp) and ¢ < C{s;). The latter follows from #; =
Ci{s11) and #, = s, and app. Thus we conclude

2. x ¢ fv(sy) and x € fv(s;). Similar to the previous case.

3. x € fv(sy) and x € fv(s,). Similar to the previous case, but using the IH twice.

— t =ty < sy = s follows from #; < s; and x ¢ fv(¢) and x € fv(s). Note that x & fv(t;)
and x € fv(sy). By the IH, s; = C;{s11[y/!s12]) and y ¢ fv(s;;) and x € fv(lsn)
and 7; < Cy{s11). We set C := IC;. Note that s = C{s11[y/!s12]) and y ¢ fv(s;;) and
x € fv(!s12) and ¢ =< C{s1). The latter follows from #; = C{(s11) and ofc. Thus we
conclude.

— t = der(t)) » z[z/s1] = s follows from #; < s; and x ¢ fv(¢) and x € fv(s). Note
that x ¢ fv(¢1) and x € fv(sy). By the IH, s, = C/I«S“[y/!slg]» and y ¢ fv(s11) and
x € fv(!s12) and #; < C {511 ). We set C' := z[z/C]]. Note that s = C'{s11[y/!s12])
and y ¢ fv(s1) and x € fv(!s12) and £ C'(s1). The latter follows from 1 =< C{ {s11)
and der. Thus we conclude.

— t=s1[z/!s2] = s follows from ¢ & s1 and z ¢ fv(s) and x ¢ fv(r) and x € fv(s). Note
that either x € fv(s;) or x € fv(!s,). We consider two cases:

1. xe fV(S]). By the IH, s; = C1<<S1|[y/!S12]>> andy ¢ fV(S]]) and x € fV(!S[z) and
11<Cids11). Weset C := C[z/!s2]. Note that s = C{s1; [y/'Slz]» andy ¢ fv(s1y)
and x € fv(!s12) and 7 < C{s1)). The latter follows from #; »< C;{s;1) and gc.
Thus we conclude

2. x € fv(s,). We set C := O and conclude.

Item 6. By induction on the size n of s. If n = 1, then the result holds trivially since
by the derivation must end in var and hence x ¢ fv(r) and x € fv(s) is not possible.
Suppose n > 0. Then from item 5, s = C{sy;[y/!s12]) and y ¢ fv(s1) and x € fv(!sy2)
and # =< C{s11) = s1. Note that s = C{s11[y/!s12]) —ger CLs11 ). If x & fv(s;), then we
conclude. Otherwise, we can apply the IH on 7 < C{s1)) and conclude from that.

Item 7. By induction on the derivation of C =<y D.

Item 8. By induction on the derivation of L =y K.

Lemma G.3 (Forwards simulation of dereliction).

r xS r xS
| |
N 1B gc! 1gc! 2
| : @
o< 5 o< 5

where v € {db, Is!,d!}.
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Proof. We prove both items by induction on the derivation of ¢ x s.

1. ¢t = s1is x < x. Both items are immediate since there are no —geer steps from x.
2. tx 518 Ax. t; < Ax. 51 and follows from #; » s;.

— Item 1. The reduction must be internal: Ax.#; —-go1 Ax.f; = ¢’ follows from
1 —-gc! t]. From the IH there exists s| such that s; —p s} and | = s{. Then
Ax.s1 —p Ax. s} and moreover Ax. t] < Ax. s|. Thus we conclude by setting s’
to be Ax. s7.

— Item 2. Similar to Item 1.

3. tx sist < s1 52 and follows from #; = 51 and 1, x 5o

— Item 1. There are three cases.

3.1 The reduction is internal to f;: t = tjtr —_ge t’1t2 = ¢ follows from
ti —-ge1 t]. From the IH there exists s| such that s; —g s} and #] x 5.
Then 51 52 —pg s 52 and moreover ¢ s/ s2. Thus we conclude by setting
s’ to be 57 57.

3.2 The reduction is internal to #: t = t1tp —-go1 112, = ' follows from
th —_ge1 1. Similar to the previous case.

3.3 The reduction is at the root of ¢. Then the step is adb step: # = (Ax. #11)L t, —>gp

t11[x/6]L = t'. By Lem. G.2(2) there exists s, L’ such that s; = (Ax. s11)L’
with #11 < s1; and L <y L’ and X N fv(1x. s11) = @.
We set s’ to be sy1[x/s2]L’. Note that s = (Ax. s11)L" 50 —>gp s11[x/s2]L".
From t1; < 511 and #; < sy, t11[x/#2] < s11[x/ s2] holds. Finally, since L »<x L’
and 1, < 55, also [x/t JL<x [x/s2]L”. We obtain #1[x/t,]L=< s11[x/s2]L” from
Lem. G.2(8).

— Item 2. There are two cases.

3.1 The reduction is internal to #1: t = t; t —ge1 1 = t’ follows from #; —g
t1. From the IH there exists s} such that s; —7 s and #{ = s}. Then
S1 82 _’Sc! s s2 and moreover f] t; < s s2. Thus we conclude by setting s
to be s} 52.

3.2 The reduction is internal to tp: t = t| t —ge1 1125, = t’ follows from 15—
t. Similar to the previous case.

4. tw sis ty[x/t] =< s1[x/s2] and follows from #; »< s; and 1, < s5.

— Item 1. There are three cases.

4.1 The reduction is internal to #;. Then #{[x/t;] —-ge1 t][x/82] = ¢’ follows
from #; —_gc1 #]. From the hypothesis #; = s; and the IH, there exists s/
such that s; —p s} and | = s7. Then we set s’ to be s][x/s2]. Note that
si[x/s2] =g s1[x/s2] and #][x/t] < 57[x/s2], and we conclude.

4.2 The reduction is internal to #,. Similar to the previous case.

4.3 The reduction is at the root of ¢. Then the reduction step must be a Is!-
step: t = CLN[x/(Mt21)L] o151 CLti WX/t ]L = ¢ and x ¢ fv(zp;) and
fv(Q) N dom(L) = @. From C{x) =< s; and Lem. G.2(3), s; = C'{x)
and C xy C" and x ¢ X. Similarly, from (!t;;)L < s, and Lem. G.2(4),
so = (lso1)L" and fp; = so; and L <y L’ and Y N fv(!sy;) = @. Then
s = C{aplx/(Is2)L'] —p C'(s2plx/ts21]L. From f31 < 521 and C =y C',
we deduce from Lem. G.2(7), that C{t,;)) < C'{s21). We may assume that
dom(L”) N fv(C’(s21)) = @. Finally, we set 5" to be C’'{s21 )[x/!s21]L" and
conclude with C{tp1 H[x/!t21]L < C's21 H[x/!s21]L” by Lem. G.2(8).
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— Item 2. There are three cases.
4.1 The reduction is internal to #;. Same as above.
4.2 The reduction is internal to #,. Same as above.
4.3 The reduction is at the root of ¢. Then the reduction step must be a gc!-
step: ¢ = t1[x/(!21)L] Fger HL = ¢ and x ¢ fv(t). From (!#)L < s, and
Lem. G.2(4), 5, = (!Sz])]_./ and fp; = sp; and L <y L’ and X N fV(!SQ[) =
@. Moreover, we may assume that not only X N fv(lsy;) = @, but also
X Nfv(sy) = @. Consider s1[x/(!s2;)L’]. There are two further cases:
43.1 x ¢ tv(sy). Then s = s1[x/(!521)L"] >ge1 511" = §’. Note that from
L xy L, dom(L’) N fv(s;) = @ and Lem. G.2(8), we have #|L < s;L’.
We thus set s’ to be s;L” and conclude.
4.3.2 x € fv(sy). Since x ¢ fv(¢) and t; < s, then by Lem. G.2(6), there exists
51 such that x ¢ fv(s}) and #;=s] and s; —>;c! s’. Then s1[x/(1s21)L’] —>;c!
s10x/(1521)L] —ger s7L". We thus set s to be 7L and conclude.
5. tx< sis !ty = !sy and follows from #; < sy.
— Item 1.
5.1 The reduction must be internal to #;. Then !t; —_gc; 7] = ¢’ follows from
t1 —-gc! 1]. From the hypothesis #; < 51 and the IH, there exists s{ such
that s; —p s| and 7] = 5. Then we set s to be !s]. Note that !s; —g !s]
and !7] < !s|, and we conclude.
— Item 2.
5.1 The reduction must be internal to #. Then !ty —gc; ] = ¢’ follows from
1 —ge! t’l. From the hypothesis 7, < 51 and the IH, there exists s} such that
S —>gc! s1 and 1] < 57. Then we set s’ to be !s7. Note that !s —>;c! !s| and
!ti < !5'1’ and we conclude.
6. tx sis der(t)) < z[z/s1] and follows from #; x s1.

— Item 1. There are two cases.

6.1 The reduction is internal to ¢;. Then der(t;) —-gc der(s]) = t’ follows
from #; —_gc; #]. From the hypothesis #; < s and the IH, there exists s
such that s; —p s} and #] = s{. Then we set s" to be z[z/s]]. Note that
z[z/s1]1 —B z[z/s] and der(#]) = z[z/s}], and we conclude.

6.2 The reduction is at the root of ¢. Then the reduction step must be a d!-step:
t = der((!t11)L) g t1L = s. From #; = (1#17)Lxs;. and Lem. G.2(4), s, =
(!s51)L” and t11<s51 and LxxL” and XNfv(!sy1) = @. Then z[z/(!s21)L"] =1
s21[z/'s21]L". Moreover, 1L < s51[z/1s21]L" follows from #1; < 551, then
t11 = 821[2/!s21], and finally from the latter and L <y L’ by Lem. G.2(8). We
set 5" to be s71[x/!so1]L” and conclude.

— Item 2.
6.1 The reduction is internal to #;. Same as above.

7. t< sistx si[z/!sy] follows from ¢ & s1 and z ¢ fv(sy),
— Item 1.

7.1 Suppose t —_gc) t'. From the hypothesis ¢ = s; and the IH, there exists s
such that sy —g s} and ¢ x s|. Then we set s’ to be s{[x/!s2]. Note that
si[x/'s2] = s7[x/!s2] and ¢ =< 57[x/!s2], and we conclude.

— Item 2.
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7.1 Suppose t —gc t'. From the hypothesis 7 = s; and the IH, there exists s
such that s; —7, s} and ¢’ = s{. Then we set 5" to be s7[x/!s2]. Note that
silz/!s7] —>;C! s1lz/!s2] and ¢’ < s1[z/!s,], and we conclude.

Lemma G.4. 1. tx (Ax.s)L implies t = (Ax.t;)L with t; = s and L =<xx L" and X N

fv(dx.1)) = @.

2.t C'{x) implies t = C{x) and C<x C' and x ¢ X.

3. t=<(!s)L" impliest = (1t;)L and t; < s and L <x L" and X N fv(ls) = @.

4. t =< D{x) implies
4.1 either x € fv(t) and t = C{x)) and C =<y D;
4.2 or x ¢ fv(t) and D = Di(s1[y/'DakxD]) and y ¢ fv(sy) and t = C{t;) and

C(t1) < Di{s1).

Proof. Ttem 1. By induction on the derivation of # = (Ax. s)L".
Item 2. By induction on the derivation of 7 < C"{(x).
Item 3. By induction on the derivation of 7 < (!s)L’".
Item 4. By induction on the derivation of ¢ < D{x)).

Lemma G.5 (Backwards simulation of dereliction).

r X Ky X N
| |

ool e e 3)
x5 r x5

where t € {db, Is!}.
Proof. We prove both items by induction on the derivation of # x s.

1. t» sis x> x. Both items are immediate since there are no —g steps from x.
2. tx< sis Ax. t; < Ax. s; and follows from #; x s7.
— Item 1. The reduction must be internal: Ax. s; —-go1 Ax. 5| = s* follows from

51 —-ger 7. From the IH there exists 7| such that /; —,, 7] and 7} = s7. Then

Ax. 1) > g, Ax. 1) and moreover Ax. 7] < Ax. s7. Thus we conclude by setting 7’

to be Ax. 1.

— Item 2. Similar to Item 1.
3. tx sist < s1 52 and follows from #; = 51 and 1, x 5o
— Item 1. There are three cases.

3.1 The reduction is internal to s;: s = 5153 —-ge1 8152 = 5’ follows from
51 gt 57 From the TH there exists 7] such that f; —g,,, 7] and 7] x< 5.
Thent; t» = peer t] t2 and moreover f| f%<s} 5. Thus we conclude by setting
¥ tobe t] tr.

3.2 The reduction is internal to s2: s = 5152 —-gc1 815, = s follows from
52 —-gc! 85. Similar to the previous case.

3.3 The reduction is at the root of s. Then the step is a db step: s = (Ax. s11)L’ 52
s11[x/s2]L" = 5. By Lem. G.4(1) there exists f;;, L such that #; = (dx. ;)L
with #1; < s7; and L <y L and X N fv(dx. t11) = @.

We set ¢’ to be t11[x/t,]L. Note that ¢t = (Ax.11)Lt, —gp t11[x/]L. From
t1<s1p and < s, 111 [x/t2]< s11[x/ s2] holds. Finally, since LxyL” and XN
fv((Ax. s11) s2) = @, we obtain #11[x/t;]L < s11[x/s2]L” from Lem. G.2(8).

—db
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— Item 2. There are two cases.

3.1

32

The reduction is internal to s1: 5 = 5152 —ge s752 = ' follows from
§1 —gcr 87 From the IH there exists 7] such that#; —_, 7] and #] < s|. Then
Hhi —>;c! t| t2 and moreover ] tp < 57 52. Thus we conclude by setting ¢’ to
be ] t;.

The reduction is internal to s2: § = 5152 —ger s155, = s follows from
52 —gct §5. Similar to the previous case.

4. twx sis t[x/tr] =< s1[x/s2] and follows from #; < s; and £, < s5.
— Item 1. There are three cases.

4.1

4.2
43

The reduction is internal to 5. Then s1[x/s2] =g 57[x/s2] = 5’ follows
from s; —_ge1 §7. From the hypothesis #; =< 51 and the IH, there exists #|
such that #, = Ber t; and 7] =< 7. Then we set ¢’ to be #{[x/#;]. Note that
t[x/1] = per t[x/t2] and £ [x/12] = s{[x/5,], and we conclude.

The reduction is internal to s,. Similar to the previous case.

The reduction is at the root of s. Then the reduction step must be a Is!-
step: s = C'QxPlx/(1s21)L'] 161 C s Plx/ts2r L = s" and x ¢ fv(sy)
and fv(C") ndom(L’) = @. From ¢; < C’{x) and Lem. G.4(4), there are two
possible cases:

4.3.1 x € fv(t)) and #; = C{x) and C =<y C’. Similarly, from #, = (!s,;)L and

Lem. G.4(3), t, = (1f;)L and t5; < s and L =<y L” and Y nifv(lsy) =
@. Then 1 = CLx)[x/(121)L] —ge CLe21 Y[x/!021 L. From 151 < s,
and C <y C’, we deduce from Lem. G.2(7), that C{t>1)) =< C'{s21). We
may assume that dom(L") N fv(C{#)») = @. Finally, we set ¢ to be
C{t21 )[x/ 21 IL and conclude with C{z D [x/ 121 JL< C" 521 D[ x/ 521 I
by Lem. G.2(8).

432 x ¢ fv(t)) and C' = Ci(s1[y/!C{x»]) and y ¢ fv(s1) and t; = C{¢1;) and

C(t11) < C{(s1). The step s -y5; s is thus of the form:
s = Ci(s1[y/!1CGLYDIx/(s20)L'] sy C 1 [y/1CGLsa DD Ix/ sl =

Just like in the previous case, from #, » (!55;)L and Lem. G.4(3), 1, =
('t21)L and #,; =< sy and L <y L” and Y Nfv(lsy)) = @. Then

Cnplx/(pl] =< Clsiy/IGLDDIx/(Ls21)L]

\ -

Cltilx/(n)l] =< Cilsily/!C s DD x/ s L

— Item 2. There are three cases.

4.1

4.2
43

The reduction is internal to s1: s = s1[x/s2] —gc1 s7[x/s2] = ¢’ follows
from s; —gc s7. From the IH there exists #] such that —>Zc! t; and
ty = s7. Then t;[x/t;] —>;c! t1[x/12] and moreover #|[x/t] < s7[x/s2]. Thus
we conclude by setting ¢’ to be #][x/#,].

The reduction is internal to s,. Same as above.

The reduction is at the root of s. Then the reduction step must be a gc!-
step: s = s1[x/(!s21)L] Fger s1L = ¢ and x ¢ fv(sy). From #, = (!s71)L
and Lem. G.4(3), t, = (!t,;)L’ and tp; = sp; and L <y L” and X N fv(!5p;) =
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@. Moreover, we may assume that not only X N fv(ls;;) = @, but also
X Nfv(sy) = @. Consider s;[x/(!s21)L’]. From x ¢ fv(s;) and Rem. G.2(1),
also x ¢ fv(t;). Then t = t[x/(!21)L'] Fger ©iL” = ¢. Note that from
L xx L', dom(L") N fv(s;) = @ and Lem. G.2(8), we have #L = s;L’. We
thus set ¢’ to be 1L’ and conclude.
5. t= sis !t; < sy and follows from #; x s;.
— Item 1.

5.1 The reduction must be internal to s1. Then !s; —_g¢ !s] = s’ follows from
51 —-gc! s7. From the hypothesis #; = s; and the IH, there exists #; such
that 71 -z, 1} and £} = s7. Then we set 7’ to be !7]. Note that !7; —g,,, 7]
and !7] = s}, and we conclude.

— Item 2.

5.1 The reduction must be internal to s;. Then s —gc !s] = s” follows from
51 —get §7. From the hypothesis #; = 51 and the IH, there exists #| such that
H —>;C! 1 and ] =< s7. Then we set ¢’ to be !s|. Note that ! —>;C! 't} and
'] =< 15}, and we conclude.

6. t= sis der(t)) < z[z/s;] and follows from #; < 5.
— Item 1. There are two cases.

6.1 The reduction is internal to s;. Then z[z/s1] —-ge1 z[z/s]] = s’ follows
from s; —_gc1 57. From the hypothesis #; =< s1 and the IH, there exists #
such that #; —g,, 7} and 7} = s7. Then we set 7" to be der(#}). Note that
der(t) =g der(#)) and der(z]) = z[z/s]], and we conclude.

6.2 The reduction is at the root of s. Then the reduction step must be a Is!-step:
s = z[z/(Is11)L"] =gt s11lz/!s11]L’. From #; =< (!s11)L” and Lem. G.4(3),
ti = (It1p)L and t =< s1; and L <y L” and X N fv(lt5) = @. We set ¢’ to
be der((!t;2)L). Note that der((!z;2)L) 41 t12L. Moreover, from 7, = s;
we deduce #1; < s11[z/!s11] using gc; and from the latter we obtain #;,L
s11[z/'s11]L" using Lem. G.2(8).

— Item 2. There is one case.

6.1 The reduction is internal to s;. Then z[z/s|] —gc z[z/s]] = s follows
from s1 —gcr 5. From the hypothesis #; < s; and the IH, there exists 7]
such that #; —>;C, t; and t] = 5. Then we set ¢ to be der(¢]). Note that
der(t;) —,, der(t) and der(]) = z[z/s}], and we conclude.

7. t=sistx si[z/!so] follows from ¢ & s1 and z ¢ fv(sy),
— Item 1. There are two cases.

7.1 The reduction is internal to s1. Suppose s1[z/!s2] —-ger 57[z/!s2] follows
from 51 —_ge! s’l. From the hypothesis #<s; and the IH, there exists ¢’ such
that ¢ _)EdeV ¢ and ¢’ = s7. We conclude since t’' < s[z/!s>] follows from gc.

7.2 The reduction is internal to s,. Suppose s1[z/!s2] —-ge1 s1[z/!s5] follows
from s3 —_gc1 55. We set ¢’ to be 7 since ¢’ = s1[z/!s7] follows from gc.

— Item 2. There are three cases.

7.1 The reduction is internal to s1. Suppose s1[z/!s2] —ger 81[z/!s2] follows
from s1 —gc1 §7. From the hypothesis 7 < sy and the IH, there exists #' such
that# —~, " and ¢' i 5. We conclude since ¢’ < 57[z/!s,] follows from gc.

7.2 The reduction is internal to s. Suppose s1[z/!s2] —ge1 s1[z/!s}] follows

from s —gc1 55. We set ' to be ¢ since ' < 51[z/!s}] follows from gc.
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7.3 The reduction is at the root. Then the reduction step must be a gc!-step:
s = s1[z/!s21] Pger 51 =1'. We set ¢’ to be ¢ and conclude from 7 = s;.

Proposition G.2 (Bang typing [proor o Pror. 7.2]). If '+t : A then I'B;- + 8 : AB,
Proof. By induction on the derivation of I" + 7 : A:

1. b-var: Let I, x: !A + x : A be derived from the b-var rule. Then:

uvar
FB,x:AB;- Fox:eAB
IB x: A8 r req(x): AB
2. b-abs: Let ' + Ax.t : !A — Bbe derived from I, x : A + ¢ : B. Let a be a fresh
linear variable, such that a ¢ fv(¢®). Then:
IH

request

lvar
FB,x:AB;~|—tB:BB FB;a:!OABI—a:!OAB
FB;a :1eAB + tB[x/a] : BB
I®; -+ da.®[x/a] : 1eAB — BB
3. b-app: LetI'+ts: Bbederivedfrom/I'+1:!A — Band '+ s: !A. Then:
IH IH
TP -8 1eA% o B% 1B 1 58 leA®
app
FB;~|—tBsB:BB
4. b-prom: Let I" + !t : A be derived from I" + ¢ : A. Then:

sub

abs

IH
I8, 8. A8
—I"B- i .tB - .AB grant

prom

I8+ 1o : leAB

5. b-es:LetI' +t[x/s] : \Bbederived from I, x: !A+t:Band I + s: !A. Then:
IH IH

FB,x:AB;-i—tB:YOBB FB;~|—SB:!0AB

I8 .+ tB[x/sB] . BB

Definition G.1. We define a subset Ctxs C Ctxs, of the set of contexts, called Bang
contexts.

Cu=req(D) | req(eQ) | da.Clu/a] | Cr|tC [ eC| Clu/1] | [u/C]

where, in the production C ::= Aa.Clu/a] we assume that a is fresh, that is a ¢ fv(C).
Furthermore, we define a subset SCtxs2 C SCtxs, of the set of substitution contexts,
called Bang substitution contexts:

Lu=0]Llu/t]

The inverse translation can be extended to Bang contexts and substitution contexts,
setting req(0)™® := O for Bang contexts, and 0" := 0 for Bang substitution contexts.

Lemma G.6 (Context decomposition for the inverse Bang translation).
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1L € Tg if and only if t € Tg and L € SCtxs®.
C{xY) € T if and only if C € CtxsE.

If C € Ctxs® and t € Tg then C(or) € Ts.

Ift € Tg and L € SCtxs?, then (1L)8 = rBLN.

If C € Ctxs] then C{x)™® = CB¢x).

IfC € Ctxs® and t € Tg, then C(or)8 = C B¢ BY.

Proof. By induction on the first judgement in the statement of each item, except the
first and fourth items which are by inductionon L and L € SCtxsE, resp.

Remark G.3. fv(g‘B) = fv(z).

Lemma G.7 (Inverse Bang simulation [rroor or LEmma 7.2]). Lett € Tg and s € T..
Ift >4 sthen s € Tgand ™ >3 575,

Proof. By induction on the (unique) derivation of ¢t € 7g:

= req(x): Impossible, as there are no steps ¢ —, s.

= req(et,): We consider two subcases, depending on whether the step is at the
root of the term or internal to ef;:

2.1 If the step is at the root, we have that = req(et,) Feeq f; = 5,50 s =1, €Tp

and 18 = req(er,) B = 1,8 = 5B

2.2 If the step is internal to e7,, note that it cannot be at the root of ez,, since this
term does not match the left-hand side of any rewriting rule. Then the step must
be internal to ¢, that is, t = req(et,;) —, req(es’) = s with t, —, s’. By IH,

s € TN, sos = req(es’) € TN, and r® = req(et))™® = 1;® -5 5B =

req(es’) B = s7B.

t = Aa.t'[x/a]: Note that the step cannot be at the root, and that that there cannot

be a — s nor a — .4 step involving the substitution [x/a], since these rules would

require that a be of the form (!r)L, but a is a linear variable. This means that the
step must be internal to ¢, that is, ¢ = da. ¢'[x/a] —. Aa. s'[x/a] = s witht’ —, '

By IH, s’ € TN, so s = da.s'[x/al € TV, and 8 = (Aa.t'[x/a])™® = Ax.t7® >

Ax. s B = (a. s'[x/a]) B = s7B.

t = t, t,: We consider three subcases, depending on whether the step is at the root

of the term, internal to ¢, or internal to z,:

4.1 If the step is at the root of the term, it must be a edb step, that is, 7, must
be of the form (da.f)L. By Lem. G.6, this means that da.t € 7N and L €
SCtxs). In particular, ¢ must be of the form # = #|[x/a]. Then we have that
t = (da.t|[x/a])L 'et, —>uqp t][x/!et,]L = 5. Note that s = £{[x/!et,]L € TN by
Lem. G.6. By IH, we have that

t
t

8= ((Aa.f;[x/a])L 'et,)®
= (Axf L BLB
ap ) P [x/6;BILB
= ([x/lery]L)™®
= siB

4.2 1If the step is internal to ¢, we have that 1 = £, 1, —, 512, = s withz; —, s1.
ByIH,s; e TN, sos=s1t,€TNandt® =118 -5 58,8 =575
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4.3 If the step is internal to t,, we have that = £, 7, —. £, 52 = s with 7, —, 53.
Similar to the previous case.

5. t = let . If the step is internal to !ef,, note that it cannot be at the root of !ez, nor
at the root of ¢, since these terms do not match the left-hand side of any rewriting
rule. So the step must be internal to ¢, that is, we have that 1 = ez, —, les; =5
withf, -, 5s1. By IH, s; € Tg,s0 5 = les; e Tgand 1 B = ;8 -7 58 = s75.

6. t = t,[x/t,]: We consider three subcases, depending on whether the step is at the
root of the term, internal to ¢, or internal to £,:

6.1 If the step is at the root of the term, it must be either a els or a egc step. We
consider two further subcases:
6.1.1 If the step is a els step, then ¢, = (!ef,)L and we have that t, = C{x) €
7o and 1 = CLN/ (o)L s Co)/CorIL = 5. Note that, by
Lem. G.6, C € CixsZ, so, again by Lem. G.6, s = C{ot,)[x/!et,]L € TN.
Moreover also us1ng Lem. G.6, we have that 18 = = (CLxP[x/(loty)L])" B =
CBaM/5;°] o1s CBULPYN/5°] = (CUot, M/ tor, 1) = 575,
6.1.2 If the step is a egcC step, we have that x ¢ fv(¢,) and t = 51 [x/!e1,] oage 1) =
s. Note that s =1, € TN. Moreover, t 8 =t [x/1et,]® = 1;B[x/5;5] e
;8 = 578 Note that x ¢ 172 because fv(t;®) = fv(z,), as noted in Rem. G.3.
6.2 If the step is internal to z,, we have that ¢ = ¢,[x/t,] —. s1[x/t,] = s with
t, > 51. By IH, 51 € 7,50 s = s1[x/t,] € TB and 18 = 1;®[x/5;B] -
sl‘B[x/ZE B]=sB.
6.3 If the step is internal to t,, we have that ¢ = 1,[x/t,] —, t,[x/s2] = s with
f, —e 52. By IH, 57 € T, 50 s = 1,[x/5] € Tg and 1 ° = 1;®[x/5;5] -3
gl‘B[x/sgB] = s7B.
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