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—— Abstract

Proof terms are syntactic expressions that represent computations in term rewriting. They were

introduced by Meseguer and exploited by van Oostrom and de Vrijer to study equivalence of
reductions in (left-linear) first-order term rewriting systems. We study the problem of extending the
notion of proof term to higher-order rewriting, which generalizes the first-order setting by allowing
terms with binders and higher-order substitution. In previous works that devise proof terms for
higher-order rewriting, such as Bruggink’s, it has been noted that the challenge lies in reconciling
composition of proof terms and higher-order substitution (S-equivalence). This led Bruggink to
reject “nested” composition, other than at the outermost level. In this paper, we propose a notion
of higher-order proof term we dub rewrites that supports nested composition. We then define two
notions of equivalence on rewrites, namely permutation equivalence and projection equivalence, and
show that they coincide.
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1 Introduction

Term rewriting systems model computation as sequences of steps between terms, reduction
sequences, where steps are instances of term rewriting rules [I5]. It is natural to consider
reduction sequences up to swapping of orthogonal steps since such reductions perform the
“same work”. The ensuing notion of equivalence is called permutation equivalence and was
first studied by Lévy [I1] in the setting of the A-calculus but has appeared in other guises
connected with concurrency [I5, Rem.8.1.1]. As an example, consider the rewrite rule
c(z,f(y)) — d(z,z) and the following reduction sequence where, in each step, the contracted
redex is underlined:

ce(z£(2)), £(2)) = d(e(2,£(2)), e(z,£(2))) = d(d(z, 2), (2, £(2))) = d(d(z, 2),d(z, 2))
(1)

Performing the innermost redex first, rather than the outermost one, leads to:
c(e(z,£(2)),£(2)) = c(d(z, 2),£(2)) — d(d(z, 2),d(z, 2)) (2)

The first step in makes two copies of the innermost redex. It is the two steps contracting
these copies that are swapped with the first one in to produce . Such duplication (and
erasure) contribute most of the complications behind permutation equivalence, both in its
formulation and the study of its properties.
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Proof Terms. Proof terms are a natural representation for computations. They were
introduced by Meseguer as a means of representing proofs in Rewriting Logic [13] and exploited
by van Oostrom and de Vrijer in the setting of first-order left-linear rewriting systems, to study
equivalence of reductions in [I7] and [I5, Chapter 9]. Rewrite rules are assigned rule symbols
denoting the application of a rewriting rule. Proof terms are expressions built using function
symbols, a binary operator “;” denoting sequential composition of proof terms, and rule
symbols. Assuming the following rule symbol for our rewrite rule o(z, y) : ¢(z, f(y)) — d(z, x),
reduction may be represented as the proof term: o(c(z,f(2)), 2) ; d(o(z, 2), c(z,£(2))) 3
d(d(z, 2), 0(z, 2)) and reduction as the proof term: c(o(z,2),f(2)) 5 o(d(z, 2),2). One
notable feature of proof terms is that they support parallel steps. For instance, both proof
terms above are permutation equivalent to o(c(z,£(2)), 2) 5 d(o(z, 2), o(z, 2)), which performs
the two last steps in parallel, as well as to o(o(z, 2), z), which performs all steps simultaneously.
Permutation equivalence now can be studied in terms of equational theories on proof terms.

Equivalence of Reductions via Proof Terms for First-Order Rewriting. In [I7], van
Oostrom and de Vrijer characterize permutation equivalence of proof terms in four al-
ternative ways. First, they formulate an equational theory of permutation equivalence p ~ o
between proof terms, such that for example o(c(z,f(2)), 2) 5 d(o(z, 2), 0(z, 2)) = 0(0(z, 2), 2)
holds. These equations account for the behavior of proof term composition, which has a
monoidal structure, in the sense that composition is associative and empty steps act as
identities. Second, they define an operation of projection p/o, denoting the computational
work that is left of p after o. For example, c(o(z, 2),£(2))/0(c(z,£(2)), z) = d(o(z, 2), 0(z, 2)).
This induces a notion of projection equivalence between proof terms p and o, declared to hold
when both p/o and o/p are empty, i.e. they contain no rule symbols. Third, they define a
standardization procedure to reorder the steps of a reduction in outside-in order, mapping
each proof term p to a proof term p* in standard form. For example, the (parallel) standard
form of c(o(z, 2),f(2)) 5 o(d(z,2),2) is o(c(z,f(2)),2) ; d(o(z, 2), 0(z,2)). This induces a
notion of standardization equivalence between proof terms p and o, declared to hold when
p* = 0. Fourth, they define a notion of labelling equivalence, based on lifting computational
steps to labelled terms. Although these notions of equivalence were known prior to [I7],
the main result of that paper is that they are systematically studied using proof terms and,
moreover, shown to coincide.

Higher-Order Rewriting. Higher-order term rewriting (HOR) generalizes first-order term
rewriting by allowing binders. Function symbols are generalized to constants of any given
simple type, and first-order terms are generalized to simply-typed A-terms, including constants
and up to fn-equivalence. The paradigmatic example of a higher-order rewriting system is the
A-calculus. It includes a base type ¢ and two constants app : ¢ — ¢ — ¢ and lam : (¢t — 1) — ¢;
B-reduction may be expressed as the higher-order rewrite rule app (lam (\z.x 2))y — z y.
A sample reduction sequence is:

lam(Av.app(lam(A\z.z), app(lam(A\w.w),v))) — lam(Av.app(lam(A\z.z),v)) — lam(Av.v) (3)

Generalizing proof terms to the setting of higher-order rewriting is a natural goal. Just
like in the first-order case, we assign rule symbols to rewrite rules. One would then expect

@,
)

to obtain proof terms by adding these rule symbols and the composition operator to
the simply typed A-calculus. If we assume the following rule symbol for our rewrite rule

ozy:app (lam (\z.x z))y — xy, then an example of a higher-order proof term for is:

lam ()\v. (app(lam(Az.z), o (Aw.w) v) ; o (Au.u) v))
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However, higher-order substitution and proof term composition seem not to be in conson-
ance, an issue already observed by Bruggink [4]. Consider a variable z. This variable itself
denotes an empty computation 2 — z, so the composition (z ; ) also denotes an empty
computation z — x. If o is an arbitrary proof term s — ¢, the proof term (Az.(z ; z)) o
should, in principle, represent a computation (Az.z)s — (Az.z)t. This is the same as s — t,
because terms are regarded up to Sn-equivalence. The challenge lies in lifting Sn-equivalence
to the level of proof terms: if S-reduction is naively extended to operate on proof terms, the
well-formed proof term (Az.(z ; x)) o becomes equal to (o 5 o), which is ill-formed because
o is not composable with itself if s #g, t. Rather than simply disallowing the use of “;”
under applications and abstractions (the route taken in [4]), our aim is to integrate it with
Bn-reduction.

Contribution. We propose a syntax for higher-order proof terms, called rewrites,
that includes Sn-equivalence and allows rewrites to be freely composed. We then define a
relation p &~ ¢ of permutation equivalence between rewrites, the central notion of our
work. The issue mentioned above is avoided by disallowing the ill-behaved substitution of a
rewrite in a rewrite “p{x\o}”, and by only allowing notions of substitution of a term in a
rewrite p{z\s}, and of a rewrite in a term s{x\\p}. From these, a well-behaved notion of
substitution of a rewrite in a rewrite p{z\\o} can be shown to be derivable. We also define
a notion of projection p/o. The induced notion of projection equivalence coincides
with permutation equivalence, in the sense that p ~ ¢ iff pJo =~ o' and o//p ~ p's',
t stands for the target term of p. The equivalence is established by means of
flattening, a method to convert an arbitrary rewrite p into a (flat) representative p° that

where p'¢
only uses the composition operator “;” at the top level and a notion of flat permutation
equivalence p ~ o. Flattening is achieved by means of a rewriting system whose objects
are themselves rewrites. This system is shown to be confluent and strongly normalizing.
We also show that permutation equivalence is sound and complete with respect to

flat permutation equivalence in the sense that p ~ o if and only if p” ~ o°.

Structure of the Paper. In Section [2] we review Nipkow’s Higher-Order Rewriting Systems.
Section [3] proposes our notion of rewrite and Section [d] introduces permutation equivalence for
them. Flattening is presented in Section [5} In this section, we also formulate an equational
theory defining the relation p ~ ¢ of flat permutation equivalence between flat rewrites.
It relies crucially on a ternary relation between multisteps, called splitting and written
[ & i 3 pio, meaning that g and gy 3 e perform the same computational work. In Section [f]
we first define a projection operator for flat rewrites p/o, and we lift it to a projection
operator for arbitrary rewrites p//o o p’/0’. Then we show that the induced notion of
projection equivalence coincides with permutation equivalence. Finally, we conclude and
discuss related and future work. Detailed proofs can be found in the accompanying technical report [2].

2  Higher-Order Rewriting

There are various approaches to HOR in the literature, including Klop’s Combinatory
Reduction Systems (CRSs) [8] and Nipkow’s Higher-Order Rewriting Systems (HRSs) [14,
12]. We consider HRSs in this paper. Their use of the simply-typed lambda calculus for
representing terms and substitution provides a suitable starting point for modeling our
rewrites. Moreover, HRS are arguably more general than CRS in that their instantiation
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mechanism is more powerful [I5, Sec.11.4.2]. We next introduce HRS. Assume given a
denumerably infinite set of variables (z,y,...), base types («, B3,...), and constant symbols
(c,d,...). The sets of terms (s,t,...) and types (A, B,...) are given by:

s u= z|c]| As|ss A = a|A—A

A term can either be a variable, a constant, an abstraction or an application. A type can
either be a base type or an arrow type. We write fv(s) for the free variables of s. We use X,,,
or sometimes just X if n is clear from the context, to denote a sequence X1, ..., X,,. Following
standard conventions, st,, stands for the iterated application st; ...t,, and A,, — B for the
type A1 — ... A, — B. We write s{z\t} for the capture-avoiding substitution of all free
occurrences of z in s with ¢ and call it a term/term substitution. We identify terms that differ
only in the names of their bound variables. A typing context (I',I”,...) is a partial function
from variables to types. We write dom(T") for the domain of T'. Given a typing context T’
and z ¢ dom(T"), we write I',x : A for the typing context such that (I',z : A)(z) = A, and
(T,z: A)(y) = T'(y) whenever y # x. We write - for the empty typing context and = € T" if
x € dom(T"). A signature of a HRS is a set C of typed constants ¢ : A. A sample signature is
C={app:t—t— ¢ lam: (: = ¢) = ¢} for ¢ a base type.

» Definition 1 (Type system for terms). Terms are typed using the usual typing rules of the
simply-typed A-calculus:
(x:A)el (c:A)ecC MNz:AkFs: B 'rs:A—-B TFt:A
Var Con Abs App
I'Fxz:A I'kc:A 'kXzs:A—> B I'kst:B

Given any I’ and A such that T'F s: A can be proved using these rules, we say s is a typed

term over C. We typically drop C assuming it is implicit.

We assume the usual definition of § and #n-reduction between terms. Recall that (-
reduction (resp. n-reduction) is confluent and terminating on typed terms. We write s |2
(resp. s ") for the unique S-normal form (resp. n-normal form) of s. The S-normal form of
a term s has the form \Tg.at; ...t,,, for a either a constant or a variable. The n-expanded
form of s is defined as:

s ATTra (o 17) (@01 17) - (@ngn 1)
where s is assumed to have type A, — B and the x,,41,..., 7, are fresh. We use s iz
to denote the term s |# 1" and call it the $7-normal form of s.

A substitution 0 is a function from variables to typed terms such that 6(z) # z only

for finitely many x. The domain of a substitution is defined as dom(0) = {z | 0(x) # z}.

The application of a substitution 0 = {x; — s1,...,2, — S,} to a term ¢ is defined as
def

0t = (\Tn-t)50) 13-

» Definition 2. A pattern is a typed term in B-normal form such that all free occurrences of
a variable x; are in a subterm of the form x;ty ... tx with t1,...,tx n-equivalent to distinct
bound variables. A rewriting rule is a pair (,r) of typed terms in fT-normal form of the
same base type with £ a pattern not n-equivalent to a variable and fv(r) C fv(¢). An HRS is
a pair consisting of a signature and a set of rewriting rules over that signature. We typically
omit the signature.

» Definition 3. The rewrite relation —x for an HRS R is the relation over typed terms in
Br-normal form defined as follows:
ryeRrR s = Rr t s = t

———— Root ———— —— App ———————— Abs
0¢ —R Or ATy SPn —R CH’mtpn AL.S —R Azt
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where a is either a constant or a variable of type Apy14n — B. We write = (resp. <—§FR)
for the reflexive, transitive (resp. reflexive, symmetric and transtive) closure of —x .

» Example 4. Consider a base type ¢ and typed constants mu : (¢ — ¢) — ¢t and f : ¢ —
t. Two sample rewriting rules are: (mu(Ay.zy),z (mu(Ay.zy))) and (fz,gz). All four
terms have base type ¢. An example of a sequence of rewrite steps is mu (Az.fx) —g
f(mu(Aze.fz)) -g f(mu(Az.gz)) —-r g(mu(Az.gx)).

An HRS is orthogonal if: 1. The rules are left-linear, i.e. if the left-hand side ¢ has

fv(¢) = {x1,...,x,}, then there is exactly one free occurrence of x; in ¢, for each 1 < i < n.

2. There are no critical pairs, as defined for example in [14, Def. 4.1]. Orthogonal HRSs
are deterministic in the sense that their rewrite relation is confluent. All of the examples of
HRSs presented above are orthogonal. In the sequel of this paper, we assume given a fixed,
orthogonal HRS R.

3 Rewrites

In this section we propose a syntax for higher-order proof terms, called rewriteﬂ Rewrites
for an HRS R are a means for denoting proofs in Higher-Order Rewriting Logic (HORL,
cf. Def. [7)) which, in turn, correspond to reduction sequences in R (¢f. Thm. E[) As in the
first-order case [13], HORL is simply the equational theory that results from an HRS but
disregarding symmetry. Given an HRS R, let R¢ denote the set of pairs (AT, ., \Z,,.r) such
that (¢,ry € R and {z1,...,z,} = fv(¢). We begin by recalling the definition of equational
logic (cf. Def. , the equational theory induced by an HRS. It is essentially that of [12]
Def. 3.11], except that in the inference rule ERule we use R¢ rather than R. This equivalent
formulation will be convenient when introducing rewrites since free variables in the LHS of a
rewrite rule will be reflected in the rewrite too.

» Definition 5 (Equational Logic). An HRS R induces a relation =g on terms defined by
the following rules:

Ne:AFs:B THt:A Nz:AFs: B x¢fv(s)
- EBeta EEta
'k (Az.s)t =g s{z\t}: B 'kXrse=rs:B
(x:A)el (c:A)ecC Mae:AbFso=rsi:B
——————EVar ———— ECon EAbs
'CFe=raz:A I'Fec=rc: A 't Av.so =p \x.s1: A— B
I'Fsp=rs1:A— B I'kto=nrt1:A (s,t) € R® Fsi A St A
EApp ERule
I'kFsoto=r s1t1: B I'kFs=rt: A
I'ksg=rsi: A I'kFsp=rs1:A I'kFsi=rs:A
—— ESymm ETrans
I'ksi=rs0: A I'kFso=rs2: A

» Theorem 6 (Thm. 3.12in [12]). 'Fs=g t: A iff s igﬁ*n t 13-
The (<=) direction follows from observing that — 47 and <5 are all included in =x. The

(=) direction is by induction on the derivation of I' - s = ¢ : A.

1 Our notion of rewrite is unrelated to that of Def. 2.4 in [I3]; it corresponds to “proof terms” as introduced
in Sec. 3.1 in [13].
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Higher-Order Rewriting Logic results from dropping ESymm in Def. 5| and adding a proof
witness. Its judgments take the form I' - p: s — ¢ : A where the proof witness p is called a
rewrite. Given a set of rule symbols (0,9, ...), the set of rewrites (p,o,...) is given by:

pu=xz|clo|Azp|pp]|psp

A rewrite can either be a variable, a constant, a rule symbol, an abstraction congruence, an
application congruence, or a composition. Note that composition may occur anywhere inside
a rewrite. For the sake of clarity we present the full system for Higher-Order Rewriting Logic
next. We assume given an HRS R such that each rewrite rule (¢,7) € R has been assigned
a unique rule symbol ¢ and shall write (o, ¢,7) € R and also use the same notation for R°.
HORL consists of two forms of typing judgments:

1. ' 5 =g, t: A, meaning that s and ¢ are 3n-equivalent terms of type A under I'; and
2.TFp:s—rt: A meaning that p is a rewrite with source s and target ¢, which are

terms of type A under T.

» Definition 7 (Higher-Order Rewriting Logic). Term equivalence is defined as the reflexive,
symmetric, transitive, and contextual closure of:

Ne:AFs:B TFt:A Mz: Ak s: B  x¢fv(s)
EqBeta EqEta
I'F (Az.s)t =g, s{z\t}: B 'FAz.se=g,s:B

Typing rules for rewrites are as follows:

(x:A) el (c:A)ecC Dx:AFp:s)—»rs1:B
RVar RCon RAbs
l'Fz:x—»gao:A I'Fc:c—wrc: A T'FXxp:Ar.s) =g Ar.si: A— B

TkFp:sp—»rs1:A— B I'to:ito—»rti: A

RApp
' po: .S[)t() —>R S1 f/l : B

<Q,s,t>€Rc ks A St A TkEpisop—»rs1: A Tho:isi —»rs2:A
RRule RTrans
'Fo:s—rt: A I'kFpso:s0 »>rs2: A

Ikp:s wpt':A Thks=p,s:A Tkt =p,1:A4

RConv
Tkp:s—rt:A

The RVar and RCon rules express that variables and constants represent identity rewrites.
The RAbs and RApp rules express congruence below abstraction and application. The RRule
rule allows us to use a rule symbol to stand for a rewrite between its source and its target,
which must be closed terms of the same type. The RConv rule states that the source and the
target of a rewrite are regarded up to fn-equivalence. Note that there are no rules equating
rewrites; such rules are the purpose of Section [4] which introduces permutation equivalence.

» Example 8. Suppose we assign the following rule symbols to the rewriting rules of Ex. [4
(o, mu(Ay.2y),z (mu(Ay.zy))) and (J,fz,gz). Recall that C o {mu: (¢t —) =, f:
t — t}. The reduction of Ex. |4] can be represented as a rewrite:

‘Fozfa);f(mu(Ardz));d(mu(Ae.ger)): mu(Aefr) - g(mu(de.ga): ¢

Inspection of the proof of Thm. |§| in [12] reveals that 8 and 7 are only needed for
substitutions in rewrite rules. As a consequence:

» Theorem 9. There is a rewrite p such that I't- p: s —x t : A if and only if s ig—;}z t 15
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Now that we know that rewrites over an HRS R are sound and complete with respect to
reduction sequences in R, we review some basic properties of rewrites and then focus, in
the remaining sections, on equivalences between rewrites. In the sequel we will omit R in
'kp:s—ogpt:Aand write 'Fp:s—1: A

» Definition 10 (Source and target of a rewrite). For each rewrite p we define the source p*'

and the target p'' as the following terms:
e b ot e
e Lo ctet b
o Yo if(0:s—t:A)eR o'et Ly if(o:s—t:A)eR
(Azx.p)s© def Az.pSc (Az.p)tet def Az.p'et
(po) def € g5 (po)iet def et et
(p5o)pe = pe (p5o)e € pe

The free variables of an expression X (which may be a term or a rewrite) are written
fv(X), and defined as expected, with lambdas binding variables in their bodies. For any given
term or rewrite X, we write X {z\t} for the capture-avoiding substitution of the variable x
in X by t. The operation p{z\t} is called rewrite/term substitution.

We mention a few important syntactic properties of terms and rewrites (detailed statements
and proofs can be found in Section [A] of [2]). First, some basic properties hold, such as weakening
(ego fTFp:s—-t:AthenT,z:BF p:s —t: A) and commuting substitution
with the source and target operators (e.g. p{z\s}* = p{z\s}). Terms appearing in
valid equality and rewriting judgments can always be shown to be typable, that is, if either
F'Fs=gyt:AorI'Fp:s—-t:A thenl'Fs:Aand I'-1: A Second, given a typable
rewrite, I' - p : s — ¢ : A, the source of p and s are not necessarily equal, but they are
interconvertible, that is I' - s =g, p* : A, and similarly for the target, i.e. I' -t =g, p'" : A.
For example, if o : Ax.cx — Az.d : A — A then it can be shown that F od:cd — d: A,
and indeed c¢d =g, (Az.cz)d = (¢d)**. Third, any typable term s can be understood as an
empty or unit rewrite s, without occurrences of rule symbols, between s and itself: if 'Fs: A
then '+ s: s — s: A. We usually coerce terms to rewrites implicitly if there is little danger
of confusion. Substitution of a variable for a term is functorial, that is, given a rewrite
Fx: Ak p:s—t:Bandaterm I'Fr: A then I'F p{a\r}: s{z\r} — t{z\r} : B.

Term/rewrite substitution generalizes term/term substitution s{x\t} when ¢ is a rewrite,
i.e. s{z\\p}. Sometimes we also call this notion lifting substitution, as s{x\p} “lifts” the
expression s from the level of terms to the level of rewrites.

» Definition 11 (Term/rewrite substitution).
ifr=y

— p CiT = C
y{z\p} = {y Foty {z\p}
Q) {z\p} ' Ags{z\p} (st){e\p} & s{z\p}t{z\p}

We mention some important properties of term/rewrite substitution. First, term/rewrite
substitution is a kind of horizontal composition, in the sense that if [,z : AFs: Band 'k p:
t—t': Athen T'F s{a\p} : s{a\t} — s{z\t'} : B. Second, term/rewrite and rewrite/term
substitution commute according to the equation s{z\p}{y\t} = s{y\t}{z\p{y\t}}, as-
suming that D,z : A,y: BFs: Cand T,y : BFp:r — 1" : Aand ' ¢t : B (where, by
convention, = ¢ fv(t)). Note that, in particular, if y does not occur free in p, this means that

def

ifx#y
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s{x\pHuy\t} = s{y\t}{z\p}. Third, term/rewrite substitution commutes with reflexivity
in the sense that s{z\t} = s{z\t} holds whenever ',z : AF s: Band ' ¢ : A. Tt also
commutes with the source and target operators, in the sense that s{z\p}*" = s{x\p*“} and
s{x\p}® = s{z\p'®} hold whenever 'z : AFs: Band 'k p:t — 1t : A

4 Permutation equivalence

This section presents permutation equivalence (Def. 7 a relation over (typed) rewrites
p =~ o that identifies any two rewrites p and ¢ denoting computations in a given HRS R that
are equivalent up to permutation of steps.

Towards Permutation Equivalence for Rewrites. Equipped with the self-evident operations
of term/rewrite substitution s{x\p}, rewrite/term substitution p{x\t} and the fact that
rewrites may be freely composed, we set out to synthesize a definition of permutation
equivalence by attempting to assign a meaning for (Az.p) o, where ' p : sp — s1 : A and
I'ko:ty—1t;: A. We begin by assuming we have equations that allow rewrites to be
post-composed with their targets (~-ldR) and pre-composed with their source (=-IdL) and
reason as follows:

(Az.p)o MR ((Aap) 5 (As))o <MY (Aaup) 5 (Aaes1)) (fo 5 0)

These rewrites are syntactically valid since we allow composition inside an application.
Next, we allow application to commute with composition by introducing a rule ~-App:
(p1p2) 5 (0102) = (p1 3 01)(p2 5 02). Applying this equation leads us to:

((Mz.p) 5 Az.s1)) (to 5 0) ~APP) (A\z.p)ty; (Mz.sy)o

Finally, we introduce S-equality on rewrites. Arbitrary S-reduction of rewrites is not allowed
a priori. It is only allowed when either the abstraction or the argument are unit rewrites, for
which the substitution operators mentioned above can be used. These equations take the
form (A\z.s) p ~ s{z\p} and (A\z.p) s ~ p{z\s} and are called, ~-BetaTR and =~-BetaRT.

(Aep)tos Ars) o =R pla\to}s QGasi) o <GSR i} ;s (o}
In summary we have (Az.p) o ~ p{z\to} ; si{z\o}. We could equally well have deduced

(Ax.p)o = so{z\c} 5 p{z\t1}. As it turns out, however, p{z\to} ; s1{z\o} and so{z\c} ;
p{z\t1} are permutation equivalent in our theory.

Permutation Equivalence for Rewrites: Definition and Properties. We collect the obser-
vations above in the following definition.

» Definition 12 (Permutation equivalence). Suppose ' p:s—t: AandTFp :s —1': A
are derivable. Permutation equivalence, written ' (p:s —t) m (p/ : s = ') : A (or simply
prp if U)s t s t' A are clear from the context), is defined as the reflexive, symmetric,
transitive, and contextual closure of the following axioms:

P = op ~-IdL
p;p® =~ p ~-IdR
(pso)s7 =~ ps(osT) ~-Assoc
Az.p) 5 (Az.o) = Az.(p;o) ~-Abs
(p1p2) 5 (0102) =~ (p1301)(p2502) ~-App
(Ax.s)p = s{z\p} ~-BetaTR
(Ax.p)s =~ p{z\s} ~-BetaRT
Ar.px = p if v ¢ fv(p) ~-Eta
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Rules ~-IdL, ~-IdR and ~-Assoc, state that rewrites together with rewrite composition have
a monoidal structure. Recall from Section [3] that p*° is a term and p* is its corresponding
rewrite. Rules ~-Abs and =-App state that rewrite composition commutes with abstraction

and application. An important thing to be wary of is that rules may be applied only if
both the left and the right-hand sides are well-typed. In particular, the right-hand side of
the ~-App rule may not be well-typed even if the left-hand side is; for example given rule
symbols ¢ : A — B and d : A, the expression ((Az.z)(cd)) ; (cd) is well-typed, with source
and target cd, while ((Az.x) ; ¢) ((cd) ; d) is not well-typed.

Finally, rules ~-BetaTR, ~-BetaRT and ~-Eta introduce f7-equivalence for rewrites. Note
that ~-BetaTR and ~-BetaRT restrict either the body of the abstraction or the argument to a
unit rewrite, thus avoiding the issue mentioned in the introduction where a naive combination
of composition and fn-equivalence can lead to invalid rewrites.

Note that there are no explicit sequencing equations such as the I/O equationsﬂ defining
permutation equivalence in the first-order case [I5] and the corresponding equations flat-1
and flat-r of [4] for the higher-order case. Nonetheless, we can derive the following coherence
equation (see Lem. [68]in [2] for the proof):

pla\s'} s t{z\o} ~ s{z\o};p{z\t'} (~-Perm)
where ',z : AFp:s—t:BandI'Fo:s =t : A

» Example 13. Consider the HRS of Ex. [4] and the reduction of Ex. 8] We recall the latter
below (R2) and present a second one (R;).

Ry : mu(Mzfz) —» mu(Az.gzr) — g(mu(lz.gx))
Ry : mu(Azfz)—f(mu(Azfz)) —f(mu(\r.gr)) - g(mu(\z.gz))

Reduction sequence R; can be encoded as the rewrite mu (Ax.d x); o (Az.gx) and Ry as
o(Axfz); f(mu(Ax.dx)) ;9 (mu(Ax.gx)). These two rewrites are permutation equivalent:

mu (A\z.dx); 0(Az.gx)
mud;og
(muy){y\9} ;5 (ey){v\&}
~Pem) (o) {y\f} 5 (y (muy)){y\v}
of 5 ¥ (mud)
o of 5 (F59) (mu)
R of 5 (F59) (mud) ; (mug))
of ;£ (mud); J (mug)
Ba)  p(\zfx);f(mu(\z.dz)) ;9 (mu(Ar.gz))

~(Eta)

— e~ s
>
o
o
=

R

The ~-Perm rule motivates the definition of rewrite/rewrite substitution, p{x\c def

p{x\s'} ; t{z\ o}, which defines a rewrite s{x\s'} — t{z\t'}. Note that p{z\c} depends
on t and s’, and hence on the particular typing derivations for p and o. Congruence results
(Lem. and Lem. in the appendix) ensure that the value of p{x\\c} does not depend,
up to permutation equivalence, on those typing derivations. Rewrite/rewrite substitution
generalizes rewrite/term and term/rewrite substitution, in the sense that p{xz\t} ~ p{z\\t
and s{z\p} =~ s{z\p}.

Other important facts involving rewrite/rewrite substitution are the following. First, it
commutes with abstraction, application, and composition, that is (Ay.p){z\o } =~ \y.p{z\o },

2 1:0(01,.y00) R U1, i) - 0(t1, .oy tn) and O : 0(01, .oy 00) & 0(81, .0y 8n) - 7(01, ooy On)
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(prp2){2\o} ~ pi{z\o} p2{2\o}, and (p1 5 p2){a\o1 5 02} = pr{z\o1} 5 pafa\\oa}.
Second, permutation equivalence is a congruence with respect to rewrite/rewrite substitution,
that is, if p = p’ and o & ¢’ then p{a\c} =~ p’{z\\0’}. Third, an analog of the substitution
lemma holds, namely p{z\o } {yN\7} =~ p{y\7 {z\o{y\7}}. Finally, as discussed above,
a (-rule for arbitrary rewrites holds in the form (Az.p)o = p{x\o}. The full theory of
rewrite/rewrite substitution is not developed here for lack of space (but see Section [B.2]in [2]).

5 Flattening

Allowing composition to be nested within application and abstraction can give rise to rewrites
in which it is not obvious what reduction sequences of steps are being denoted. An example
from the previous section might be the rewrite ((Az.f x) ; 9) (mu (Az.9 x)) ; (mu (\x.gx)))
which denotes the reduction sequence f (mu (Az.f z)) — g (mu (Az.gz)) that replaces both
occurrences of f with g simultaneously. This section shows how rewrites can be “flattened”
so as to expose an underlying reduction sequence, expressed as a canonical (flat) rewrite.
One additional use of flattening will be to use it to show that permutation equivalence is
decidable (¢f. end of Sec. Section @ Before introducing flat rewrites we define multisteps.

A multistep is a rewrite without any occurrences of the composition operator. We use
w, v, €, ... to range over multisteps. The capture-avoiding substitution of the free occurrences
of x in p by v is written pu{z\r}, which is in turn a multistep. A flat multistep (fi, 2, . ..),
is a multistep in S-normal form, i.e. without subterms of the form (Azx.u)v. A flat rewrite
(p,6,...), is a rewrite given by the grammar p ::= i | p; . Flat rewrites use the composition
operator “;” at the top level, that is they are of the form fi; ;... ; fi,, (up to associativity of
“7), where each fi; is a flat multistep. Note that we do not require the fi; to be in Sn-normal
form nor in S7-normal form. As mentioned in the introduction, flattening is achieved by
means of a rewriting system whose objects are themselves rewrites (Def. which is shown
to be confluent and terminating (Prop. .

We also formulate an equational theory defining a relation p ~ o of flat permutation
equivalence between flat rewrites (Def. . The main result of this section is that permutation
equivalence is sound and complete with respect to flat permutation equivalence (Thm. .

» Remark 14. A substitution p{z\rv} in which u is a term is a term/rewrite substitution,
i.e. s{z\v} = s{z\r}. A substitution in which v is a term is a rewrite/term substitution,

i.e. p{x\s} = p{x\s}.

» Definition 15 (Flattening Rewrite System F). The flattening system F is given by the
following rules, closed under arbitrary contexts, defined between typable rewrites:

Az(p3o) 2 (A\wp) s (M\a.o) F-Abs
P50V n = (pp™); (o p) F-Appl
wlpio) 2 (up)s (u#o) F-App2
(pr5p2) (01502) > ((p15p2) 07 5 (PF (01 5 0)) F-App3
Ax.p) v A p{z\v} F-BetaM

ATy x A W if © ¢ fv(u) F-EtaM

Note that rules F-BetaM and F-EtaM apply to multisteps only. The reduction relation AP
the union of all these rules, closed by compatibility under arbitrary contexts. We write p® for

the unique s -normal form of p.
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» Example 16. Consider a rewriting rule ¢ : ¢ — d : A. The rewrite (Az.(x ; z)) 0, whose
meaning (as previously mentioned) is not obvious, can be flattened as follows:

b b
Ar.(zs52))0 —Fpbs (Az.x) s Az.z))o —=rappr (Az.z)c;(Azz)p
b b
> F-BetaM C ()\il‘) 0 > F-BetaM €30
The following result is proved by noting that F-BetaM and F-EtaM steps can be postponed
after steps of other kinds and then providing a well-founded measure for steps in F without
F-BetaM and F-EtaM to prove it is SN. Confluence of F follows from Newman’s lemma.

» Proposition 17. The flattening system F is strongly normalizing and confluent.

Flat Permutation Equivalence. We now turn to the definition of the relation p ~ o of flat
permutation equivalence. The key notion to define is the following ternary relation:

» Definition 18 (Splitting). Let ' F 1 s -t : Aand T F py " — 11 A and
Ik opg g =t/ 0 A be multisteps. We say that p splits into p1 and ps if the following
inductively defined ternary relation, written p < py 3 pe, holds:

SVar SCon ———— SRuleL — SRuleR
TS Tix c&cesce 0= 030% 00" 50
B s 2 WS s e VS VLV
’ SAbs ’ "~ SApp
AT AT 5 AT 2 PV S vy s 2 Vo

» Definition 19 (Flat permutation equivalence). Flat permutation equivalence judgments are
of the form: Tk (p:s—t)~ (p 18" = t'): A, meaning that p and p’ are equivalent rewrites,
with sources s and s’ respectively, and targets t and t' respectively. The rewrites p and p’
are assumed to be in +3-normal form, which in particular means that they must be flat
rewrites. Sometimes we write p ~ p' if T, s,t,s',t', A are irrelevant or clear from the context.
Derivability is defined by the two following axioms, which are closed by reflexivity, symmetry,
transitivity, and closure under composition contexts (given by S::=0|S3p|p;8):

(pso)sT7~ps(o;T) ~-Assoc
po~opy sy if s s ~-Perm

Note that in ~-Perm, —" operates over multisteps. So the only rules of F that are applied
here are the F-BetaM and F-EtaM rules.

» Theorem 20 (Soundness and completeness of flat permutation equivalence). LetT'F p: s —
t:AandTFo:s —t' A Then p= o if and only if p° ~ o”.

Proof. The (<) direction is immediate, given that reduction 25 in the flattening system F
is included in permutation equivalence (p AP implies p ~ o) and, similarly, flat permutation
equivalence is included in permutation equivalence (p ~ o implies p = o).

The (=) direction is by induction on the derivation of p ~ o. It is subtle and requires
numerous auxiliary results (see Section in [2). <

» Example 21. With the same notation as in Ex. it can be checked that the rewrites
mu (Az.9x) ; o(Ar.gx) and o (Az.fz) 5 f (mu (Az.9z)) ;5 9 (mu (Az.gx)) are permutation
equivalent by means of flattening. Indeed, using the ~-Perm rule three times:

mud;og ~ o9 as ¥ < (Az.mu (A\y.zy))d; 0o(A\z.gx)
~ of ;¥ (mud) as p¥ < o(Ax.fz); (Az.x (mu(Ay.xy)))d
~ of; (f(mud) ;¥ (ug)) as v (mud) < (Azfz)(mud);J(mu(Ar.gw))

11:11
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Note that o & (Az.mu (\y.zy)) ¥ ; o (Az.gx) follows from SApp, SRuleR for the upper left
hypothesis and SRuleL for the upper right one. Hence
(mu(\z.9z);0(Mz.gz))’ = mud;og

of 5 (f(mud) ; 9(ng))
(o A\z.fz) 5 f(mu(\z.dx)) ;9 (mu(Aze.ge)))’

2

6 Projection

This section presents projection equivalence. Two rewrites p and o are said to be projection
equivalent if the steps performed by p are included in those performed by ¢ and vice-
versa. We proceed in stages as follows. First, we define projection of multisteps over
multisteps (Def. and prove some of its properties (Prop. . Second, we extend projection
to flat rewrites (Def. . Third, we extend projection to arbitrary rewrites (Def. and,
again, we prove some of its properties (Prop. . Finally, we show that the induced notion
of projection equivalence turns out to coincide with permutation equivalence (Thm. .

Projection for Multisteps. Consider the rewrites mu ¢ and g f, using the notation of Ex.
each representing one step. Since rewrites are subject to Sn-equivalence, to define projection
one must “line up” rule symbols with the left-hand side of the rewrite rules they Witnesﬂ
For example, if the above two multisteps were rewritten as (Ay.mu (Az.y z)) ¥ and o (Az.f x),
respectively, then one can reason inductively as follows to compute the projection of the
former over the latter (the inference rules themselves are introduced in Def. :

ProjRuleR —  ProjRuleL
Aymu(Az.yz) o= Ay.y (mu (Az.yx)) Atz =19

(Ay.mu (Az.yx)) o Ax.fz) = Ay.y (mu(Az.yz)))d
The flat normal form of (Ay.y (mu (Az.yx)))d is the rewrite ¢ (mu). Hence we would

ProjApp

deduce mud//of = ¥ (mud). We begin by introducing an auxiliary notion of projection
on coinitial multisteps that may not be flat (i.e. may not be in F-BetaM, F-EtaM-normal
form) called weak projection. We then make use of this notion, to define projection for flat

multisteps (Def. 25)).

» Definition 22 (Weak projection and compatibility). Let 'k p:s -t : Aand T+ v :
s" — 1 A be multisteps, not necessarily in normal form, such that s =g, s'. The judgment

wllv = & is defined as follows:

—— ProjVar ——— ProjCon EPE— ProjRule — ProjRuleL
zffr =z c/le=c offo= o0 o/ =0

- wllv = ¢ paffve =& p2ffva = &
o [ roiRuleR ProjAbs ProjApp
e ///Q:> e )\LE,U////)\II/:>>\$£ M1 /.1,2///1/1 ve = &1 &2
We say that 1w and v are compatible, written p 1 v if, intuitively speaking, u and v are
coinitial, and are “almost” n-expanded and S-normal forms, with the exception that the head
of the term may be the source of a rule, i.e. a term of the form <. Compatibility is defined

as follows:
(i T vi)iy (i T vi)iy (i T vi)ity (i T vi)ity (i T )iy
AMYG T ANTYyT AT.CUTAT.cU AT o T ANT.oU AT.on T AT.0°TU  AT.0°T T \T.ov7

3 See also the discussion on pg. 120 of [4].
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The interesting cases are the two last rules, which state essentially that a rule symbol is
compatible with its source term. Clearly if u 1 v, then there exists a unique £ such that
/v = £. Moreover, weak projection is coherent with respect to flattening:

» Lemma 23 (Coherence of projection). Let p1,v1, pio, V2 be multisteps such that the following
are satisfied:

1. w1 Tvr and ps T ve;

2. 1y = b and Vi = v5; and

3. ,ul///ul = 51 and ,LLQ///VQ = 52.

Then & = &.

Thus for arbitrary, coinitial multisteps p and v, it suffices to show that we can always find
corresponding compatible “almost” n-expanded and f-normal forms, as mentioned above.

» Proposition 24 (Existence and uniqueness of projection). Let u,v be such that pi*® =g, v°"°.
Then:

1. Existence. There exist multisteps fi, 1, & such that (° = p’ and v* = v* and afv = €.

2. Compatibility. Furthermore, fi and © can be chosen in such a way that i 1 .

3. Uniqueness. If (/)" = p” and (')’ = v° and [/ JJv' = € then (£')" = €.

Prop. 24 relies on the left-hand side of the rewrite rules of the HRS being patterns. This
ensures, among other things, that flattening is injective when applied to left-hand sides
of rewrite rules in the sense that if (0¥ ;... pun)” = (01 ...v,)°" then p? = v for all

1 <4 < n. We can now define projection on arbitrary coinitial rewrites as follows.

» Definition 25 (Projection operator for multisteps). Let p1,v be such that pi'c =g, v*°. We
write p/v for the unique multistep of the form éb such that there exist 1,7 such that (> = p”
and v° =1 and a)v = E, as guaranteed by Prop. . The proof is constructive (this relies
on the HRS being orthogonal), thus providing an effective method to compute p/v.

» Proposition 26 (Properties of projection for multisteps).

Lopfv=(p/v) =p /v

2. Projection commutes with abstraction and application, that is, (Mx.u)/(Mx.v) = \x.(u/v))°

and (1 p2)/ (V1 v2) = ((p1/v1) (pa/12))’, provided that py /vy and ps/vs are defined.

3. The set of multisteps with the projection operator form a residual system [15, Def. 8.7.2]:
3.1 (u/v)/(&/v) = (u/€)/(v/€), known as the Cube Lemma.
3.2 p/p = (48’ and, as particular cases: s/s = s°, x/x =z, c/c = ¢, and o/0 = (0'8")".
3.3 (1) /p = (u'8)’ and, as a particular case, (0°)° /o = (o%)°.

3.4 u/ () = u° and, as a particular case, o/(0°°)" = o.
» Example 27. Let 9 : \z.fx — Ax.gx. Then:
Az Qzfz)z)/Azdz) = Qz.(Qafz)z)/@z) = Az.((Az.fz)/9)(z/z)))
= (Oz.(Oz.gz)z))’ = (z.gx) = g

Projection for Flat Rewrites. The projection operator from Def. [25|is extended to operate
on flat rewrites. One may try to define p/o using equations such as (p1 ; p2)/0 = (p1/0) 3
(p2/(c/p1)). However, it is not a priori clear that this recursive definition is Well—foundedlﬂ
This is why the following definition proceeds in three stages:

4 Another way to prove well-foundedness is by interpretation, as done in [I5] Example 6.5.43].
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» Definition 28 (Projection operator for flat rewrites). We define:

1. projection of a flat multistep over a coinitial flat rewrite (u /* p), by induction on p;

2. projection of a flat rewrite over a coinitial flat multistep (p /? p), by induction on p; and
3. projection of a flat rewrite over a coinitial flat rewrite (p /3 o) by induction on o, as

follows:

p/tv o w/ prsp) S (/o) /e

v/Pu = v/p (prspe) P = (o1 205 (o2 /2 (1 /' 1)
p P E p /P orso) € (p o) oy

Note that /3 generalizes /? and /! in the sense that u /1 p=p /3 pand p /2 u=p /3 p.
With these definitions, the key equation (p1 5 p2) /2 0 = (p1 /2 o) 3 (p2 /2 (0 /3 p1)) can be
shown to hold.

From this point on, we overload p/o to stand for either of these projection operators.
The key equation ensures that this abuse of notation is harmless. In the following, we
mention some important properties of projection for flat rewrites. First, projection of a
rewrite over a sequence, and of a sequence over a rewrite, obey the expected equations
p/(o1 5 02) = (p/o1)/o2 and (p1 5 p2)/o = (p1/0) 5 (p2/(c/p1)). Second, flat permutation
equivalence is a congruence with respect to projection: more precisely, if p ~ o then7/p = 7/0
and p/7 ~ o/7. Third, the projection of a rewrite over itself is always empty; specifically
p/p ~ (p'8)". Finally, an important property is that p 3 (¢/p) ~ o ; (p/o), corresponding to
a strong form of confluence. The proof of these properties is technical, by induction on the
structure of the rewrites. We do not develop the full theory of projection for flat rewrites
here for lack of space (but see Section [E|in [2] for more details).

Projection for Arbitrary Rewrites. As a final step, the projection operator of Def. 28 may
be extended to arbitrary rewrites by flattening first. The proof of Prop. [30] relies crucially on the
properties of projection for flat rewrites and on Thm. it may be found in Section in [2].

» Definition 29 (Projection operator for arbitrary rewrites). Let p,o be arbitrary coinitial

rewrites. Their projection is defined as p//o def 0o’

» Proposition 30 (Properties of projection for arbitrary rewrites).
1. Projection of a rewrite over a sequence and of a sequence over a rewrite obey the expected
equations p//(o1 5 02) = (pfor) /o2 and (p1 5 p2))o = (pr/)o) 5 (p2// (o) p1))-
2. Projection commutes with abstraction and application, that is:
2.1 (Az.p)J(Ax.0) = Az.(p/lo), and more precisely (Ax.p)/ (Az.o) P Ax.(pflo).
2.2 If p1,01 are coinitial and pa, 0o are coinitial, then (p1 p2)//(0102) = (p1/o1) (p2/o2),
. b &
and more precisely (p1 p2)//(0102) <™ (p1//o1) (p2//o2).
3. The projection of a rewrite over itself is always empty, p/p = p'&.
4. Permutation equivalence is a congruence with respect to projection, namely if p ~ o then
T)p=T1)o and pflT = o)T.
5. The key equation p 5 (o//p) = o ; (p/)o) holds.

Characterization of Permutation Equivalence in Terms of Projection. Finally, we are
able to characterize permutation equivalence p ~ o as the condition that the projections p//o
and o/ p are both empty. Indeed:

» Theorem 31 (Projection equivalence). Let p,o be arbitrary coinitial rewrites. Then p = o
if and only if pflo =~ '8 and o p ~ p'E*.
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Proof. (=) Suppose that p ~ . Then, by Prop. pjlo = o/ = o8, Symmetrically,
offp = pe. (<) Let pjfo =~ ¢ and o//p =~ p'8'. Then, by Prop. p = p;pE = p;
(ofp) = os(pfo) = o0 =~ o. <

Since flattening and projection are computable, Thm. 20| and Thm. [3T] together provide
an effective method to decide permutation equivalence p = ¢ for arbitrary rewrites.
Indeed, to test whether p/o & '8, note by Thm. [20|that this is equivalent to testing whether
p/lo ~ (08, so it suffices to check that p/o is empty, i.e. it contains no rule symbols. This
is justified by the fact that if x4 has no rule symbols and p ~ p, then p has no rule symbols

(See Lem. in [2]).

7 Related Work and Conclusions

As mentioned in the introduction, proof terms were introduced by van Oostrom and de Vrijer
for first-order left-linear rewrite systems to study equivalence of reductions in [I7] and [I5}
Chapter 9]. They are inspired in Rewriting Logic [I3]. In the setting of HORs, Hilken [6]
introduces rewrites for Sn-reduction together with a notion of permutation equivalence for
those rewrites. He does not study permutation equivalence for arbitrary HORs nor formulate
notions of projection. Hilken does, however, justify his equations through a categorical
semantics. We have already discussed Bruggink’s work extensively [4, B]. Another attempt
at devising proof terms for HOR by the authors of the present paper is [I]. The latter uses a
term assignment for a minimal modal logic called Logic of Proofs (LP), to model rewrites.
LP is a refinement of S4 in which the modality JA is refined to [s]A, where s is said to be a
witness to the proof of A. The intuition is that terms and rewrites may be seen to belong
to different stages of discourse; rewrites verse about terms. Terms are typed with simple
types and rewrites are typed with a modal type [s]A where the term s is the source term
of the rewrite. However, the notion of substitution that is required for subject reduction
is arguably ad-hoc. In particular, substitution of a rewrite p : s — s’ : A for z in another
rewrite o : t — t' : A is defined as the composed rewrite p{z\t} ; s’{x\o}, where p is
substituted for z in ¢ followed by o where s is substituted for z.

Future work. It would be of interest to develop tools based on the work presented here
for reasoning about computations in higher-order rewriting, as has recently been explored for
first-order rewriting [9) [I0]. One downside is that our rewrites cannot be treated as terms in
a higher-order rewrite system. Indeed, rewrites are not defined modulo g7 (for good reason
since an expression such as (Az.p) o should not be subject to 8 reduction).

One problem that should be addressed is that of formulating standardization (see e.g. |15}
Section 8.5]) using rewrites. This amounts to giving a procedure that reorders the steps of a
rewrite p, yielding a rewrite p* in which outermost steps are performed before innermost
ones. Standardization finds canonical representatives of ~-equivalence classes, in the sense
that p ~ o if and only if p* = ¢*. The flattening rewrite system of Section [5|is a first
approximation to standardization, since p &~ ¢ if and only if p” ~ ¢”. In a preliminary version
of this work, we proposed a procedure to compute canonical representatives of ~-equivalence
classes, based on the idea of repeatedly converting p ; v into p’ ; v/ whenever v < £ ; v/ and
w < s &, an idea reminiscent of greedy decompositions [5]. Unfortunately, this procedure
does not always terminate, due to the fact that rewrites may have infinitely long “unfoldings”;
for instance, if p: ¢ — ¢ and ¥ : f(z) — d then ¥(c) : f(c) — d is equivalent to arbitrarily
long rewrites of the form f(o) ;... ;f(0) ; 9(c). A terminating procedure should probably
rely on a measure based on the notion of essential development [16, Definition 11].
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Another avenue to pursue is to characterize permutation equivalence via labelling. The
application of a rewrite step leaves a witness in the term itself, manifested as a decoration
(a label). These labels thus collect and record the history of a computation. By comparing
them one can determine whether two computations are equivalent. Labelling equivalence for
first-order rewriting is studied by van Oostrom and de Vrijer in [I7] and [I5, Chapter 9].

We have given semantics to rewrites via Higher-Order Rewriting Logic. A categorical
semantics for a similar notion of rewrite and permutation equivalence was presented by
Hirshowitz [7] (projection equivalence and flattening are not studied though). Our s{z\p}
is called left whiskering and p{x\s} right whiskering, using the terminology of 2-category
theory. These are then used to define p{z\\c }. A precise relation between the two notions
of rewrite should be investigated.
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11:18 Reductions in Higher-Order Rewriting and Their Equivalence

A Rewrites

Besides the typing rules given in Def. [7] we give explicit rules for reflexive, symmetric,
transitive, and contextual closure for term equivalence:

I'ks: A I'Fs=g,t: A Phs=pgyt:A DI'Fit=g,r:A
——  FqRefl ——— EqSym EqTrans
N'Fs=p,s:A F'Ft=p,5:A FEs=pgyr:A

Nae:AFs=g,t: B I'Fs=g,5:A—B Tkt=g,t:A

il EqConglLam b il EqCongApp
'k Ae.s =g, et : A— B I'kst=g,s't: A

» Definition 32 (Notions of contexts).
1. A rewrite context is a rewrite R with a single free occurrence of a distinguished variable
[ called the hole. Inductively, rewrite contexts are given by the grammar:

Ru=0O]| M R|Rp|pR|R5p|p;R

The capturing substitution of the hole of a rewrite context R by the rewrite p is a rewrite,
written as R{p).

2. The set of composition contexts is a subset of the set of rewrite contexts, given by the
grammar:

Sz=0[85p|p;8
3. The set of composition trees is given by the grammar:
K:=0O]|K;K

For each n > 1, an n-hole composition tree is a composition tree with n occurrences of
the hole O0. If K is an n-hole composition tree, we write K{(p1,...,pn) to stand for the
rewrite that results from replacing the i-th hole of K for p; for each 1 < i < n.
For example (O3 0O) 3 O) is a 3-hole composition tree and (O 5 0) ;3 O){p,0,7) = (p;
o) T.

4. A rewrite context R is applicative if it is of the form R = R'(3(00) p).

» Lemma 33 (Source/target decomposition). Define the source and the target of a context
R by declaring 0% = O and (% = 0. Let us write —° to stand for either — or —t8t. If
p® = C(s) then there are two possibilities:

(A) p=R{a) where R® = C and « is a rewrite such that a® = s.

(B) p=R{0) where R® = Cy and g is a rule symbol such that o = Co(s) and C = C1(Cs).

Proof. We prove the property for the source; the proof for the target is similar. We proceed

by induction on p:

1. Variable, p = z. Then 2" =2 =C(s) so C=0 and s = z. TakingR=O and a =z
we are in situation (A).

2. Constant, p = c. Similar to the previous case.

Rule symbol, p = p. Then p* = C(s). Taking R = [J we are in situation (B).

4. Abstraction, p = Ax.o. Then Ax.0% = C(s). If C is empty, taking R = 0 and a = A\z.o
we are in situation (A). If C is non-empty, then C = Az.C" and o = C'(s). By IH there are
two possibilities:

(A) o =R(a) where R* = C’ and o*° = s. Taking R := Az.R’ we are again in situation
(A).

w
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(B) o = R/(p) where R = C] and ¢ = Cy(s) such that C’' = C}(C3). Taking R := Az.R’
we are again in situation (B).

5. Application, p = p; p2. Then p§p5c = C(s). If C is empty, taking R = O and o = p1 p2
we are in situation (A). If C is non-empty, there are two cases, depending on whether the
hole is to the left or to the right of the application:

5.1 Left of the application. Then C = €’ p§° and p5"® = C’(s). Then by IH there are
two possibilities:
(A) p1 = R{a) with R = C’ and o = s. Taking R = R’ py we are again in
situation (A).
(B) p1 =R'{p) with R = C} and 0*° = C3(s) such that C' = C{(C3). Taking R =R’ py
we are again in situation (B).
5.2 Right of the application. Then C = p5°C’. The proof is similar to the previous
case.
6. Composition, p = p; ; p2. Then p§ = C(s). By IH on p; there are two possibilities:
(A) p1 =R/(a) with R®" = C and a* = s. Taking R := R’ ; p2 we are again in situation
(A).
(B) p1 =R/{p) with R’*"® = C; and ¢ = Co(s) such that C = C;(C3). Taking R:=R’; po
we are again in situation (B).
<

We formulate a variant of the standard substitution lemma:

» Lemma 34 (Substitution Lemma). The equation X{z\s}{y\t} = X{y\t}{z\s{v\t}}
holds for any term or rewrite X as long as © #y and x ¢ fv(t).

Proof. By induction on X. |

» Lemma 35 (Weakening). Let x ¢ T'. Then:

1. IfTFs: Athen',z: BF s: A.

2. IfI'Fs=p,t:Athen',x: BFs=g,t:A.
3. IfT'Fp:s—t:Athenl,z: BFp:s—1:A.

Proof. Straightfoward by induction on the derivation of the target judgment. <

» Lemma 36 (Endpoint coherence). Let I'F p:py — p1 : A. Then I' - py =g, p*° : A and
r }_ Po =pn /)tgt : A

Proof. By induction on the derivation of I'F p: pg — p1 : A.
1. RVar, RCon: Immediate by EqRefl.

2. RRule: Let ' F p: s — ¢ : A be derived from -+ s: Aand - - ¢: A where (0: s —t:

A) € R. Then by weakening Lem. [35| we have that I' - s: Aand I' F ¢ : A. Applying
EqRefl we have that I' - s =g, s : Aand ' - ¢ =g, t : A, as required.

3. RAbs: Straightforward by IH. More precisely, let I' = Ax.p : Ax.sg — Az.s; : A — B be
derived from I';z : At p:sg — s : B. By IH we have that I',z : A+ s =g, p*°: B

and ',z : AF sy =g, p' : B. Applying EqConglLam we have that I' - Az.sg =g, Az.p™ :

A— Band I'F \z.s; =g, A\z.p : A — B as required.
4. RApp: Straightforward by IH, using EqCongApp.
5. RTrans: Let ' F pso0 : sg — s5 : A be derived from I' - p : s — s1 : A and

I'Fo:s — sy: A By IH we have that I' - s =g, p° : A and I' k- 59 =g, 08" : A.

Hence I' sy =g, (p30)": Aand 'k s9 =g, (p; o) : A

11:19
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6. RConv: Let I'-p:s —t: A be derived from I'Fp: s’ —= 1 : Awhere ' s =g, s : A
and I' Ft' =3, ¢ : A. By IH we have that I' - s =g, p"“: Aand I' - t' =3, p'8" : A, so
applying EqTrans we have that I' - s =g, p“: A and I' -t =g, p'®" : A, as required.

<

» Lemma 37 (Strengthening). Let « ¢ fv(s). If T',x: A+ s: B then Tk s: B.
Proof. Straightfoward by induction on the derivation of the target judgment. |

» Lemma 38 (Free variables must be typed).
1. If 'k s: A then fv(s) C dom(T).
2. IfTFp:s—t: A then fv(p) Ufv(s) Ufv(t) C dom(T).

Proof. Straightfoward by induction on the derivation of the judgment.

<
» Lemma 39 (Free term variables of endpoints). Let 'k p: s —t: A. Then fvt(s), fvt(t) C
fvt(p).

Proof. Straightforward by induction on the derivation of ' - p : s — ¢ : A. In the RRule
case, note that ' p: s — ¢ : A is derived from - s: A and - ¢ : A so by Lem. [38 we have
that s,t are closed terms. <

» Lemma 40 (Reflexivity). IfT'Fs: AthenTFs:s—s: A.
Proof. Straightforward by induction on the derivation of the judgment. |

» Lemma 41 (Substitution). Let 't ¢ : A. Then:

1. IfTz: At s: B then I' + s{z\q} : B.

2. IfT o : Ak s=g, t: B then ' F s{z\q} =5, t{z\¢} : B.

3. IfTya2: At p:s—t: B then T F p{a\q} : s{z\q} — t{z\q¢} : B.
P

1

2

roof. Each item is by induction on the derivation of the target judgment:

Var, Con: immediate.

Abs: let Iz : AF A\y.s : B — C be derived from I'yz: A,y : B F s: C. Note that the

hypothesis I' F ¢ : A may be weakened to I,y : B+ ¢: A. using Lem. Hence we may

apply the IH to obtain I',y : B F s{z\q} : C. Applying the Abs rule I' - Az.s{z\q} :

B—C.

3. App: let 'z : A st:Cbederived from ',z : AFs: B—Cand',z: AF-t{:B. ByIH
'k s{z\q}: B — Cand '+ t{x\q} : B. Applying the App rule, I' - s{z\q} t{z\q¢} : C.

4. EqBeta: let ',z : AF (Ay.s)t =g, s{y\t} : C be derived from I",z : A,y : BF s:C and
'z : AF t: B. By the first item of this lemma, I',y : B+ s{2\¢}: Cand T F t{x\¢} : B,
so applying the EqBeta rule we have that I' - ((Ay.s) t){z\¢} =g, s{z\q¢H{y\t{z\¢}} : C.
Moreover, by the Substitution Lemma (Lem. [34)), s{z\q}{y\t{z\q}} = s{y\t}{z\q} so
we are done.

5. EqEta: let 'z : A F \y.sy =g, s : C be derived from 'z : A,y: B F s : C' with
y ¢ fv(s). By the first item of this lemma, I',y: B F s{z\q} : C. Note that by
Barendregt’s convention, we may assume that y ¢ fv(q), hence y ¢ fv(s{z\q}), and we
may apply the EqEta rule to conclude I',y : B+ \y.s{z\q} v =g, s{z\¢} : C.

6. EqRefl, EqSym, EqTrans, EqCongLam, EqCongApp: straightforward by TH.

7.RVar: let T2 : AFy:y — y: B with (y : B) € (I;x : A). There are two cases,
depending on whether 2z = y or not. If z = y, then by reflexivity (Lem. we have
that T qg:q =+ ¢q: B. If # # y then T' = IV )y : B. and applying the RVar rule
IMy:BrFy:y—y:B.
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8. RCon: let I''z: AFc:c— c: B with (c: B) € C. Applying the RCon rule, we have
that 'Fc:c—c: B.

9. RRule: let 'z : AF 0o:s — t: B be derived from - - s : B and - - t : B where
(0: s —=t: B) e R. Note that, by Lem. we have that p, s and t have no free
occurrences of x. Applying the RRule rule on the (unchanged) premises, we have that
F'Fo:s—t:B,thatis T F o: s{z\q} — t{z\¢q} : B, as required.

10. RAbs, RApp: similar to the Abs and App cases respectively.

11. RTrans: Let 'z : AF pso : sg — so : B be derived from 'z : AF p: sy — s, : B
and I,z : AF o :s; — so: B. Then by IHT F p{x\¢} : so{z\q¢} = s1{x\¢} : B and
I'Fo{z\q} : si{x\q} — s2{x\q} : B. Applying the RTrans rule, I' - p{z\¢} ; o{z\q¢} :
so{z\q} — s2{z\¢} : B

12. RConv: Let 'z : A F p: s — ¢t : B be derived from I''z: A F p : s — ' : B,
where 'z : AF s =g, s : Band I,z : AF ¢ =g, t: B. Then by IHT I p{z\¢} :
s'"{a\q} — t'{x\q} : B. Moreover, by the second item of this lemma, we have that
I'F s{z\q} =p, s'{x\q} : Band ' - t'{x\¢} =4, t{z\¢} : B. Applying the RConv rule,
'k p{z\q} : s{z\q} — t{z\q} : B.

<«
» Lemma 42 (Equal terms are typable). If '+ s =g, t: AthenT'Fs: Aand ' 1: A.

Proof. By induction on the derivation of I' s =g, ¢ : A.

1. EqBeta: let I' - (Az.s)t =g, s{z\t} : B be derived from I,z : Al s: Band I' -1 : A.

Applying the Abs and App rules, we have that I' - (A\z.s) ¢ : B. Moreover, by Lem. ﬂ we
have that I' - s{z\t} : B.
2. EqEta: let I' - Az.sz =g, s : B be derived from I,z : A+ s: B and z ¢ fv(s). Applying
the App and Abs rules, we have that I' = Az.sx : B. Moreover, by Lem. I's:B.
3. EqRefl, EqSym, EqTrans, EqCongLam, EqCongApp: straightforward by IH.
<

» Lemma 43 (Source and target inversion). IfT'Fp:s—-t:AthenTFs: Aand 1t : A.

Proof. By induction on the derivation of ' p:s —t: A.
1. RVar: let 'z : A2 :2 —2:A. Thenindeed I',z : AF z : A.
2. RCon: let ' c:c—c: Awith (c: A) € C. Then indeed I' F ¢ : A.

3. RRule: let T'F p: s — ¢ : Abederived from -+ s: Aand - F¢: Awith (0: s —»t: A) € R.

Then it suffices to apply weakening (Lem. to conclude.

4. RAbs: let I'F Ax.p : Ax.sg — Ax.s; : A — B be derived from I';x : AF p:syg— sy : B.

Then by IH the source of the premise is typable, i.e. I',z: A+ sq: B. Appying the Abs
rule we are able to type the source of the conclusion, i.e. I'F Az.sg : A — B. The proof
for the target is similar.

5. RApp: let ' F po : sgtg — s1t1 : B be derived from I' - p : sg = s1 : A = B and
I'ko:ty—t: A By IH we have that the sources of the premises are typable, i.e. that
I'ksy:A— Band '+t : A. Applying the App rule, we are able to type the source of
the conclusion, i.e. I' F sgty : A — B. The proof for the target is similar.

6. RTrans: let ' - pso @ sg — sy : A be derived from I' - p : 59 — s; : A and
I'ko:s; — sy : A. By IH on the first premise, we have that I' - s : A, and by TH on
the second premise, we have that I' F s, : A.

7. RConv: let ' p: s —t: Abederived fromI'F p:s’ —=t' : AwithT'F s =3, s’ : A and
[+t =g, t: A Then by Lem. [i2] we have that I' - s: Aand I'F 1 : A.

<4
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A.1 Term/rewrite substitution

» Lemma 44 (Typing rule for term/rewrite substitution). If T,z : AFs: B andT'F p: gy —
q1 : A then T+ s{z\p} : s{z\q} = s{z\¢1 } : B.

Proof. By induction on the derivation of I';z : A+ s: B:

1. Var: let I,z : A y: B withy: B e (I',x: A). We consider two subcases, depending on
whether x = y or not:

1.1 If x =y, then ' p: sg — s; : A holds by hypothesis.
1.2 If = # y, then note that y : B € I' so I' - y : B and applying the RVar rule, we have
that Ty :y —y: B.

2. Con: immediate applying the RCon rule.

3. Abs: let I,z : AF \y.s: B — C be derived from I,z : A,y : B+ s: C. By IH we have
that T,y : B F s{z\p} : s{z\qo} — s{z\¢:} : C. Applying the RAbs rule, we obtain
T'EAy.s{x\p} : \y.s{z\qo} = \y.s{z\¢1 } : B = C as required.

4. App: let Tz : A st : C be derived from 'z : AFs: B—Cand ['z: AF1{: B.
By IH we have that T' F s{z\p} : s{2\q} — s{z\q1} : B = C and T F t{z\p} :
t{z\qo} — t{z\¢1} : B. Applying the RApp rule, we obtain I' F s{z\p} t{z\p} :
s{x\qo} t{z\qo} = s{z\q1 } t{z\q1 } : C as required.

<

» Lemma 45 (Commutation of lifting and term substitution (1)). If T,z : A,y : Bk s: C and
Iy:BbF71:pg—>p:Aand 't q: B then:

s{e\THy\¢} = s{y\gH{az\7{v\¢}}

In particular, if y does not occur free in 7, then s{x\7}H{y\q} = s{y\g}{z\7}.

Proof. By induction on the derivation of I';z : A,y : BF s: C":
1. Var: let 'z : A,y : BF z: C with z : C € I'. We consider three subcases, depending on
whether z =z, z =y, or z ¢ {z,y}.
1.1 If z = x: the left and the right-hand sides are both 7{y\¢} by definition, so we are
done.
1.2 If z = y: then the left-hand side is ¢, and the right-hand side is ¢{«\7}. By Lem. |38]
x does not occur free in ¢, so ¢ = g{x\7}.
1.3 If = ¢ {z,y}: then the left and the right-hand sides are both z so we are done.
2. Con: let T,z : A,y : BFc: C with (c: C) € C. Then the left and the right-hand sides
are both ¢ so we are done.
3. Abs: let 'z : Ajy: BF Az.s : C — D be derived from I''xz: A,y : B,z:C F s : D.
Then:

(Az.s){z\7Hy\¢}

Az.s{z\7Hy\q}
Az.s{y\gH{z\7{y\¢}} by IH
(Az.s){y\aHz\{y\a} }

To apply the TH we use congruence of equivalence under abstractions, and weakening
(Lem. on the hypotheses.

4. App: let 'z : Ajy: B F st : D be derived from I'z: A,jy: B F s : C — D and
Iz:Ay:BkFt:C. Then:

(st{a\THy\q} = s{a\7Hy\q¢} t{z\7H{y\¢}
= s{y\gH2\7{y\a} } t{y\gH{z\7{y\¢}} by IH
= (st){y\gHz\7{y\¢}}
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To apply the TH we use congruence of equivalence under applications.

» Remark 46. s{z\t} = s{z\t}

» Lemma 47 (Lifting reflexivity). Let T,z : Ab s: B and 't : A. Then s{z\t} = s{z\t}.

Proof. By induction on the derivation of I'; z : A s : B. <

» Lemma 48 (Source and target of rewrite/term substitution). If T, a: Ak p:qy— ¢ : B
and T'F s : A then p{z\s}* = p{x\s} and p{x\s}"® = p&{x\s}.

Proof. Straightforward by induction on p. <

» Lemma 49 (Source and target of term/rewrite substitution). If 'z : A F s : B and
T'Fp:qgo—q: A then s{z\p}* = s{z\p} and s{z\p}"" = s{z\p"'}.

Proof. Straightforward by induction on s. |

B Permutation equivalence

» Lemma 50 (Term equivalence implies permutation equivalence). IfI' s =g, s’ : A then
5=

s

Proof. By induction on the derivation of I' - s =g,, s" : A. Reflexivity, symmetry, transitivity,
and congruence under term constructors are immediate. The interesting cases are:
1. EqBeta: Let s = (Az.t)r and s’ = t{z\r}. Then:

Azt)r =~ t{z\r} by ~-BetaTR
= t{z\r} by Lem.[7]

2. EqEta: Let s = Az.s’ « with « ¢ fv(s"). Then:

Mx.s’x =~ s by ~-Eta

<

» Lemma 51 (Generalized =-IdL and ~-IdR rules). Let 'k p:p — q: A. Then the following
generalized variants of =~-ldL and ~-1dR hold:

1. IfT'F s =g, p: A, then (s; p) = p.

2. If 'k s =g, p'8 1 A, then (p; s) = p.

Sometimes by abuse we call these generalized rules ~-1dL and ~-1dR, without explicit reference
to this lemma.

Proof. Item 1. is immediate given that:
Src

(p”3p) by Lem.
p by ~-ldL

(s35p)

Q

Item 2. is similar. |

» Lemma 52 (Equivalence of endpoints of permutation equivalent rewrites). Let T'F p: py —

src and ptgt =gy O.tgt'

pr:oand ' o :qy— qi : o be such that p = o. Then p*° =g, o
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Proof. By induction on the derivation of p ~ o. Reflexivity, symmetry, transitivity, and
congruence under abstraction and application are immediate. The interesting case is when
p ~ o is deduced from an axiom:

1. =-IdL: Let p*© 5 p = p. Then (p°©)= = p*<, as can be easily shown by induction on p,
and ptet = piet,

2. =-IdR: Let p 5 p' =~ p. Then p* = p*°, and (p'®")'8" = p'&", as can be easily shown by
induction on p, so we conclude by EqRefl.

3. ~-Assoc: Let (p3;0);7~p;(c;7). Then ((pj50);7)=p"=(p;(c;7))" and
((pyo);7)8 =78 =(p; (03 7)), so we conclude by EqRefl.

4. ~-Abs: Let (Az.p) 5 (Az.0) = Ax.(p ; o). Then ((Az.p) ; (A\z.0))" = Ax.p = (Az.(p 3
o))’ and ((Az.p) ; (A\x.0))"®" = Ax.0"8" = (A\x.(p ; o))", so we conclude by EqRefl.

5. ~-App: Let (p1p2) 5 (0102) & (p1 5 01) (p2 5 02). Then ((p1 p2) 5 (01 02))% = pi p3° =
((pr 5 01) (p2 5 92))° and ((p1 p2) 5 (0102)) = 1% 0 = ((p1 5 01) (p2 5 02))"", s0 we
conclude by EqRefl.

6. ~-BetaTR: Let (Az.s) p = s{z\p}. Then ((Az.s) p)* = (Az.s) (p™°) =5, s{z\p"} =
s{z\ o} and (\z.s) p)'8* = (Az.5) (5°8) =gy 5{2\p'S'} = 5{z\p}'® hold by Lem.

7. ~-BetaRT: Let (Az.p)s = p{z\s}. Then ((Az.p)s)™ = (Az.p*)s =g, p*{z\s} =
p{z\s}*c and ((Az.p) s)'8 = (A\x.p'8") s =g, p{x\s} = p{z\s}'" hold by EqBeta and
Lem. @8

8. ~-Eta: Let Az.px ~ p. Then (Az.pz)™ = Az.p™z =g, p° and (\z.pz)® =
Az.p'8tx =g, p' hold by EqEta.

so we conclude by EqRefl.

<
» Lemma 53 (Term contexts distribute over composition). C(p ; o) ~ C(p) ; C(o)
Proof. By induction on C:
1. Empty, C = [J. Immediate.
2. Abstraction, C = \z.C'.
Ax.C{p;o) =~ Ax.(C'{p));C{o)) by IH
~ (Az.C'{p)); (\x.C'(c)) by ~-Abs
3. Left of an application, C = C’s.
Clpso)s ~ (Clp)iClo)s by
~ (C{p);C'(a))(s55) by ~-IdL
~ (C'(p)s);(C{o)s) Dby ~-App
4. Right of an application, C = sC’. Similar to the previous case.
<

B.1 Properties of term/rewrite substitution, up to permutation
equivalence

» Lemma 54 (Transitivity under lifting substitution). Let ',z : A s: B and T'F p:pg —

pr:Aand o :p —ps: A, Then:

s{z\p} ; s{z\o} = s{z\p; o}

Proof. By induction on the derivation of I,z : At s: B
1. Var: let T,z : A y: Bwithy: B e (I,x: A). We consider two subcases, depending on
whether x = y or not:
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1.1 If x = y: then the left and the right-hand sides are both p ; o, so we are done.
1.2 If x # y: then the left-hand side is y ; y and the right-hand side is y, and y ; y ~ y by
the ~-IdL rule.
2. Con: let I'z: A+ c: B with (c: B) € C. Then the left-hand side is ¢ ; ¢ and the
right-hand side is ¢, and ¢ ; ¢ = ¢ by the ~-IdL rule.
3. Abs: let ' - \y.s : B — C be derived from I';z: A,y : BF s: C. Then:

Ay-s){z\p} 5 (Ay-s){z\o} = (y.s{z\p}); Qy.s{z\o})

~ Ay.(s{z\p} 5 s{z\o}) by ~-Abs
~ Ay.s{z\p;o} by IH
= (Ay.s){z\p; o} by IH

4. App: let Iz : A st : C be derived from I'yz: AFs: B— Cand I'z: AFt: B.
Then:

(st){z\p} ;5 (st){z\o}

(s{z\p} t{z\p}) ; (s{z\ o} t{z\o})

(s{z\p} 5 s{z\o}) (tH{z\p} ; t{z\o}) by ~-App
s{z\pso}t{z\p;o} by IH
(st){z\p; 0o}

Q

B.2 Rewrite/rewrite substitution

» Remark 55. Note that p{z\\c} depends on s’ and ¢, and hence on the particular typing
derivations for p and o. These particular derivations will usually be clear from the context. If
there is any confusion we may write p{z\t} ; s'{z\o} explicitly. We shall prove congruence
results (in particular, Lem. and Lem. which ensure that the value of p{z\\o} does
not depend, up to permutation equivalence, on the particular typing derivations chosen.

» Lemma 56 (Rewrite/rewrite S-reduction rule). Let ',z : AFp:syg—+sy:Band'Fo:
to — t1 : A. Then the following equivalence, called ~-BetaRR, holds:

(Ax.p)o = p{z\o (=-BetaRR)
Proof.

Me.p)o = ((Az.p); (A\x.s1))o ~-IdR
~ ((Ax.p);(A\x.s1))(to;0) =-IdL
~ (Az.p)to; (Ax.s1)o ~-App
~ p{z\to}; A\zx.s1)o ~-BetaRT
~ p{z\to}; si{z\o} ~-BetaTR
= p{z\o

<

» Lemma 57 (Typing rule for rewrite/rewrite substitution). If T,2: Ak p:s— s : B and
Pko:t—t': A then:

I'Ep{z\o} :s{z\t} - s'{z\t'}: B
Proof. An immediate consequence of Lem. 4] and Lem. [44] <

The notion of rewrite/rewrite substitution generalizes the notions of rewrite/term and
term/rewrite (lifting) substitution, as noted in the two following remarks:
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» Remark 58 (Rewrite/rewrite generalizes rewrite/term substitution). f T,z : A p:s— s : B
and I' -1 : A then:

p{z\t} ~ p{z\\t
Indeed:

p{x\t} p{z\t} 5 s'{z\t} by ~-IdR

p{x\t} ; s'{z\t} by Lem.[7]
= ple\t

» Remark 59 (Rewrite/rewrite generalizes term/rewrite substitution). If T,z : A+ s : B and
I'kp:t—t : A then:

s{z\p} = siz\p
Indeed:
s{z\p}

Q

s{z\t} 5 s{z\p} by ~-IldL
s{z\t} ; s{z\p} since s{z\t} = s{z\t} by definition
= s{z\p by definition of s{z\p}

» Lemma 60 (Trivial rewrite/rewrite substitution). Let I',xz : A p: sy — s1 : B be such that
x ¢ fv(p), andletT'Fo:tg—t;: A. Then p{z\o} = p.

%

Proof. Note that « ¢ fv(s1) by Lem.

plazN\o} = p{z\to};s1{z\o} Dby definition
= pj;si{z\o} since x ¢ fv(p)
= p3;s since x ¢ fv(sy)
~ p by ~-IdR

<

» Lemma 61 (Recursive equations for rewrite/rewrite substitution). Let T'F o : ¢y — ¢ : A.
The following recursive equations hold for rewrite/rewrite substitution:
1. IfTo: Ajy: BFp:sg—sy:C, then:

(Ay-p){a\\o} = Ay.ply\o

2. IfTe Ak pr:isg—s1:B—CandU,x: AF ps:tg —ty : B, then:

(p1p2){z\o} ~ pi{x\o} p2{z\o

Proof. We check each item separately:
1. Abstraction:

Ayp){z\o} = Qwp{r\w}; Ay.s1){z\o}
(Ay.p{z\qo}) 5 (Ay.s1{z\c})
My.(p{2\qo} 5 si{z\co}) by ~-Abs
Ay.p{z\o

&

2. Application: similar to the previous case, using the ~-App rule.
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» Lemma 62 (Commutation of lifting and term substitution (I1)). If T,z : A,y: Bt s:C and
Iy:BFqg:Aand 'k 7:pyg— p : B then:

s{z\gHy\7} = s{y\7Hz\e{y\ 7}

Proof. By induction on the derivation of I',x : A,y : B+ s: C.
1. Var:let T2 : Ajy: BF z: C withz: C € (T, : A,y : B). We consider three subcases,
depending on whether z =z, z =y, or z ¢ {x,y}:
1.1 If z = z: Then the left and the right-hand sides are both ¢{y\7}, so it is immediate
to conclude.
1.2 If z = y: Then the left-hand side is 7 and the right-hand side is 7{2\¢{y\7}} Note
that by Lem. 38 x does not occur free in 7, so by Lem. [60] we conclude.
1.3 If z ¢ {z,y}: Then the left and the right-hand sides are both z so we are done.
2. Con: let Iz : A,z : Bl c: C with (c: C) € C. Then the left and the right-hand sides
are both c, so we are done.
3. Abs: let 'z : A,y : BF Az.s : C — D be derived from I''xz: A,y: B,z:C F s : D.
Then:

(Az.s){z\gHy\7} = Az.s{z\gH{y\7}
Az.s{y\m Ha\a{y\7} by TH
(Az.s){y\7Hz\¢{y\7}} by Lem. [6]]

4. App: let 'z : Ajy: B F st : D be derived from I'yz: Ajy: B F s : C — D and
I'ox:Avy: BEt:C Then:

(st){z\gHy\7} = s{z\gHy\7}t{z\g}{y\7}
s{YNTH 2\ e{y\ 7} } t{y\7H{z\g{y\7}} by IH
(st {y\7Hz\g{y\7} by Lem. [61]

Q&

Q

B.3 Congruence properties

» Lemma 63 (=3, under rewrite/term substitution). Let I,z : AF p:s — ¢ : B and let
I'Fq=pyq A Then p{z\q} ~ p{z\q'}.

Proof. By induction on the derivation of p:
1. RVar: let T,o: Ay :y —y: B with (y: B) € (I',z : A). We consider two subcases,
depending on whether x = y or not.
1.1 If = y, it suffices to note that ¢ ~ ¢’ by Lem.
1.2 If  # y, then trivially y ~ y.
2. RCon: let Iz : A c:c—c: B with (c: B) € C. Then trivially y =~ y.
3. RRule: let 2: A+ 0: s — ¢ : B be derived from - - s : B and - - ¢t : B with
(0:s—t:B)eR. Then trivially ¢ =~ p.
4. RAbs: let I'yz: A Ay.p: A\y.so — Ay.s; : B — C be derived from 'z : Ajy: B+ p:
so — s1: C. Then by IH p{a\q} = p{z\q¢'} so Ay.p{z\q} = Ay.p{z\¢'}.
5. RApp: let T,z : At po:sgtyg — s1ty : C bederived from ',z : AFp:syg—s1:B—C
and 'z : AF o :ty — t; : B. Then, applying the IH:

plz\a} o{a\g} ~ p{a\q'} o{z\q} = p{2\¢'} o{a\q'}
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6. RTrans: let ',z : AFps;o:sy)— sy: Bbederived from 'z : AF p:sy— sy : B and
I'Nz:AFo:sy — sy : B. Then applying the IH:

plz\g} 5 o{z\q} = p{2\q'} 5 o{z\q} = p{2\¢'} 5 o{2\¢'}

7. RConv: immediate by ITH.
<

» Lemma 64 (=g, under term/rewrite substitution). Let Iz : A F s =g, s : B and let
Tkp:iqgo—q: A Then s{z\p} =~ s'{z\p}.

Proof. By induction on the derivation of the judgment I,z : A+ s =g, s’ : B. Reflexivity,
symmetry, transitivity, and congruence under term constructors are immediate by IH. The
interesting cases are:

1. EqBeta: let s = (Az.t)r and s’ = t{z\r}. Then:

(Azt)r){z\p} = Qz.t{z\p})r{z\p}
~ t{z\pHy\r{z\p}} Dby ~-BetaRR (Lem.
~ t{y\rHe\p} by Lem.
2. EqEta: let s = \y.s’ « with y ¢ fv(s’). Then:
Ays'yliz\ol = Ays{a\pty

~ s by ~-Eta, as y ¢ fv(s'{z\p})

In the last step, note that we may assume that y ¢ fv(p) by Barendregt’s convention.
<

» Lemma 65 (Congruence for ~ below rewrite/term substitution). Let I,z : A+ p: py —
p1:Band T,x: AF p :p) — py : B be such that p = p', and let ' b ¢ : A. Then
p{z\a} =~ p'{z\q}-

Proof.

p{x\q} (Az.p)q by ~~-BetaRT
sl g

p'{z\q} Dby ~-BetaRT

QX

<

» Lemma 66 (Congruence for &~ below term/rewrite substitution). Let ',z : At s: B and let
Tkpipo—=pr:AandTFp :p) — ) A such that p =~ p'. Then s{z\p} = s{z\p'}.

Proof.

s{z\p}

Q

(Ax.s)p Dby ~-BetaTR
(Ax.s) p’
s'"{z\p} by =-BetaTR

Q

Q

<

» Proposition 67 (Congruence for ~ below rewrite/rewrite substitution). Let I,z : A+ p:
po—>p1:BandT,x: Ak p :pl —p): B besuchthat p~p', and letTFo:qp—q: A
and Tk o’ g} — ¢} : A be such that o = o’. Then p{x\o} ~ p'{z\\0'}.
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Proof.

plz\o} p{z\qo} s p1{z\o}

p{x\q} s p1{z\o} by Lem.
o {x\gp} s p1{z\o} by Lem.
p'{z\¢,} 5 pi{z\o} by Lem.[64]
p'{z\qo} 5 pi{z\o’} by Lem.
p{x\o'}

QQ a

B.4 Permutation lemma

» Lemma 68 (Coherence of term variable substitution). Let ',z : A+ p:py — p1 : B and

r

Fo:qgo—q1:A. Then:

plz\qo} 5 pi{z\o} = po{z\o} ; p{z\q1}

Proof. By induction on the derivation of '« : A& p:pg— py : B:

1

2.

. RVar: let I,z : A y:y— y: B. We consider two subcases depending on whether x =y

or not:
1.1 If z =y, then:

o by ~-ldL
o3q by ~-IdR

do 5 0

~
~
~
~

1.2 If z # y, then both the left and the right-hand side are y ; y, so we are done.

RCon: let '+ c: ¢ — ¢ : B where (c: B) € C. Then both the left and the right-hand
side are c ; c, so we are done.

RRule: let I'z: AF o : s — t: B be derived from - - s : B and - - ¢t : B with

(0:po — p1: B) € R. Note that, by Lem. po and p; have no free occurrences of x.

Hence po{z\c } =~ po and p1{x\c} =~ p1, and we have:

os;t{z\c} =~ o;t
~ o by ~-IdR
X 530 by ~-ldL
~ s{z\o};e
RAbs: let I,z : At Ay.p: A\y.sg = A\y.s1 : B — C be derived from ',z : A,y : BF p:
sop — 51 : C. So:
(Ay-p{z\a@0}) 5 (Ay.si{z\o}) = Ay.(p{z\q} ; si{z\co}) by ~-Abs
~ Ay.(so{z\o} 5 p{z\a@1 }) by IH
~ (Ay-so{z\o}) ;s (\y.p{a\ar}) by ~-Abs

. RApp: let Iz : AF pypo: sotg — s1ty : C be derived from ',z : A F py : 59 — 571 :

B—=CandI',z:AF py:tg—ty: B. Then:

pi{z\go} p2{z\qo}) ; (si{z\o} t1{z\co})

pi{z\qo} 5 si{z\o}) (p2{r\qo} 5 ta{z\o}) by ~-App
so{z\o} 5 pi{z\q1}) (to{2\o} 5 p2{2\q1}) by IH
so{z\o}tof{z\o}); (pr{x\q1 } p2{z\q1}) by ~-App

~ A~~~

Q Q&
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6. RTrans: let I',x : AF p1 5 p0: 590 — so: B be derived from I'x : AF p; : s = s1: B
and I,z : AF py: sy — so: B. Then:

(p1{z\ao} 5 p2{z\q0}) 5 s2{z\ o'} pi{z\qo} 3 (p2{x\qo} 5 s2{z\o}) by ~-Assoc
01{33\110} H (51{3«"\\0} H 02{117\111}) by IH
(pi{z\qo} 5 s1{z\o}) 5 p2{z\q1} by ~-Assoc
(so{z\o} 5 pr{z\q1}) 5 p2{z\q1} by IH

so{a\o} 5 (pi{x\a1} 5 p2{z\q1}) by ~-Assoc

7. RConv: let T,z : At p:py — p1 : B be derived from I',z : A& p: p — p) : B where
Iy AbFpo=pypy:Band ',z : At p| =g, p1 : B. Then:

p{a\qo} 5 pi{z\o} p{z\qo} ; i{z\o} by Lem.[64]

~ pole\o};p{z\a:} by IH
~ po{z\o};p{z\a1} by Lem.[64]

QR X

» Proposition 69 (Transitivity under rewrite/rewrite substitution). Suppose that:
m x:AbFpriso—s1:Bandl,z: Ak py:sy —-s5: B

m ['Foy:tg—»ti:Bandl'Fos:t; —»15: B

Then:

(P15 p2){x\o1 502} ~ pi{z\o1} 5 p2{z\o2}

Proof. We work implicitly modulo associativity of composition (“;”), using the ~-Assoc rule:

(P15 p2){z\o1 5 02} (P15 p2){2\to} 5 s2{z\o1 ; 02}

pi{z\to} ; p2{x\to} 5 s2{x\o1 5 02}

pi{x\to} ; p2{z\to} 5 s2{z\o1} ;5 so{x\o2} by Lem.
pi{z\to} 5 s1{z\o1} 5 pa{x\t1} ; s2{z\o2} by Lem.[6§
pr{iz\o1} 5 p2{z\o2}

A ||

» Proposition 70 (Substitution property for rewrite/rewrite substitution). Suppose that:
m Dox:Ay:BbFpisyg—s1:C

m [Ly:BbFo:tg—1t1: A

m I'F7:rg—>7r:B

Then:

pleN\o Hy\7} = ply\7Ha\o{y\7}

Proof. We work implicitly modulo associativity of composition (“;”), using the ~-Assoc rule:

plz\o H{y\7}

(p{z\to} 5 s1{z\o H){y\ 7} by definition of {z\\c}
(p{z\to} 5 si{z\o}P){y\ro} ; si{z\t1 H{y\7} by definition of {y\7}
plz\toH{y\ro} 5 si{z\oH{y\ro} ;5 si{z\t1 H{y\7}

p{y\roH{x\to{y\ro}} ; si{z\oH{y\ro} 5 si{z\t1 }{y\7} Substitution Lemma (x)
p{y\ro}{a\to{y\ro}} 5 si{y\roH{z\o{y\ro}} ; si{z\ta }{y\7} Lem. 5]

ply\roHa\to{y\ro}} 5 si{y\roHz\o{y\ro}} 5 si{y\7H{a\t1{y\7}}  Lem.
ply\roHa\to{y\ro}} 5 si{y\roH{z\o{y\ro}} 5 si{y\7Ha\t1{y\7}} Rem.
p{y\roH{a\to{y\ro}} 5 si{y\ro} {z\o{y\ro} } 5 s1{y\7Hz\t:1{y\7}} Rem.[EJ
(p{y\ro} 5 si{y\ro} 5 st{y\TH{z\to{y\ro} 5 o{y\ro} 5 t1 {y\7}} Prop. [69] (twice)
(p{y\ro} 5 st{y\TH{z\o{y\ro} ; t1{y\7}} by ~-IdL (%)
ply\THaz\o{y\7}} by ~-IdL

e n
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In the step marked with (x) we use a variant of the standard Substitution Lemma for capture-
avoiding substitution of a variable for a term. In the step marked with (xx) we use the fact
that permutation equivalence is compatible with rewrite/rewrite substitution (Prop.[67). <

» Lemma 71 (Generalized ~-App). Suppose that:
lkp:s—-s:A1—... A, >BandT'Fp :s —s": A1 —-...— A, > B,
Fkoj:t;—th: Ay and Tk oyt =t 2 A; for all 1 <i<n.

Then:

(por...on) s (por...on) = (p3p)(01501)...(0ns0,)
Proof. By induction on n. The base case when n = 0 is immediate. In the inductive case:

(po1...onons1) s (P ot ..ol ont1)
(po1...onsp 0l...00) (Ont13 Ont1) by ~-App
(psp)(o1301)...(0n307) (Ons1 5 0ns1) by IH

Qo

» Lemma 72 (Generalized ~-BetaRR rule). Suppose that:
Doz Ay, ,x i Ay bpis—5s' B
F'boj:t;—th:B; foralll1<i<n

Then:

A1 ... xp.p)or...on = plzi\o1} ... {2, \on
Proof. By induction on n. The base case when n = 0 is immediate. In the inductive case:

(Ax1xo...2H.p)0102...0,

~ (Ax2...2p.p){z1\o1})02...0, by ~-BetaRR (Lem. [56))
= ((Ax2...zp.p){zi\t1}; Az2...2pn.8){z1\0O1}) 02... 0,
= ((Ax2...zp.p{xi\t1}) ;s Aza...2pn.8{z1\01})) 02... 04
~ (Axg...xp(p{xi\t1} ;5 s{x1\o1})) o2... 00 by ~-Abs (n — 1 times)
= (Aza...zp.plz1\o1})0o2...00 by definition
plzi\o1 H{a2\o2} ... {2 \on by TH
<
» Proposition 73 (Permutation). Suppose that:
F'kp:dey...xps—Awy...x,.8 A — ...~ A, > B
kot =t A; for each 1 <i<n.
Then:
1. poy...op=pty...ty ;8 {x1\o1} ... {2z \on
2. por...op=s{xi\o1} ... {z\on} ;s pt] ...,
Proof. For item 1.:
po1...0n ~ (p3Ax1...7n.8)01...0n by ~-IdR

piAxy...xy.8") (b1 301)...(tn 3 0,) by =-IdL (n times)

)3 (Axy ... 2p.8")o1...0,) by generalized ~-App (Lem.
pt1...ty) 3 (Axy...2p.8")01...0,) by =-1Abs (n times)
pt1...tn) s (8'{z1\o1} ... {zn\on}) Dby generalized ~-BetaRR (Lem.

Q

Q

Q

Q
e e e N
s
~
—
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Item 2. is similar:

p)O1...0p by ~-IdL

5 p) (01 5t1) ... (on 5 th) Dby =-IdR (n times)

o1...0n) 5 (pth...t,) by generalized ~-App (Lem. [71])
AL1 ... Tp.S)01...0pn) 5 (pth ... 1)) by ~-1Abs (n times)

s{z\o1} ... x\\\an )5 (pthy...t)) by generalized ~-BetaRR (Lem.

<

pO1...0p AL1...2p.S
AL1...Tp.S

((
((
(Azy ... xp.s
((
(

XX
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B.5 Summary of properties of the substitution operators and ~

s{z\pHu\t} = s{y\tHz\p{y\t}} (Lem.
s{z\t} = s{z\t} (trivial)

s{z\t} = s{z\t}

s =g, ' implies s ~ 5’

p ~ o implies p*¢ =g, 0 and p
C{p;0) =~ C(p);Clo)

s{z\p} s s{z\o} ~ s{z\p; o}
(Az.p)o ~ p{z\o

p{z\t} = p{z\t

s{z\p} = s{z\p

plaeN\o} =p ifxéfv(p)
(Ay-p){a\o} = Ay.ply\o
(p1p2){z\o} = p1{z\\o} p2{z\o
s{z\gHy\7} = s{y\7 Ha\a{y\7}

s =g, ' implies p{z\s} ~ p{x\s'}

s =g, ' implies s{z\p} = s'{z\p}

p~ p' implies p{z\s} ~ p'{z\s}

p~ p' implies s{z\p} ~ s{z\p'}

p~p and o =~ ¢ imply p{z\o} = p'{z\o’
p{z\ao} s pr{z\o} = po{a\o} 5 p{z\a1 }
(P15 p2){2\o1 502} = pr{z\\o1} 5 pa{z\o2
ple\o Hy\7} ~ ply\7Ha\eo {y\ 7

(por...on); (poy...o)=(p;p)(o1501)...(0n;00)

Src tgt

=pn 0'E

Ay .. .xp.p)or...on = plx\o1} ... {2, \on
Po1...0n=pty. ..ty s {x1\o1} .. {22 \on
po1...on = s{zi\o1} .. Lz \on} s 0ty ... 1,
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C Restricted n-expansion

Recall from Def. the notions of rewrite context (R, R', ...), applicative rewrite context
and strongly applicative term context.

» Definition 74. The relation of restricted n-expansion written —, is defined as follows.

Let R(p) be a rewrite such that p is of function type (ie. A — B), R is not applicative and p
is not a A-abstraction nor a composition (“7). Then given a variable x ¢ fv(p):

R{p) =7 R(Az.px)
Observe that this notion is not closed by arbitrary contexts.
» Remark 75. If p —5 o then p ~ o using the ~-Eta rule.
» Proposition 76. Restricted n-expansion is SN and CR.

Proof. Strong normalization. An 7j-redex occurrence of a rewrite p is a pair (R, p’) such
that R(p’) = p where p is of function type, R is not applicative and p’ is not a A-abstraction
nor a composition. The degree of a redex occurrence is the size of the type A — B. The
measure of a rewrite p is the multiset of all the degrees of redex occurrences of p. To prove
strong normalization, observe that 7j-expansion decreases the measure of the rewrite. In fact,
suppose that there is a step:

R{p) =y R(Az.px)

where the type of p is A — B. Consider a redex occurrence (R, p’) of the right-hand side,

i.e. R{Az.px) = R'(p’) where p’ is of function type, R’ is not applicative, and p’ is not a

A-abstraction nor a composition. We claim that either the degree of (R, p’) is strictly less

than the degree of (R, p) or, otherwise, that (R’,p’) can be mapped injectively to a redex

occurrence (R”, p’") on the left-hand side. Note that R # R’ because Az.px is a A-abstraction

5o (R, Az.px) is not a redex occurrence. We consider three cases, depending on whether the

contexts R, R’ are disjoint, R is a prefix of R’, or R’ is a prefix of R:

1. If R and R’ are disjoint, then there is a two-hole context R such that R = R({J, p’) and
R’ = R((Az.px),0). Then (R, p’) can be mapped to the redex occurrence (R(p, ), p’) on
the left-hand side.

2. If R is a prefix of R’, then R = R(R”) and Azx.pz = R"(p’). Note that R” is not empty
because, as we have already argued, R # R’. We proceed by case analysis on the shape of
R”;

2.1 I R” = Az.0, then (R(Az.0J), pz) is a redex occurrence with degree strictly less than
the degree of (R, p), given that the type of pz is B.

2.2 If R” = Ax.R”z, then (R{(Ax.R"” z),p’) can be mapped to the redex occurrence
(R(R""),p’) on the left-hand side. Note that if R{(\x.R"”' ) is not applicative, then
R(R"") is also not applicative.

2.3 If R” = Az.p, then (R(A\z.p0), x) is a redex occurrence with degree strictly less than
the degree of (R, p), given that the type of = is A.

3. If R’ is a prefix of R, then R = R'(R”) and p’ = R”(Az.px). Then (R',R”{\z.px)) can be
mapped to the redex occurrence (R',R”(p)) on the left-hand side. Note that if R"(A\x.px) is
not a A-abstraction nor a composition then R” is non-empty, and the outermost constructor
is an application, hence R”(p) is also not a A-abstraction nor a composition.



P. Barenbaum and E. Bonelli

The mapping thus defined is injective.

Confluence. By Newman’s lemma, it suffices to show that restricted n-expansion is WCR.
Indeed, suppose that p —5 p1 and p —5 po, and let us show that there is a rewrite p3 such
that p1 —5* p3 and po —5 ™ p3. More precisely, let:

p=Ri(p1) —7 BiQwpiz)=p1 forz¢fv(p)
p=Ra(py) =5 Ro(Ay.phy) =p2 fory ¢ fv(py)

where the contexts R, Ry are not applicative, and the rewrites p1, p2 are of function type and

not abstractions nor compositions. If Ry = Ry then it is trivial to conclude in zero rewriting

steps. Otherwise, there are three subcases, depending on whether the contexts Ri,Ry are

disjoint, or Ry is a prefix of Ry, or Ry is a prefix of R;. The last two cases are symmetric so

we only consider the first one:

1. If Ry and Ry are disjoint, then there is a two-hole context R such that Ry = R(J, py) and
Ry = R(p},0). Then the situation is:

R{pl, ph) — = R((A\z.p) ), ph)

l |

R(p1, (\y-phy)) —R{(Az.p} x), A\y-phy))

To be able to close the diagram, note that R((], p}) is applicative if and only if R(C], (Ay.p}))
is applicative. Similarly, R(p}, ) is applicative if and only if R{(A\z.p} ), ) is applicative.
2. If R is a prefix of Ry, then Ry = Ry (R’) and p}| = R'(p}). Then the situation is:

Ri(R'(p5)) ————Ri(Az.R'(p3) @)

| |

Ri (R (\y.ph y)) —Ri(Ax.R' (\y.phy) )

To justify the step on the right-hand side of the diagram, note that R’ is not empty
because we already know that Ry # Ry. Moreover, the outermost constructor of R’ cannot
be a A-abstraction nor a composition, because p; = R'{p}) is not a A-abstraction nor a
composition. This means that R’ must be either of the form R” o or of the form o R”
and it is not applicative. Hence, in any of these two cases, the context Ry (Az.R’ x) is not
applicative.
To justify the step on the bottom of the diagram, note, again, that R’ is non-empty and
its outermost constructor is an application, hence R'(Ay.p5 y) is not a A-abstraction nor a
composition.

<

C.1 7-normal forms

» Definition 77 (7j-normal form). We recall the standard notion of fj-normal form for terms:
a typable term I' = s : A. is in ;-normal form if whenever s can be written as of the form
s = C(s') such that s' is of function type (i.e. A — B) then either C is strongly applicative or
s is a A-abstraction.

The notion is extended for rewrites as follows. A typable rewrite U'Fp:s—t: A isin
7-normal form if whenever p can be written as of the form p = R{(p’) such that p’ is of function
type (i.e. A — B) then either R is applicative or p' is a A-abstraction or a composition.

11:35
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» Remark 78. A rewrite is in 7-normal form precisely if it is a normal form for —7.

» Remark 79. A term s is in 7-normal form in the standard sense if and only if the

corresponding rewrite s is in 77-normal form. This is a consequence of the two following

observations:

1. A term context C is applicative if and only if it is strongly applicative, given that it has
no compositions.

2. A term s has no compositions.

» Definition 80 (7-condition). The set of rewriting rule symbols R is said to verify the
7-condition if for every o :s —t: A€ R. the terms s and t are in 7-normal form.

» Lemma 81 (Endpoints of rewrites in -normal form). Assume that the set of rewriting rule
symbols R verifies the 7-condition. Let I' - p: s — 1 : A be a rewrite in 7-normal form.
Then p>¢ and p'8* are in m-normal form.

Proof. Let us prove that the source p* is in 7-normal form; the proof for the target p'' is
similar. By contradiction, suppose that p*¢ is not in 77-normal form. Note that p*® is of the

form C(s) where C is not applicative and s is not a A-abstraction nor a composition. Since
[

P~ is a term, without compositions (“;”), this means that s is not a A-abstraction and that
C is not strongly applicative. By Lem. [33| there are two possibilities:

(A) In this case, p = R{a) where R® = C and o*° = s. Suppose, without loss of generality,

that « is the smallest possible term that satisfies these equations. In particular, note that
a cannot be a composition («a; ; az), because this would allow us to write p = R {ay)
with R" := R{J ; «2) and this also verifies the equations.

Then R is not applicative, as this would imply that C is applicative. Note that « is
not a A-abstraction, as this would imply that s is a A-abstraction. Finally, a is not a
composition, as we have already noted. This contradicts the fact that p is in 7-normal
form.

(B) In this case, p = R(p) where R*"® = C; and ¢* = Cy(s) and C = C1(C2). Note that Cs is

not strongly applicative, as this would imply that C is strongly applicative. Moreover, as
already noted before, s is not a A-abstraction. This means that ¢ is not in 77-normal
form, contradicting the hypothesis that the set of rewriting rule symbols R verifies the
n-condition.
<
D Flattening

» Lemma 82 (Typing rule for multistep substitution). If Iz : A+ p: sg — s : B and
TkFvity—t;: Athen T F p{a\v}:so{z\to} = s1{z\t1}: B.

Proof. Straightforward by induction on the derivation of the judgment. <
» Lemma 83 (Substitution lemma for multisteps). The following substitution property holds:
p{z\vHy\v'} = p{y\v'Ha\v{y\v'}}

Note, in particular, that p{x\v}{y\s} = p{y\sH{z\v{y\s}}.

Proof. Routine by induction on u. |
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D.1 Termination of flattening
» Remark 84. If p Py o and x ¢ {F-BetaM, F-EtaM} then p* = ¢° and p'8* = o'&".

» Remark 85. Let p Py o where x # {F-BetaM, F-EtaM}. Then neither p nor o are
multisteps. Indeed, note that, in all the rules other than F-BetaM and F-EtaM, there must

1)

be at least one composition (“;”) on the left-hand side, and at least one composition on the
right-hand side.

» Lemma 86. Let u,v be arbitrary multisteps. Then:
1- u{x\l/}src — MSYC{x\VSrC}
2. p{a\v}e = st {z\ st}

Proof. Straightforward by induction on . |

> Lemma 87. If p+, o where x € {F-BetaM, F-EtaM}, then p™ = 0 and p'& 5= o2,

b — . b
Here — 3 denotes the reflexive closure of —.

Proof. By induction on p:

1. Variable (p = z), constant (p = c), or rule symbol (p = p). There cannot be a
step p »i>x o using the F-BetaM or F-EtaM rules, so this case trivially holds.

2. Abstraction (p = Az.p’). There are two subcases, depending on whether the step takes
place at the root or under the abstraction:

2.1 Reduction at the root: then p’ is a multistep of the form paz where = ¢ fv(u),
and the step is of the form Az.uzx »i>}-_EtaM . Then for the source we have that
Azt x A F-Etam 4°¢, observing that z cannot occur free in ', and similarly for the
target.

2.2 Under the abstraction: then the step is of the form Az.p’ i>x Az.o’ with p’ »i>x o’. By

IH we have that p’*' A = o so also A\x.p*" +£>x: Ax.c’8 and similarly for the target.

3. Application (p = p1 p2). There are three subcases, depending on whether the step
takes place at the root, to the left, or to the right of the application:

3.1 Reduction at the root: then p; and po must be multisteps of the forms p; = Az.u and
p2 = v, and the step is of the form (Ax.u)v 'L}-_BetaM p{z\rv}. Then for the source we
have that (Az.pc) " %;-BetaM e {a\v} = p{z\r}" by Lem. and similarly
for the target.

3.2 Left of the application: then the step is of the form p; ps ni>x Py p2 with p; »i>x P

Src src @: /SIC _src
X

By IH we have that p3’® A = 04" so also p§ pS Py p3c, and similarly for the
target. o - - -
3.3 Right of the application: symmetric to the previous case.
4. Composition, (p = p; ; p2). There are two subcases, depending on whether the step
takes place to the left or to the right of the composition:

4.1 Left of the composition: then the step is of the form p; ; po ,LX Py 5 p2 with
P1 |i>x py. For the source, note that by IH we have that e »£>x: p1° so indeed

/ src

(13 p2)" = p§< 25 p1™ = (p} 3 p2)*. For the target, simply note that (py ; p2)'s =

t t . .
px" = (p} ; p2)'8, so we conclude in zero reduction steps.

4.2 Right of the composition: symmetric to the previous case.
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» Lemma 88 (F-BetaM and F-EtaM postponement). Let p ni>x o ni>y T where x €

{F-BetaM, F-EtaM} and y ¢ {F-BetaM,F-EtaM}. Then there is a rewrite v such that
b +

Py U .i>x T.

Proof. By induction on the context under which the step p r£>x o takes place. We analyze

the cases for reduction at the root as well as for congruence closure:

1. F-BetaM reduction at the root. Let (Az.u) v @;_BetaM p{z\v} »i>y 7. It suffices to
note that the left-hand side of y contains at least one composition (Rem. , given that
y ¢ {F-BetaM, F-EtaM}. Hence the step p{z\v} ,i)y 7 is impossible.

2. F-EtaM reduction at the root. Similar to the previous case.

3. Under a A-abstraction. Let \z.p ni>x Azx.o’ »i>y 7 where p’ »i>x o'

If the second step is internal to ¢/, then the conclusion follows easily by IH. More

precisely, suppose that 7 = Az.7’ with ¢’ |i>y 7/. By IH there exists a rewrite v’ such that

o »i>y v’ i)j 7/. Taking v := Az.v’ we have that \z.p’ Hb>y Az’ »5: Az.7’ as required.

If the second step is at the root, then the only rule that can apply is F-Abs, so o/ = (o7 5 02)

and 7 = (Az.01) ; (Az.02), that is, the situation is:

b b
Ar.p' =y Ax (01 5 02) = Faps (Ax.01) 3 (A\x.02)

Note that the right-hand side of the first step is a multistep which does not contain any
composition (“;”), because it is either a F-BetaM or a F-EtaM step. Hence p’ must be of
the form (p1 ;5 p2) where the first step is either internal to p; or internal to py. So there
are two subcases:
3.1 First step internal to pq: then Az.(p1 ; 02) ni>x Azx.(o1 5 02) ni);_Abs (Az.01) 5 (Az.09)
where p; »i>x o1. Taking v := Az.(p1 5 02) we have that Az.(p; ; 02) ni);-;\bs (Az.p1) 3
(Az.09) Do (Az.01) 5 (Ax.09) as required.

3.2 First step internal to ps: symmetric to the previous case.

4. Left of an application. Let p’ a »i>x o« |i>y T where p/ |i>x o’
If the second step is internal to ¢’, then the conclusion follows easily by IH. More precisely,

suppose that 7 = 7’ o with ¢’ |i>y 7/. Then by IH there exists a rewrite v’ such that
+ +
o i)y v’ Hb>x 7/, Taking v := v’ @ we have that p’ « »i>y v |i>x 7'« as required.

If the second step is internal to «, then the conclusion follows easily given that the steps
are disjoint. More precisely, suppose that 7 = ¢’ 8 with « »gy B. Taking v := p’ 8 we
have that p’ « |£>y o8 |£>X o' 8 as required.
If the second step is at the root, there are only three rules that can apply (F-Appl,
F-App2, and F-App3), so we consider three subcases:
4.1 F-Appl: then o/ = (07 ; 02), and a = p is a multistep, and moreover 7 = (o7 u*°) 3
(o2 ). The situation is:

b b
p',u —rx (01 H Uz)u = F-Appl (Ulﬁ) 3 (02 H)

where p/ ,Lx 01§ 02. Note that the right-hand side of the first step must be a multistep
which does not contain any composition (“;”), given that x € {F-BetaM, F-EtaM}.
Hence p’ must be of the form (p; ; p2) where the first step is either internal to p; or
internal to ps. So there are two subcases:
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4.1.1 First step internal to py: then (p1,02) 1 |i>x (o1 5 02) 11 %;_Appl (o1 1) 5 (o2 1)

where p; Hb>x o1. Taking v := (p1 p¥°) ;5 (02 1) we have that: (p1,02) p 'i>]:—App1

b .
(p1 %) 5 (02 p) = (01 17) 5 (02 p) as required.

4.1.2 First step internal to po: symmetric to the previous case.
4.2 F-App2: then o/ = p is a multistep, and a = (o7 ; as2), and moreover 7 = () ;

4.3

('8 ag). The situation is:

b b
p'(ar 5 a2) =e (o 5 @) = Fapp (an) 5 (U ag)

where p’ ,LX 1. Note that the first step step is either a F-BetaM or an F-EtaM step,
o0 it cannot erase compositions (“;”). Therefore p’ does not contain any composition,
i.e. p' = o is also a multistep. Hence taking v := (g a1) 5 (e az) we have that

po(ar s az) Prrappe (Boa1) 5 (ug az)

(mai) s (ﬁaz)
(Laq) s (u® as) by Lem.

Ie I+ I+

jall

F-App3: then ¢’ = (01 5 03) and a = (a1 5 az2), and moreover 7 = ((07 02)£) :
(U;gt (a1 5 ag)). The situation is:

b b
p' (a1 5 ag) =y (015 02) (15 az) = Fapps (013 02)@) 5 (ﬁ (o1 5 az))

Note that the right-hand side of the first step is a multistep which does not contain
any composition (“;7), given that x € {F-BetaM, F-EtaM}. Hence p’ must be of the
form (p1 ; p2) where the first step is either internal to p; or internal to ps. So there
are two subcases:

4.3.1 First step internal to py: then (p1 ; 02) (a1 5 a2) .Lx (01 3 02) (a1 5 o) 'i>]:_App3

b . .
((o1 5 02) a§©) (U;gt (a1 3 ag)) where p; —y o1. Taking v := ((p1 ; 02) a§°) ;
(05" (a1 5 az)) we have that:

b Src

(p1502) (15 02) rrapps ((p1502)af) 5 (05 (o1 5 az))
b r
—x ((o1502)05°) 3 (oégt (a1 ;5 a2))

b

4.3.2 First step internal to pa: then (o7 3 p2) (a1 5 a2) |i>x (01 3 02) (01 5 a2) — FApp3

b ) .
((01 5 02) aF9) 5 (05 (1 5 a2)) where py >y 0. Taking v := ((o1 5 p2) af°) 3

(ﬁ (a1 5 ag)) we have that:

i? Src
(015 p2) (15 02) S raps (015 p2) a7 5 (5 (1 5 )
b Src
Frx (015 02) aF) 5 (5" (a1 5 a2))
- }
— ((01502) aF) 5 (05 (a1 5 @2)) by Lem. [87]

5. Right of an application. Symmetric to the previous case.

6. Left of a composition. Let p’ ; a »i>x o« »i>y 7 where p’ ni>x o’'. Note that there is

1]

no rewriting rule whose left-hand side is a composition (“;”). Hence the second step must
necessarily be internal to ¢’ or to a.

If the second step is internal to ¢’, i.e. 7 = 7' ; @ with o’ »i>y 7', then the conclusion
follows easily by IH (similarly as in the Left of an application case).
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If the second step is internal to «, i.e. 7 = ¢’ ; B with « |i>y 5, then the conclusion
follows easily given that the steps are disjoint (similarly as in the Left of an application
case).
7. Right of a composition. Symmetric to the previous case.
<

» Definition 89 (Heavy applications). An application p o is heavy if p and o are not multisteps,
i.e. if both p and o contain compositions (7). We write #n(p) to stand for the number of
heavy applications in p. More precisely:

def

#n(z) = #n(c) = #n(0) 0
#(Arp) (o)
. ) <
n(po) def #h(p)+#h(o)+{1 ifpo z(? eavy
0 otherwise
def

#n(pso) = #nlp)+ #n(o)

» Remark 90. Multisteps and (lifted) terms have no heavy applications, i.e. #(u) = 0 and
#n(s) = 0.

» Lemma 91 (Decrease of heavy applications). Let p Pry 0 where x ¢ {F-BetaM, F-EtaM}.
Then #n(p) > #n(0). Furthermore if x = F-App3 then #n(p) > #n(0).

Proof. By induction on the context under which the step p r£>X o takes place. We consider
all the cases for reduction at the root as well as for congruence closure:

1. Root F-Abs step. Let Az.(p ; o) ni);_Abs (Az.p) 3 (Az.0). Then #n(Az.(p 5 0)) =
#n(p) + #n(0) = #n((Az.p) 5 (Az.0)).
2. Root F-Appl step. Let (p;0)pu »i>}-_App1 (pp*¢) 5 (o ). Note that all the explicitly

written applications, i.e. (p ; o)p, and pp*, and o u are not heavy. Hence, using
the fact that multisteps and terms have no heavy applications (Rem. we have that
#n((p 5 0) 1) = #n(p) + #n(0) = #n((p ) 5 (0 1))

3. Root F-App2 step. Symmetric to the previous case.

b
4. Root F-App3 step. Let (p1 5 p2) (01 5 02) = rapp3 ((p1 5 p2) 05€) 3 (ﬁ (01 5 02)). Note
that the explicitly written application on the left-hand side, i.e. (p1 ; p2) (01 5 02) is heavy,

whereas the explicitly written applications on the right-hand side, i.e. (p1 ; p2) o5

P (01 5 02), are not heavy. Hence #4((p1 5 p2) (01 5 02)) = 14+#n(p1)+#n(p2)+#n(01)+
#n(02) > #n(p1) + #n(p2) + #n(01) + #n(02) = #n(((p1 5 p2) 07°) 5 (p5 (015 02))).

5. Congruence, under an abstraction. let Ax.p ni>x Az.o with p »i>x o. Note that
#n(A\x.p) = #n(p) and #n(Az.0) = #n(0), so it is immediate to conclude by resorting to
the TH.

6. Congruence, left of an application. let p«a i>x o« with p ,LX o. Recall that in a
reduction step (other than F-BetaM and F-EtaM) the left and the right-hand sides are
not multisteps (Rem. . This implies that p and o are not multisteps. This means
that the application p « is heavy if and only if the application o « is heavy. Let k :=1
if pa is heavy, and k := 0 otherwise. We have that #n(pa) = k + #n(p) + #n(a) and
#n(oa) =k + #n(0) + #n(). Hence it is immediate to conclude by resorting to the IH.

7. Congruence, right of an application. Symmetric to the previous case.

and
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8. Congruence, left of a composition. Let p ; « |i>x o 5 a with p »£>x o. Then
#n(p 5 a) = #n(p) and #n(0 5 @) = #n(0), so it is immediate to conclude by resorting to
the TH.

9. Congruence, right of a composition. Symmetric to the previous case.

<

» Definition 92. The weight of a rewrite p is a non-negative integer #.,(p) defined inductively

as follows:
#au(@) = Hulc) = #u(0) E 0
#Hu(r.p) Z 24(p)
#ulpo) = 24(p) +2#u(0)
£ulpio) L1+ (o) + #u(0)

» Remark 93. Multisteps and (lifted) terms have zero weight, i.e. #w (1) = 0 and #,(s) = 0.

» Lemma 94 (Decrease of weight). Let p ,i>x o where x € {F-Abs, F-Appl, F-App2}. Then
#w(p) > #uw(o).

Proof. By induction on the context under which the step p ,LX o takes place. We consider
all the cases for reduction at the root as well as for congruence closure:

1. Root F-Abs step. Let Az.(p; o) |i>]:_Abs (Az.p) 5 (Az.o). Then:

#w()\x(p 3 J)) = 2 (]- + #w(p) + #W(J))
> 1+42#4(p) +2#u(0)
#w((Az.p) 5 (A\z.0))

2. Root F-Appl step. Let (p;0)pu »L;-Appl (p ") 5 (o p). Then:

#w((ps0)p) 2(14#w(p) + #w(0)) + 24w (1)
L+2#w(p) +2#w(0) + 2 #u (1)
1+ 2#0(p) + 2 #w (1) + 2 #w(0) + 2#w (1) by Rem.

H#w((p ) 5 (o 1))

3. Root F-App2 step. Symmetric to the previous case.

4. Congruence closure. Congruence under abstraction, application and composition
are straightforward given that the functions #,(Az.—), #w(——), and #u(— ; —) are
monotonic.

\%

<
» Proposition 95. The flattening system F is strongly normalizing.

Proof. Recall that F-BetaM and F-EtaM steps can be postponed after steps of other kinds
(Lem. . Hence, by standard rewriting techniques, SN of F can be reduced to SN of
'L]-'-BetaM U &F-EtaM on one hand, plus SN of li>]:_/_\bs U ’i)]-‘_Appl ] *L]:_APPQ ] *L]:_App3 on
the other one.

It is immediate to show that the union of F-BetaM and F-EtaM is SN, given that (typable)
multisteps can be understood as simply typed A-terms, by regarding constants (c,d,...) and
rule symbols (g, 4, ...) as free variables of their corresponding types. Hence termination of

|i> F-Betam U A F-Etam 1s reduced to termination of Brn-reduction in the simply-typed A-calculus.

11:41
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To show that the system without F-BetaM and F-EtaM is SN, consider the measure on

rewrites given by #(p) &f (#n(p), #w(p)) with the lexicographic order. It is then easy to

show that if p Py o with x ¢ {F-BetaM, F-EtaM} then #(p) > #(0). Indeed, by Lem.
we know that F-App3 steps strictly decrease the first component and other kinds of steps
do not increase it. Moreover, by Lem. [04] we know that F-Abs, F-Appl, and F-App2 steps
strictly decrease the second component. |

D.2 Confluence of flattening

» Proposition 96. The flattening system F is confluent.

Proof. By Newman’s lemma, given that F is SN (Prop. , it suffices to show that it is
WCR. Indeed, let p A p1 and p A p2 and let us show that there exists a rewrite ps such
that p Dy p3 and pq Dy p3. We proceed by induction on p.

1. Variable (p = z), constant (p = c), or rule symbol (p = g). A rewrite of any of
these shapes does not reduce, so the statements holds vacuously.

2. Abstraction (p = Az.p’). If both steps are internal to p/, it is immediate to conclude
by resorting to the IH. If both steps are at the root, note that the rules F-Abs and
F-EtaM are mutually exclusive, given that F-Abs requires that the left-hand side has a
composition, whereas F-EtaM requires that it be a multistep. So if both steps are at the
root, they must be instances of the same rule, and actually the same instance, so this
case is trivial.

The remaining case is when one of the steps is at the root and the other one is internal.
We proceed by case analysis, depending on the kind of step that is performed at the root:

2.1 F-Abs: Then the step at the root is of the form Az.(p; 5 p2) »i>}-_Abs (Az.p1) 5 (Az.p2).
Note that the internal step cannot be at the root of p; ; p2 given that there are no

rewriting rules whose left-hand side is a composition (“;”). Hence the internal step
must be either internal to p; or internal to ps, so there are two subcases:

2.1.1 If the internal step is of the form Az.(p1 ; p2) A Az.(py 5 p2) with py A Py, the
situation is:

Az.(p1 3 p2) — (Aw.p1) 5 (Az.p2)

l i

Az.(ph 3 p2) —= (Aw.p) 5 (Az.p2)

2.1.2 If the internal step is of the form Az.(p1 ; p2) A Ax.(p1 3 phy) with pso A ph, the
proof is similar as for the previous case.

2.2 F-EtaM: Then the step at the root is of the form A\z.uz &;_Eta,v. w with = ¢ fv(u).
There are two subcases, depending on whether the internal step is at the root of px
or internal to pu:

2.2.1 If the internal step is at the root of px then it can only be an instance of the
F-BetaM rule, given that the remaining rewriting rules whose left-hand side is an

W

application require that it contains at least one composition (“;”), while px is a
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multistep. Hence p = A\y.v and the situation is:

Ax.(\y.v)x — Ay.v

|~

Az.v{y\z}

Note that the two rewrites are a-equivalent because x ¢ fv(v).
2.2.2 If the internal step is internal to p, then the situation is:

AT T — L4

L

Ar.py' @ ——p!

3. Application (p = p1 p2). If both steps are internal to py, it is immediate to conclude by
resorting to the IH. Similarly, if both steps are internal to ps, it is immediate to conclude
by IH. If one step is internal to p; and the other one is internal to ps, it is also immediate
to conclude given that the steps are disjoint. If both steps are at the root, note that the
rules F-Appl, F-App2, F-App3, F-BetaM are all mutually exclusive; for example there
cannot simultaneously be a F-Appl step and a F-BetaM step at the root, given that
F-Appl requires that the rewrite on the left is not a multistep whereas F-BetaM requires
that it be a multistep. So if both steps are at the root they must be instances of the
same rule, and actually the same instance, so this case is trivial.

The remaining case is when one of the steps it at the root and the other one is internal.
We proceed by case analysis, depending on the kind of step that is performed at the root:
3.1 F-Appl: Then p; = 01 5 02 and ps = pu is a multistep, and the step at the root is
of the form (o1 ; o2) »L;-Appl (o1 17¢) 5 (02 ). Note that the internal step must
cannot be at the root of o1 ; o9 given that there are no rewriting rules whose left-hand
side is a composition (“;”). Hence there are three subcases, depending on whether the
internal step is internal to oy, internal to o2, or internal to yu:
3.1.1 If the internal step is of the form (o1 ; o2) u AN (o4 3 02) u with oy i o}, the
situation is:

(015 09) pp —— (01 p*) 5 (02 1)

| |

(01 5 02) pp —— (0] p*) 5 (02 1)

3.1.2 If the internal step is of the form (o ;5 o2) p AN (01 5 04) p with o9 AN ob, the proof
is similar as for the previous case.

3.1.3 If the internal step is of the form (o 5 o2) p N (o1 5 o9) i/ with A w', then
note that it must be either a F-BetaM or a F-EtaM step given that the other rules
cannot reduce a multistep (Rem. . Then the situation is:

src) .

(0135 02) p—— (01 1) 5 (02 )
|

(o1 p%) 5 (o2 1)
&Lem.

(015 09) p —— (01 ) 5 (02 pt')
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3.2 F-App2: Symmetric to the previous case.

3.3 F-App3: Then p; = 01 5 02 and po = 71 ; T2, and the step at the root is of the
form (o7 5 02) (11 5 72) N (015 02) 75) 5 (028" (71 3 72)). Note that the internal step
must cannot be at the root of oy ; gnor at the root of 7 ; T2 given that there are
no rewriting rules whose left-hand side is a composition (“;”). Hence there are four
subcases, depending on whether the internal step is internal to o1, internal to o3,
internal to 71, or internal to 7».

3.3.1 If the internal step is of the form (o1 5 02) (71 5 T2) A (o} 3 02) (11 5 T2) with

b . . .
o1 — o, then the situation is:

(015 02) (71 5 72) —> (913 92) 1) 3 (03 (71 5 72))

| |

(01 502) (113 72) —= (04 5 02) 75) 5 (05 (71 3 72))

3.3.2 If the internal step is of the form (o1 5 02) (11 ; T2) N (o1 3 0b) (11 5 T2) with

o D o, then we claim that o5 A o4, Indeed, if the step oy A oh is a
F-BetaM or an F-EtaM step this is a consequence of Lem. and if the step is
not an instance of the F-BetaM rule, we have that 058" = 5" as has already been

observed (Rem. . In any case, the situation is:

(01502) (11 572) —((013 0’2)ﬁ) 5 (ﬁ(ﬁ 5 72))

’
((o1; Ué)ﬂ) 5 (ﬁ(ﬁ 5 7T2))
J;by the claim
(01505) (113 72) —— ((01 5 04) 75') 5 (05" (1 5 72))
3.3.3 If the internal step is of the form (o1 5 02) (11 ; T2) N (01 5 02) (11 3 T2) with
5! A 71, the proof is similar as for the previous case.
3.3.4 If the internal step is of the form (o7 ; 02) (71 5 72) A (013 02) (11 5 75) with 7o N 75,
the proof is similar as for when the internal step is internal to o7 (subcase .
3.4 F-BetaM: Then p; = Az.u and ps = v are both multisteps. The internal step may be
an F-EtaM step at the root of Ax.u, or a step internal to u or a step internal to v.
Note by Rem. 85| that all of these steps must necessarily be F-BetaM or F-EtaM steps.
Therefore these cases correspond to typical critical pairs for Sn-reduction, namely:

(Ax.px)v ——pv  where x ¢ fv(p)

L

1%
(Az.p) v —— p{z\v} (Az.p) v —— p{z\v}
| l | i
(Az.p') v —— p'{a\v} (Az.pp) v —— p{z\v'}

The diagrams on the bottom rely, respectively, on the following properties. If x €
{F-BetaM, F-EtaM} then:
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i Hb>x u' implies p{z\v} »i>x w{z\v}
v, v implies u{z\r} »5: u{z\v'}.
These are straightforward to prove, resorting to Lem. 83| when appropriate.

4. Composition (p = p; ; p2). Note that the steps cannot be at the root, given that
there are no rewriting rules whose left-hand side is a composition (“;”). If both steps are
internal to p1, it is immediate to conclude by resorting to the IH. Similarly, if both steps
are internal to p, it is immediate to conclude by IH. Finally, if one step is internal to p;
and the other one is internal to ps, it is also immediate to conclude given that the steps
are disjoint.

<

» Definition 97. The reduction relation v is defined as s but excluding the F-EtaM rule.

» Remark 98. The reduction relation r» is also SN and CR. Strong normalization is immediate
by Prop. since »i>91>. The proof of confluence is the same as in Prop. ignoring all
the cases involving the F-EtaM rule, and observing that peaks not involving the F-EtaM
rule may be closed without using the F-EtaM rule.

D.3 Soundness with respect to permutation equivalence

» Lemma 99. Let T ,ax: Ak p:ipyo—=pr:BandTFv:qg — q : A Then p{z\v} =~
uw{x\v}.

Proof. By induction on the derivation of I';z: AF 1 : py — py : B:
1. RVar: Let Iz : Ak y:y —y: B with (y : B) € I'. There are two subcases, depending
on whether x = y or not.
1.1 If x = y then: a{z\v} =v = (to;v) =a{z\\v} by ~-IdL.
1.2 If z # y then y{z\v} =y = (v 5 y) = y{z\v} by ~-IdL.
2. RCon: Let 'z: AFc:c—c: B with (c: B) € C. Then c{z\v} =c~(c;c)=
c{z\v} by ~-IdL.
3. RRule: Let 'z : At o : sy = s; : B be derived from - F sy : B and - F sy : B with
(0:50 = s1:B)€R. Then p{z\r} =0~ (0;51) = o{x\v} by ~-IdR. Note that s; is
a closed term by Lem. |38] so s;{z\\v'} = s;. o
4. RAbs: Let I'yz: A Ay Ay.sg — A\y.s1 : B — C be derived from 'z : A,y : BF p:
sg — 51 : C. Then:

Ayp{a\v} = dyp{z\v}
Ay.p{x\v by IH

(Ay.p){z\\v} by Lem.[6]]

5. RApp: Let I'x: AF pqps i sotg — s1t1 : C be derived from ',z : A F py @ sg — 51 ¢
B—=CandI',z: AF ps:tg—ty: B. Then:

(1 p){z\v} = m{a\v}pe{z\v}
pi{z\v}pe{z\v} by IH
(1 p2){z\v by Lem. [61]

Qo

~
~
~
~

]

6. RTrans: Impossible, as p is a multistep without compositions (“;”).
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7. REq: Let T2 : Ak pn: sg — 51 : B be derived from I',2: A+ p: s, — 5| : B with
Iaw:Abso=gys,:Band ',z : AF s| =g, s1 : B. Then:

p{z\v} p{x\qo} ; s1{z\v} byIH
p{x\qo} 5 si{z\v} by Lem.[64]
pl{z\v

~
~
~
~

» Lemma 100 (Soundness). If p Y o then pO.

Proof. It suffices to show that all the axioms of the flattening system F relate permutation

equivalent rewrites:
1. F-Abs:

Ax.(p; o) = (Ax.p); (Ax.oc) by ~-Abs

2. F-Appl:
(pso)p ~ (p30)(pspu) by~-ldL
~ (pp') ;s (op) by ~-App

3. F-App2:
ppso) =~ (u;p®)(pso) by ~IdR
~ (up); (p* o) by ~App

4. F-App3:

(p13p2)(o1302) =~ ((p135p2) s pE)(07 5 (01502)) by ~ldL and ~-IdR

src

((p1 5 p2) 05) 5 (p5 (015 02)) by ~-App

Q

5. F-BetaM:
M)y~ p{z\v} by =-BetaRR (Lem. [56)
~ p{z\v} by Lem.[99
6. F-EtaM:
(Ar.pw)xz =~ p by ~-Eta, if z ¢ fv(p)

D.4 Characterization of normal forms

» Lemma 101 (Characterization of normal multisteps).
1. The set of multisteps in ~-normal form is exactly the set of (typable) flat multisteps.

2. The set of multisteps in s -normal form is a subset of the set of (typable) flat multisteps.

Proof. Recall that multisteps are only subject to %;_BetaM,}-_EtaM reduction (Rem. ,
so this result is immediate if typable multisteps are understood as simply typed A-terms
where constants (c,d,...) and rule symbols (g, %,...) are regarded as free variables of their
corresponding types. <

» Proposition 102 (Characterization of normal rewrites).
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1. The set of rewrites in —>-normal form is exactly the set of (typable) flat rewrites.

2. The set of rewrites in s -normal form is a subset of the set of (typable) flat rewrites.

Proof. Item 2. is an easy consequence of item 1. For item 1., we prove the two implications:
(=) Let p be a rewrite in +»-normal form, and let us show that it is a flat rewrite. We proceed
by induction on p:

1. Variable (p = z), constant (p = c), or rule symbol (p = g). Immediate.

2. Abstraction (p = Az.0). By IH o is a flat rewrite. If 0 = ji is a flat multistep, it is
easy to check that Az.ji is also a flat multistep. If o = (671 ; 62) is a composition then
p = Azx.(61; 62) ni>].-,Abs (Ax.61) 3 (Ax.62) contradicting the fact that it is a +>-normal
form.

3. Application (p = o7). By IH o and 7 are flat rewrites. Note that o cannot be a
composition of the form o = (61 ; 62) because then p = (61 5 62) 7 would reduce,
either applying F-Appl at the root (if 7 is a multistep) or F-App3 at the root (if 7 is
a composition), and this would contradict the fact that p is ~»-normal. Hence o = i
is a flat multistep. Moreover, 7 cannot be a composition of the form 7 = (71 ; 72)
because then p = fi (71 ; 72) would reduce applying F-App2 at the root, and this would
contradict the fact that p is —-normal. Hence 7 = 7 is also a flat multistep. Finally,
p = (10 is a multistep in r»-normal form, so by Lem. it is a flat multistep.

4. Composition (p =0 ;7). By IH, 0 = § and 7 = 7 are flat rewrites, so 6 ; 7 is also
a flat rewrite.

(<) Let p be a flat rewrite. Let us prove that it is ~-normal by induction on the derivation
that it is a flat rewrite.

1. Flat multistep, p = fi. Then /i is in ~-normal form by Lem. m

2. Composition, p = p; ; po. Then by IH p; and py are +>-normal. Moreover, there
cannot be a reduction step at the root, given there are no rewriting rules in the
flattening system F whose left-hand side is a composition (“;”).

<

D.5 7-normal forms are closed by flattening

» Lemma 103 (Flattening preserves 7-normal forms). Assume that the set of rewriting rule
symbols R wverifies the 7-condition. Let ' p: s —t: A be a -normal form, and suppose
that p = o is a step other than an F-EtaM step. Then o is also a Tj-normal form.

Proof. The rewriting step must be of the form R(p;) +> R(pz) where p; A p2 is an instance
of one of the axioms of the flattening system F other than the F-EtaM rule. By hypothesis,
R(p1) is in 7-normal form, and we are to show that R{p2) is also in 7-normal form. By
contradiction, suppose that the right-hand side can be written as of the form R{ps) = R'{(«)
such that R’ is not applicative and « is not a A-abstraction nor a composition.

The proof proceeds by case analysis on the relative positions of the holes of R and R’. We
consider three cases, depending on whether the holes of R and R’ lie at disjoint positions, or
R’ is a prefix of R (with R # R’), or R is a prefix of R’ (including the case R = R’).

1. R and R’ are disjoint. That is, there is a context R with two holes such that R = R((], )
and R’ = R{ps, ). Then the left-hand side of the step is of the form R{p;) = R(py, a).
Take R” := R(p1, ). Note that R” cannot be applicative, since this would imply that
R’ is applicative. Hence the left-hand side of the step can be written as of the form
R(p1) = R”{«) where R” is not applicative and « is not a A-abstraction nor a composition.
This contradicts the fact that the left-hand side of the step is in 77-normal form.
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2. R’ is a strict prefix of R. That is, R = R'(R”) with R” # O and a = R”(p2). Then the

left-hand side of the step is of the form R{p;) = R'(R”(p1)). But R’ is not applicative and
R”(p1) is not a A-abstraction nor a composition, because we know that R” is non-empty
and that « is not a A-abstraction nor a composition. This contradicts the fact that the
left-hand side of the step is in B-normal form.

. R is a non-strict prefix of R’. That is, R = R(R"”) with p2 = R”{«). We analyze all the

possible cases, depending on the axiom used to derive the step p; AN p2. Recall that, by
hypothesis, the step is not an F-EtaM step:

3.1 F-Abs: Let p1 = \x.(0 5 7) N (Az.0) 5 (Ax.T) = pa. Note that o cannot be at the

root of ps because it is assumed that « is not a composition. Similarly, « it cannot be
immediately to the left or to the right of the composition, because it is assumed that
« is not a A-abstraction. Hence there are two subcases, depending on the position of
a on the right-hand side, i.e. on the shape of R”:

3.1.1 If « is internal to o, i.e. R = (Ax.R"”') ; (Ax.7). Note that R"’ is not applicative.
Then the left-hand side of the step is of the form R{(Az.(R"'{«) ; 7)) where the
context R{Az.(R”(0) ; 7)) is still not applicative. This contradicts the fact that the
left-hand side is in 7-normal form.

3.1.2 If « is internal to 7, i.e. R” = (Ax.0) ; (Az.R”). Then the proof is similar as for
the previous case.

3.2 F-Appl: Let p1 = (05 7) N (o p*) 5 () = p2. Note that a cannot be at the

root of po, i.e. it cannot be the case that R’ = [, because « is assumed not to
be a composition. We consider six subcases, depending on the position of o on the

right-hand side, 7.e. on the shape of R”:
3.2.1 If « is immediately to the left, i.e. R” =0 ; (7 ). Then the expression o = o
is of function type, and R' = R{J ; (7 1)) is not applicative. Hence the expression

p1 = (0 5 7)1 on the left-hand side is also of function type. Moreover, it is not
a A-abstraction nor a composition, and it lies below the context R, which is not
applicative (because this would imply that R’ is applicative). This contradicts the
fact that the left-hand side of the step is in B-normal form.

3.2.2 If o is immediately to the right, i.e. R” = (o p*°) ; 0. Similar to the previous case.

3.2.3 If « is internal to o, i.e. R = (R” p*) 5 (t ). Then o = R”{(«) and R” is not
applicative. So the left-hand side is of the form R(R"{(«) u). Note that the context
R(R" 1) cannot be applicative, for this would imply that R” is applicative. This
contradicts the fact that the left-hand side of the step is in 7-normal form.

3.2.4 If a is internal to p*°, i.e. R” = (o R") 5 (7). Then p* = R"(a) and R” is not

src

applicative. In particular, R” is not applicative. This means that ps is not in
n-normal form. We claim that this is impossible. To justify the claim, it suffices
to show that p is in -normal form, since by Lem. this implies that p* is in
7-normal form. Indeed, suppose that p = R*(3) where R* is not applicative and 3
is not a A-abstraction nor a composition. Then the left-hand side of the step is of
the form R{(c ; 7)R*(f)). Note that R((c ; 7) R*) is not applicative given that R* is
not applicative. This contradicts the fact that the left-hand side of the step is in
7-normal form.

3.2.5 If o is internal to T, i.e. R = (o p*) 5 (R” p). Similar to the case in which « is

internal to o (subcase [3.2.3)).

3.2.6 If « is internal to p, i.e. R” = (o p™°) 5 (tR”). Similar to the case in which « is

internal to o (subcase [3.2.3)).
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3.3 F-App2: Let py = pu(o ;1) A (no) ;3 (u'® 1) = pa. The proof is similar as for the
previous case.

3.4 F-App3: Let p1 = (013 02) (115 72) A (015 02) 77) (ﬁ (11 5 72)) = p2. The proof
is similar as for the previous case.

3.5 F-BetaM: Let p; = (A\z.p) v N p{z\v} = pa. Note that p; has no compositions (“;”),
so the proof of this case is a straightforward adaptation of the proof that S-reduction
preserves T-normal forms in the simply typed A-calculus.

<

D.6 More properties of flattening
The following properties are used to prove completeness of flat permutation equivalence.

» Definition 104 (Flattening to normal form). If p is a rewrite, we write p’ to denote the
s -normal form of p. Note that the F-EtaM reduction rule is included. The expressions p™
and p* denote the s -normal forms of the source and target, respectively, that is, (p>©)° and
(o).

» Lemma 105 (Coherence of the flat source and target).

1. p* = (p°)* and, even more strongly, (p°)*c oy p<.
2. p® =~ (p°)'8 and, even more strongly, (p°)® Dy x o>

Proof. We prove item 1, the proof for item 2. is similar. By definition, p* = (ﬁ)b Note

that p 2y p°. Recall by Rem. that steps other than F-BetaM and F-EtaM preserve

the endpoints, while by Lem. we know that F-BetaM and F-EtaM reduction steps

commute with taking the endpoints. Hence we have that p* Dy (p")src. By confluence of

flattening Prop. (p°)5e Dy (ﬂ)b = p<. Moreover, by soundness of flattening (Lem. [100])
we have that (p°)*c ~ p* as required. <

» Lemma 106 (Generalized flattening for composition trees).

1. Generalized F-Abs. \z.K(p1, ..., pn) &2* KAZ.p1, ..., AT-pp).

2. Generalized F-Appl. K(p1, ..., pn_1,pn) it = K{(p1 1), . (pn_1 5°), (pn 1))
3

4

. b«
. Generalized ]:_Appz' MK<p17p2a"'apn> = K<(Mpl),(ﬁ/)2),,(ﬁpn)>
. Generalized F-App3. If n,m > 1 then:

b r r
K(p1, s pu) K01,y 0m) 2" K (91 079), - (pn 05)) 5 K (02 1), -, (0 )
Proof. We prove each item:
1. Generalized F-Abs. By induction on K. If K = [, then n = 1 and we have that

Az.pq ri>* Az.pp in zero reduction steps. If K = K; Ky then K; and Ky have at least one
hole each, so there is an index 1 < i < n — 1 such that K{p1,...,pn) =K1 {p1,...,0i) }
Ko(pit1,---»pn). Then:

Az.K{p1,...,pn)

Az (Ki(p1,. .., pi) 5 K2(pit1,---,Pn))

(AzKi(p1,...,pi)) 5 (Aw Ko (pit1, .-, pn)) by F-Abs
Ki{Az.p1,..., x.0;) 5 (AzKa{pix1,...,pn)) by IH
Ki{Az.p1,..., Az.p;) s Ko{Az.pig1, ..., Az.p,) by IH
K(Az.p1,...,Az.pp)

I 1o I
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2. Generalized F-Appl. By induction on K. If K = [, then n = 1 and we have that
P11 i}* p1 p in zero reduction steps. If K = K; Ko then K; and Ky have at least one hole
each, so there is an index 1 <4 < n — 1 such that K(p1,...,pn-1,0n) = Ki{p1,---,0i) 3
Ko{pitis-- -y Pn—1,pn). Then:

K(p1, .-y Pnt1,Pn) 1
= (Ki{p1,-- -5 pi) 5 K2APit1s- - Pu—1s Pn)) 1
e Ralprsee i) 1) 5 (Radpitis - s Pty pu) 1) by F-Appl
S Ko w) (0 1)) 5 (Ke i,y Pty pu) 1) by IH
2 K1<< )7---,(mu5r°)> 2 ((pis1, 179). -, (Pt 115), (p 1)) by IH
= K, ) s (Pn—1 1), (pn 1))

3. Generalized F-App2. By induction on K. If K = [J, then n = 1 and we have that
1 p1 rﬂ)* 1 p1 in zero reduction steps. If K = K; Ko then K; and Ky have at least one hole
each, so there is an index 1 < ¢ < n — 1 such that K{p1, pa,...,pn) = Ki{p1,p2,...,pi) 3
Ko{pit1,-. -, pn). Then:

MK<p1ap2v cee vpn>
w(Kidpi, p2, -5 pi) 3 Ko{pit1,- -, Pn))

b

= (uKi(p1, p2, -, 00) 5 (W Ko (piv1, oo pn)) by F-App2
b«

= Ki((upr), (18 p2)s s (1 i) 5 (U K2 (i1, - -+ pn) by IH

b«

= K ((ppr), (R p2)s - (18 pi)) 5 Ka{(p'® piga), -, (18 ppn)) by TH

tgt

K<(NP1)7(ﬁ02)a 7(,“ pn)>

4. Generalized F-App3. Let n,m > 1. Since n > 1, the composition tree K has at least
two holes, so it must be of the form K = K ; K. Similarly, since m > 1, the composition
tree X’ has at least two holes, so it must be of the form K’ = K/ ; X}. Moreover, since
each of Ky, Ko K}, and K}, have at least one hole, there must be indices 1 <i <n —1 and
1 <7 <n —1 such that:

K<p17"'7pn> = K1<p1a"'7pi>;K2<pi+1a"'7pn>
K(o1,...,0n) = Ki{o1,...,05) ; Kp{Tjt1,---,0m)

Hence we have that:

K(p1,.. s pn) K {01, ..., 00)
( <Plv~--,l)i>;K2<Pi+17---7ﬂn>)( <01""7Uj>;K/2<0j+17"'?0m>)

Is |l

((Ki{prs- s pi) 5 Ko (pigrs s pn)) 01) 5 (0o (Ki(on, -, 05) 5 Ko (0541, - 0m))
by F-App3
= (K(p1s---,pn) Src) (ptzgtK/<Ul7"'7am>)
Dyt K((p103)s s (pn 07)) 5 (P K (01, -+, 0m)) by generalized F-Appl
A K((p103)s -5 (pn 07)) s K (P 1), - - o, (03 o)) by generalized F-App2

src tgt _

We implicitly use the fact that, in general, K{p1,..., pn)* = p5® and K{p1,...,pn)
P& which is easy to check by induction on K.

<

» Lemma 107 (Flattening term/rewrite substitution of a composition). Let s be a term with n
free occurrences of x, that is s = s{x,x, ..., x) where, by abuse of notation, we write s for the
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term itself and also for a context with n holes that do not bind x. Moreover, let p1,..., pm
be fized rewrites with m > 0. If i is an index 1 <i < n, and 7 is a rewrite, we write s(T);
for the rewrite that results from replacing the i-th free occurrence of x in s by T, the free
occurrences of x at positions j < i by pB, and the free occurrences of x at positions j > i by
pyc. That is:

s(T)§ = s(pes e P T P15 PT)

i —1 n—1

Then, if n > 0, for any m-hole composition tree K there exists an (n - m)-hole composition
tree K' such that:

S{E\K(pr, - )} " K (s(01), 5 (pm) T 50005 - 8(pm)5, 515, - 5(pm) )

(m rewrites) (m rewrites) (m rewrites)

Informally, this expresses that the flattening of s{x\K{p1,...,pm)} is the composition of
substituting first the first occurrence of x by p1,...,pm, leaving the remaining ocurrences
fized, then substituting the second occurrence of x by p1,...,pm, and so on.

Proof. We proceed by induction on s. If s is a variable other than x, a constant, or a rule
symbol, then n = 0 and the implication holds vacuously. The remaining cases are:
1. Substituted variable, s = x. Taking K’ := K we have that

Z‘{Jﬁ\\K<p1, s 7p7n>} = K<p17 s apm> = K<x<p1>gf’ s ’x<pm>glc>

2. Abstraction, \y.s. Note that there are n free occurrences of x in s. Then:

My.s{a\K(p1, o)} 2% MK (s(p0)T - 5(omEs - 5(p1)2, 5 (pm)E)
by TH

b * x €T €T x
=T K Ays(on)fs - Ays(om)T, - Ay-spa)y, - Ay-s(pm)7)
by generalized F-Abs Lem.

3. Application, st. Then n =i+ j where i is the number of free occurrences of x in s, and
j is the number of free occurrences of z in ¢. By hypothesis, n > 0. We consider three
subcases, depending on whether ¢ = 0, or 7 = 0, or both i and j are strictly positive:

3.1 If i =0 and j = n, then:

s{z\K{p1, ..., pm) } t{z\K(p1,..., pm) }
St{x\\K<p1, s 7pm>}

sK' ()T, Hpm)Ts - 1), o)) by TH

K'((st(p1)1),- -, (stpm)T), - (st{p1)n)s -5 (st{pom)7y))
by generalized F-App2 Lem.

3.2 If j =0 and ¢ = n, the proof is symmetric to the previous case.
3.3 If i > 0 and j > 0, note that (t(p1)7)*" = t{z\p{} and that (s{p,,)¥)" = s{x\p!e'}.
Then:

S{x\\K<p17 s ,Pm>} t{x\\K<p15 SRR Pm)}
S Kalsp, o slom) o s(00)E s 8(om)T)
Ka(t(p1)T, .-, t{om)T, -, t{p1)7, - t(om)7)
by TH
= Ka(s(e)T t{a\ T}, s s(pm)T H{a\pI%}, s s(p)d t{a\pi} - s(om)i t{z\pi°}) 5
Ka(s{z\ i } tlp1) 1o s{@\ i } tlom) T, -, s{z\ Pl } t(p1)5, - - -, s{z\ Pl } t{om)7)
by generalized F-App3 Lem. [I06]
= Ku{(st)(p)T,- -, (st){pm)T,- -, (st){p1)7, - -+, (st){pm)P) 5
Ko((st)(p1)it1, - -5 (st){pm)it1, - -5 (st){p1)ns - (s1)(pm)n)

*

Is I= |

*
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Taking K’ := K; ; Ko we conclude.
<

» Lemma 108 (Flattening below term/rewrite substitution). If p N o then s{z\p} Dy x
s{a\p'}-

Proof. Straightforward by induction on s. |
» Lemma 109 (Flattening below rewrite/term substitution). If p A p' then p{z\s} N p'{z\s}.

Proof. By induction on the context under which the step p A p' takes place. Congruence
closure is straightforward by resorting to the induction hypothesis, for example if p; po A P p2

. b b b
with p1 = p} then by IH pi{a\s} = pi{z\s}, so pi{z\s} po2{a\s} = pi{z\s} p2{z\s}.
The interesting cases is when a rewriting rule is applied at the root:

1. F-Abs: Let Ay.(p ;5 o) i>]:_Ab5 (Ay.p) 3 (Az.0). Then Ay.(p{z\s} ; o{z\s}) &;_Abs
(Ay.p{z\s}) 5 (Az.o{z\s}).
2. F-Appl: Let (ps0)u 'i>}‘-App1 (p ™) 5 (o ). Then note that p{x\s} is a multistep and
that p{z\s} = p{z\s}* by Lem. Hence:
(p{o\s} 5 o {a\s}) n{a\s} S rapp (p{w\s} p{2\s}) 5 (o{a\s} p{w\s})
3. F-App2: Symmetric to the previous case.
4. F-App3: Let (p1 5 p2) (01 3 02) *i)]:_/.\pp:; ((p1 5 p2)05°) 3 (ﬁ (o1 5 02)). Note that
oy {z\s} = o1 {x\s}* and 0¥ {2\s} = go{x\s}'" by Lem. Hence:
(pr{a\s} 5 p2{x\s}) (o1{z\s} ; o2{x\s})
Srraps (1 {o\s} 5 pa{a\s}) o1 {a\s}) 5 (o2 {2\s}' (o1 {2\s} 5 o2 {w\s})

5. F-BetaM: Let (Ay.u) v »L;.BetaM p{y\r}. Then:

Ow-p{a\s}H) v{e\s} 5 7 geam p{o\sHy\v{z\s}} = p{y\v}{z\s}

The last equality is justified using Lem.
6. F-EtaM: Let A\y.uy %;_EtaM w, where y ¢ fv(u). We may assume that y ¢ fv(s), renaming

y if needed, so in particular y ¢ fv(u{z\s}). Then we have that Ay.u{z\s}y »inr_EtaM

p{\s}.

<

» Lemma 110 (Flattening of n-expanded multisteps). Let u,v be multisteps in Tj-normal form

b

such that p° = 1°. Then p° = v°.

Proof. Consider the reduction sequences p Dy p’ and v 2% 1. Since F-EtaM-redexes

may be postponed after F-BetaM-redexes (a standard result, regarding multisteps as terms
of the simply-typed A-calculus), these reductions factorize as u »i>* F-BetaM 14° .L* F-EtaM ub

b b . _
and v V" rgetam Y° =¥ rEam V0. Moreover, recall that flattening preserves 7-normal
forms (Lem. [103]), so p° and v° are 7-normal forms. As an auxiliary claim, observe that

if £ is a multistep in F-BetaM-normal form then any F-EtaM reduction step & 'L]—".EtaM &
corresponds to a backwards expansion step £’ —5 &; this can be easily checked by induction
on ¢ following the characterization of flat multisteps (Lem. . Hence p° —y u° and
=1 — v°. Finally, since ° and v° are 7-normal forms and the expansion relation —

is confluent (Prop. [76]), we obtain that p° = v°, as required. <
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D.7 Flat permutation equivalence

» Remark 111. Every time that flattening — is used in the rules defining ~, it operates over
a multistep. So the only rules that are needed are the F-BetaM and F-EtaM rules.

» Remark 112. Recall that, by definition, flat rewrites are given by the grammar p ::= i | p 5 p.

This corresponds to the set of all and only the rewrites of the form K{fi1,. .., fi,).

» Lemma 113 (Soundness of splitting with respect to permutation equivalence). Let ' F p :
s—wt:AandTFpy:s —wri:Aand T F s 1o —t' 1 A be such that p < py 5 pa. Then
R

Proof. By induction on the derivation of p < p; 5 pa:

SVar: Let < = ; . Then x ~ z ; x by ~-IdL.

SCon: Let ¢ < ¢ 3 c. Then ¢ = ¢ ;¢ by ~-IdL.

SRuleL: Let o < o5 0", Then o ~ ¢ ; 08" by ~-IdR.

SRuleR: Let 9 < 0% 5 p. Then g = 0°° ;5 ¢ by ~-IdL.

SAbs: Let Ax.p < Az.py 5 Ax.pue be derived from p < pq 5 pe. Then:

Lol A

Q

Az.p Az (1 5 p2) by TH

(Az.p1) 3 (Az.p2) by ~-Abs

Q

6. SApp: Let pv < py vy 5 po vo be derived from p < py 5 po and v < vy 5 v5. Then:

(pa 5 p2)v by IH
(p1 5 p2) (V1 5v2) by IH
(p1v1) 5 (p2v2) by ~-App

1137

Q Q

<

» Lemma 114 (Soundness of flat permutation equivalence with respect to permutation equi-
valence). Let ' p:s -t : Aand T F o :s — ¢ : A be such that p ~ 0. Then
pRO.

Proof. By induction on the derivation of p ~ o. Reflexivity, transitivity, symmetry, and
closure under composition contexts is immediate. The interesting case is when an axiom is
applied at the root:

1. ~-Assoc: Let (p;0) 37~ pj(0;7). Then by ~-Assoc also (p;0) ;57 =p;(037).

2. ~-Perm: Let p ~ p1 3 po where p < 11 5 pio. Then by Lem. [I13 we have that p ~ py 5 po.

<
D.8 Completeness of flat permutation equivalence with respect to
permutation equivalence
Before proving completeness, we need a few auxiliary results.
» Lemma 115 (Generalized ~-Assoc rule). Let p,v1,...,v, be multisteps where n > 1, and

let K be a composition tree. Then:
1. /,L;K<V1,V2,...,Vn>NK((M;V1)7U27...,Vn>
2- K<V17V27"'?Vn>;uNK<V17V2a"'7(Vn;:LL)>

Proof. We only prove item 1. (item 2. is similar). We proceed by induction on K:
1. Empty, K =0. Then p ;1 ~ p 3 v1 by reflexivity.
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2. Composition, K = K; ; K3. Then n > 1 and there is an index 1 < ¢ < n such that
K(v,...,vn) =Ki{vi, v, .0, v;) 5 Ko(vig1, . .., vp). Hence:

wi Ky, .oo,vm) = ws (Ki(va,va, .o vi) s KoMty ooy Un))
~ (3K (vi,va, .. 1)) s KaWig1, .-, Vn) by ~-Assoc
~ Ki{(gsv),va,...,v) s Ka(Wit1,...,Vn) by IH
= K({(psvi),v2,...,v)

» Lemma 116 (Left/right splitting). Let p be a multistep. Then:
Lopspspe
2. pe s p

Proof. We only prove item 1. (item 2. is similar). We proceed by induction on p:
Variable, y = z. By SVar, x & z 5 x.

Constant, y = c. By SCon, c & c;c.

Rule symbol, p = ¢. By SRulel, o < ¢ 5 o'

Abstraction, y = Azx.v. By IH v & v 5 U8 so by SAbs, Ax.v & Az.v ; Az .8

Application, y = vivp. By TH v & vy 5 V& and v & vy 5 UE

tgt  tgt
VT Vy

Ll ol ol

SO V1V <= V12

<
» Lemma 117 (Free variables of splitting). If p < 1 5 pa then fv(p) = fv(ug) Ufv(uz).

Proof. Straightforward by induction on the derivation of p < p1 ;5 pe. The interesting
cases are the SRuleL and SRuleR rules. For example, for the SRulel case, note that fv(g) =
fv(o) U fv(o™") given that fv(o'8') = &, as the source and the target of a given rule symbol
are closed terms. |

» Lemma 118 (Splitting commutes with substitution). If p < py 5 pe and v < vy 5 v then

pla\vy & p{a\m} s pe{e\va}.

Proof. By induction on the derivation of p < 1 5 ps:

1. SVar: Let y & y 5 y. If © # y, it is immediate. If z = y, then indeed v & vy ; 5.

2. SCon: Immediate.

3. SRuleL: Let o & ¢ ; 0. Recall that the target of a rule symbol is always a closed term,
so 08 {x\¢{} = o', ‘Then it is immediate, given that ¢ < o ; 0",

4. SRuleR: Similar to the previous case.

5. SAbs: Let Ay.pu < Ay.p1 5 Ay.p2 be derived from p < g 5 po. Then by IH we have that
p{z\v} < p{a\v} 5 pa{z\r2}, so applying the SAbs rule Ay.u{z\v} < Ay.pi{z\v1} ;
Ay.po{x\va}.

6. SApp: Let py po < p11 po1 § pio poe be derived from py < pg1 3 pi2 and gy < po
taz2. Then by TH we have that pi{z\v} < pii{z\1} ;5 pra{z\2} and p{z\r} <
po1{z\v1} 5 poa{z\v2}, so applying the SApp rule (s p2){z\v} & (11 par){z\v1} 3
(12 poz) {@\va}.

<

» Lemma 119 (Coherence of splitting and flattening). Let p, j11, 12 be multisteps not necessarily
in normal form, and suppose that p < py 3 po. Then p’ & ) 5 ph where ) and ply are such

that (i Dy x wy and po Dy 1.
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Proof. It suffices to show that if u s u then there exist multisteps v; and vy such that
I35 .L* vy and o ﬁ)* vy and v < vy 5 vo. With this property, the proof of the lemma is
immediate by induction on the length of a reduction to normal form p Dy .

We proceed by induction on p. If p is a variable, a constant, or a rule symbol, it is
immediate as there cannot be a reduction step p s 1. There are two remaining cases:

1. Abstraction, p = Azx.£. Then note that y < p1 3 ps must be derived using the SAbs
rule, so £ & & 5 & where pup = Az.&§y and po = Ax.£e. We consider two subcases,

depending on whether the step pu = \z.£ A v, is internal to ¢ or an JF-EtaM step at the
root:

1.1 If the step is internal to &, i.e. & AN ¥ and v = Az.1), then by IH we have that
¥ & 1 5 P9 such that & Dy x i1 and & oy 1. Therefore, by the SAbs rule,

v & Aray 3 Ar.aps where pup = Ax.&y Ly Azr.gpp and po = Ax.&s Dy Ao, as
required.

1.2 If the step is an F-EtaM step at the root, i.e. £ = v with = ¢ fv(v), then note
that £ & & ; & must be derived using the SApp rule, so v < vy 3 vy where

& = viz and & = vyx. To conclude, note that pu; = Az 'L]—"_Etal\/l 1 and
o = ATV T %;_EtaM vo noting that fv(v),fv(vs) C fv(r) by Lem.

2. Application, u = & &. Then note that u < u; ;3 e must be derived using the SApp
rule, so & < &11 5 §12 and & & o1 5 S22 where g1 = &11 801 and pg = §12822. We
consider three subcases, depending on whether the step u = &; & s v is internal to &,
internal to &3, or a F-Beta step at the root:

2.1 If the step is internal to &1, i.e. & A 11 and v = 1 &, then by TH we have that
1 < Y11 § Y12 such that & Dy 111 and &9 oy 112. Therefore, by the SApp rule,
v & 111821 5 Y12 {22 Where py = £11 601 2y 11§21 and pz = €12 &22 2y P12 €22.

2.2 If the step is internal to &, i.e. & A 12 then by IH we have that 19 & 1021 5 Y92 such
that &o1 Dy o1 and Eao Dy 1oo. Therefore, by the SApp rule, v < £11 Y91 3 €12 Po2
where p1 = &11 821 '£>* §11 P21 and p2 = €12 §22 *£>* §12 Ya2.

2.3 If the step is a F-Beta step at the root, i.e. the step is of the form pu = (A\x.£]) & AN
& {x\&} = v with & = Ax.£{, then note that & < &1 5 &2 must be derived using
the SAbs rule, so ] & £}y 5 & with &1 = Az.§j; and {12 = Av.{j,. Then by
Lem. we have that v < & {z\&a1} 5 Elo{x\22} where, moreover, we have that

H1 = ()\55-5'11) &a1 '£>]-'-Beta 511{55\521} and o = (Ax-ﬁiz) 22 '£>]-'—Beta 512{50\522}-
<

» Lemma 120 (Canonical —°,7-normal splitting). If p11 < pe 3 ps then there exist ph, pb,
such that py < b 5 iy where pf = (1) and pb = (uh)’ and p = (11)°, and moreover ' is

. o _
in —, n-normal form.

Proof. By Lem. we know that uf < p4 5 ulf where p// = pfy and po A wy and ps A .

By induction on the shape of pf, it suffices to show that there exist pf, ph, 5 such that

Wy iy 5 gy where (1) = () and () = (4)” and (s5)° = ()", and moreover ] is

in >, -normal form:

1. uf headed by a variable. Then uf = Ay ... xp.ypfy .. pf,, and pd = Ay ... 2.y s
and pf = ATy ... xn.Y 1y - . . 1y, where uf; < pf, 5 p4; for each 1 <4 < m. By IH there
are multisteps such that p); < ub; 3 uh; where (u,)* = (u4;)" and (ul;)> = (uh;)? and

11:55
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(1%,)> = (uh;)?, and moreover p}, is in +>, 7-normal form. Suppose that uf is of arity N,
i.e. that its type is of the form A; — ... — Ay — «a with « a base type. Take:

/ .—— / !

W o= AT TnTpgl e ENY MY B Tl - - - TN
/ i /

Mo = AT1...TpTpgl.. - TNYMU] - Py Tntl - - TN
/ —— li !

Hs = AT1...TpTpgl-. - TNYHS] - U3 Togl - - TN

Then it is straightforward to check that p} < b 5 uh and (u})° = ()’ and (ub)* = (14)°
and ()’ = (144)°, and moreover y is in +», j-normal form.
! headed by a constant. Similar to the previous case.

! headed by a rule symbol. Similar to the previous case.

» Proposition 121 (Generalized ~-Perm rule). If p < pq 5 po then >~ u? ; ,ug.

Note that this generalizes the ~-Perm rule, which requires p to be in s -normal form.

Proof. By the previous coherence lemma (Lem. , we have that p* < w5 ph such that

11 A wy and o Dy Mz By the ~-Perm rule, p” ~ (1})" 3 (Mg) . Moreover, by strong
normalization ( Prop and conﬂuence (Prop. of ﬂattemng, wy = (ph)> and p = (uh)°,
which means that p’ ~ M1 5 115 <

» Lemma 122 (Swap).
Lo (pv) ~ (¥ v) 5 (nr=)

2. (vl ~ () 5 (et )
In particular, combining items 1. and 2. one has:

(B0 5 (U= ~ (o) 5 (% vy

Proof. For item 1. note that, by Prop. [121} it suffices to show that pv < pSv ; ptet
Indeed, by Lem. we have that p < p° ; p and that v < v ;5 v, so by SApp
pv & P v ,ul/tgt

The proof of item 2. is symmetric. |

» Lemma 123 (Generalized swap). The following equivalence holds for arbitrary composition
trees K1,Ko and arbitrary multisteps (i1, ..., fn, V1. .-y Vm:

Ki((pa 18- (0 15)°) 5 Ko (i 1), (5 vm)”)
~ <(u5ch1)b7- (T v)’) 5 K <(ulv‘gt)b s (1 VIS

Proof. We proceed by induction on K;. To alleviate the notation we use the associativity
rule (~-Assoc) implicitly.
1. Empty, K; = [. Then n = 1. We proceed by a nested induction on Ko:

1.1 Empty, K; = [0. Then m = 1 and the following equivalence holds by Lem.

(2 v3)" 5 (W )" ~ ()" 5 (4™

1.2 Composition, K; = K91 ; Koo. Then m > 1 and there is an index 1 < 5 < m such
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that Ko1 has j holes and Ky2 has m — j holes. Then:

(1 1) Kz<(ut Vl)b7- (1 vm)")
= (15" 5 Ko (¥ 1), (155 1)) 5 Ko
~ Kzl((@'/l)bv- P v;)°) 5 (Mli)

by IH
= Kor((u0)"s- o (u1°05)) 5 (a5,
as V;gt =Bn §5ﬁ1

src

~ Ko ()’ (059 15)°) 5 Koo (U5 vig)’s -

by IH
= Ko((pin)’, s (U vm)®) 5 (1 B

2{(nF i)',
K22<(@Vy+1)b,-

s Koo (0 1), .

(e vm)’) 5

11:57

tgt

(/u‘l Vm)b>
(i vm)?)

(1 vim)”)

(11 ViEY)

2. Composition, K; = Kj1 ; Ki2. Then n > 1 and there is an index 1 < ¢ < n such that

K11 has ¢ holes and K5 has n — ¢ holes. Then:

Ky ((pa v57)°, oo (i 57)°) 5 Ko (B 1), (i 1))
= Ku{(m S'C) e (i )Y
Ki2((pi+1 VS'C) o (i V7)) 5 Ko (B 1), (i 1))
~ K (g ), (Mz i) 5
Ko{(p5fss 1)’y s (550 vim)”) 5 Kao((migr Vi) (i 48Y)")
by TH
= K11<(M1 % )b7 . (Mz Virc)b> H
Ko (1™ v ) 3 (M:gt m)’) 5 Kaa((pip1 VIE), ... (pn VIEY))
since (1 =g, i
~ Koo ), (T vm)") 5
Kip((p1 B, (s 1BY)) 5 Ko ((pisn VB, (pan VIES)P)
by TH
= Ka((u5 )", o, (5 vm)") 5 Ka(ua V)P, (o IBY)P)

» Lemma 124 (Flattening of an application, up to ~).
Ko(vr,...,vm) be flat rewrites. Then

b
po = Ki((mt), .

(Mnyl)> K2<(/1, Vl)bv“'a

Let p = K1 {u1,...

(1 vim)")

M) and o =

Proof. We consider four subcases, depending on whether n =1 or n > 1, and on whether

m=1orm>1:

1. If n=1and m =1, then:

b
po = ()
(p1 5 )" 5 (u¥ v1)" by Lem.
= (mv)

;s (u¥ 1) by confluence of flattening (Prop.
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2. If n=1and m > 1, then:

po
pa Ko (ve, va, ooy Vim)
K2</j/1 VlaIU/tlgt Va,... a,utlgt Vm>

by generalized F-App2 (Lem. [106 -
»
= Ka((an)’s (e o), (1 vm)”)
(7 5 o) G )by Lem,
(1 3€) 5 <(/f1gt P, (WE ), (W )y by Lem,
(1 ) 5 Ko (1 1), (1% 12), ., (1% o)) by confluence of flattening (Prop.

*

b
—
by

2

2

3. If n > 1 and m = 1, the proof is symmetric to the previous case.
4. If n > 1 and m > 1, then:

b, «
po = K1<M1a"'7,un>K2<V17~-~7V7n>
A K1<,u11/irc,...,,unﬁ);Kﬂﬁm,...,ﬁwn)
by generalized F-App3 (Lem. [106)
b * r I
2t K {( ) (i 18)°) 5 Ke (i )", - (58 )"

= <(M1V1 )b""v(unyl)>; <(unV1)b7~-~7(/’L'sz)b>
by confluence of flattening (Prop.

<

» Lemma 125 (Composition of a term with itself). If s is a term such that s is in 2y -normal
form, then s ~K(s,...,s) for any composition tree K.

Proof. By induction on K. The key observation is that s ~ s j s given that s < s s, as can
be checked easily by induction on s. |

» Lemma 126 (Arbitrary association). K(p1,pa,...,pn) ~ P13 P2 ...} pn where, on the right
hand side, we assume that 3 is right-associative.

Proof. Straightforward by induction on K using the ~-Assoc rule. <

» Lemma 127 (Equivalence for term/rewrite substitution of a composition). Let s be a term,
let uy, ...,y arbitrary multisteps, and let K a composition tree. Then:

s{e\K {1, - )} P~ R{s{a N}, s{a\un })’

Proof. If s has no free occurrences of x, the result holds trivially by Lem. The interesting
case is when s has m > 0 free occurrences of z. Following the notation of Lem. [I07} let
s = s(z,...,x) where, by abuse of notation, we write s for the term itself and also for an
m-hole context that does not bind z.

Recall from the notation introduced in Lem. [I07] that given indices 1 < ¢ < m and
1 < j < n we write s(u;)7 to stand for the rewrite that results from substituting the i-th
free occurrence of x by p;, the free occurrences of = at positions ¢’ < i by pt&, and the free

occurrences of  at positions i’ > i by HyS, e

s(ug)i = s(we, e o pTS )
——

(i-th position)
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In order to prove this lemma, we first prove two auxiliary results. Intuitively, the first result
allows one to swap consecutive multisteps that perform work at the positions of two different
free occurrences of . The second result allows one to join consecutive multisteps performing
the same work for every position of x. Before we need to introduce some auxiliary notation:

Notation. Given a sequence of m indices (ji,...,Jm) such that 0 < ji < n for all

1 <k <m and an index 1 < i < m such that j; > 0, we write rfjl i) and R’('j1 de)
for the following multisteps:

(i def < tgt tgt ) tgt tgt>

(J1seesdm) Sﬂi""’”ji—l’ Hji v Mg By,

(i-th position)

i def i b

Giseendm) (r(jlw-vjm))
where by convention pE = p§c. Note that (s(u;)?)" = an mji0,.0) With j in the i-th

position. Intuitively, ré g
1 < k < m, the k-th free ocurrence of & has been replaced by the sequence (p1 ;... 3 15,.),

represents the transition from a state in which, for each

and to a state in which the sequence in the i-th free occurrence of x has been extended
with the multistep g, 1.

Swapping consecutive steps. Consecutive multisteps affecting different positions can
be swapped. More precisely, we claim that if 1 <4 < k < m then:

i . pk k . pi
R(j1,-<<7jm) ’ R(jlvn-vj(i—l)aj’i+17j(i+1)7---ajm) ~ R(jlv--wjm) ’ R(jla<~-7j(k—1)7jk+1aj(k+1)7---ajm) (4)
Indeed, if we let rE;l ) i) denote the step which, intuitively, combines the computational
s m
works of r?. L and rk o
(J15ee50m) (J1s-e5dm)
(i,k) def tgt tgt ) tgt tgt ) tgt tgt
(jlwuyjm) - s<:u’j1 ) "7/"Lj7’_17uji7uji+17"'7ujk717u‘7k7/’l‘jk+l7ujm’>

then we may justify equation by applying the generalized ~-Perm rule (Prop. [121])
and observing that the two following splittings hold:

(4,k) i Lk
"Gt i) 3 r(jlv--wj('i—l)1ji+17j(i+l)v---ajm)

rgzlk»)Jm) = réﬂjlv---vjm,) 3 rq{jlv---aj(k—1)1jk+1vj(k+1)7--~,jm)
Joining consecutive steps. Consecutive multisteps performing the same computational
work in the positions of all the free occurrences of = can be joined. More precisely, we
claim that if 1 <7 < n then:

m b
R%i+1,z’,...,i) ; R(2i+1,i+l,i,...,i) 5o 3 R(i+1,i+1,...,i+1) ~ s{z\pit1} (5)

Indeed, if for each 0 < i < n and each 0 < j < m we let r?"j denote the step which,
intuitively, combines the computational works of the first j steps above:

0..j def & i
rp? = 3<u(¢+1),...,u(¢+1)’£7-"’ﬁ>

(4) (m — 5)

Then we may observe that the following splitting holds for every 0 < j < m:

0..(j+1) 0.5 . j+1
i IR RTINS IO IS R R B
—_————— ——

G+1) (m—j—1)
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Thus applying the generalized ~-Perm rule (Prop. , and using the ~-Assoc rule
implicitly, we have that:

1 .
R%H»ll ; ) R(z+1 i+1,1,.. ,z) et R8+1,...,i+1,i+1)
= (- )b R(z+1 it L) S R?Z+1,...,i+1,i+1)
0..2 ..
~ (5 (z+1 it L) 33 R it L) by Prop.
~ (Y R ;... 3R by Pro
i G4 1,041, 0,...,0) 0 ML, i) DY STOP
%,_/ ——
G+ (m = —1)
~ (Y by Prop. [12]]

= s{z\pwin )
To conclude the proof of this lemma, using the ~-Assoc rule implicitly, note that:

S{x\\K<M1""7N”>}
'i>* KI<S<.U‘1>3107"'78</J‘n>§27"'75<u1>fn7'"75</J“n>’rwn>
by Lem. [I07]
SR (3an)
~ (s(u)D) 55 (s(un)f
by Lem @

1
Rg1,o ,0) 3 R(zo RORER R(nO NORER R(n m,1) ) R(n, o, 2) oo R, nn)

“i”)b7 ( (1)) (5(kn)in)”)
)5 (s(ua)in)” 55 (s(un)i)”

reordering the steps With equation (4

~  s{a\p} 5. s{a\pa )’

joining the steps with equation
~ K<5{x\\ﬂ’l}b7“'75{x\\ﬂn}b>
by Lem. [126]

<

» Lemma 128 (Congruence for ~ below abstraction). Let Ky {1, ..., ptn) ~ Ko(v1,...,Um).
Then:

Ky (A1)’ Azpin)’) ~ Ko ((Azn), ... Mzv)’)

Note. The multisteps p; and v; are in s -normal form because the ~ relation only relates

flat rewrites. But observe that \x.u; and Ax.v; may not necessarily be in 25 -normal form
because there may be an F-EtaM redez at the root.

Proof. If p is a flat rewrite, we define Xz.p as follows:

M. o (Az.p)°

Mz.(p ;o) dof (Az.p) 5 (Nz.0)

Another way to state this lemma is to say that p ~ o implies Mx.p ~ Xz.o. The proof

proceeds by induction on the derivation of p ~ o. The reflexivity, symmetry, and transitivity

cases are immediate. We analyze the cases in which an axiom is applied at the root, as well

as closure under composition contexts:

1. Rule ~-Assoc. Let p = ((p1 5 p2) 5 p3) ~ (p1 3 (p2 5 p3)) = 0. Then Nx.p = ((Ax.p; ;
Nz.p2) 5 Ax.p3) ~ (Mz.p1 5 (Ax.p2 5 Nx.p3)) = Azx.0 can be derived applying the
~-Assoc rule.

R(I,O .,0) 5 R(1,1,0 .,0) S R(l,l,m,l) 9 R(n n—1,...,n—1) H R(n n,n—1,...,n—1) LI R’E?z,n,...,n

)
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2. Rule ~-Perm. Let u ~ g} ; pb be derived from g < g1 3 po. Then note that
Az < Ax.u1 3 Ax.us holds by the SAbs rule. Hence by the generalized ~-Perm
rule (Prop. we have that (Az.u)” ~ (Az.1)” 5 (Ax.pu2)?. Moreover, by confluence of
flattening (Prop. , we have that (Az.u)” ~ (Az.u})” 5 (Aa.pb)’.

3. Congruence (left of a composition). Let p = (p’ 5 7) ~ (¢/ 5 7) = o be derived from
p' ~ o'. Then by TH we have that Mz.p" ~ Nz.0’, so Xz.p = (Nx.p' ; Ne.7) ~ (Nx.o’ 5
Nz.7) = Nz.o.

4. Congruence (right of a composition). Similar to the previous case.

<

» Lemma 129 (Congruence for ~ below application). Let Ky {p1,. .., tn) ~ Ka(t1, ..y Vm)
and let s be an arbitrary term. Then:

1. Ki{(m §)b’ SRR (Mnﬁ)b> ~ Ko ((n1 é)b, ces (Vmﬁ)b>

2. K {(s111)° .., (5 n)°) ~Ka{(s11)’, .., (80m)")

Proof. We only prove item 1. (item 2. is symmetric). If p is a flat rewrite, we define p@s as
follows:

pes = (us)

(p50)es = (pes); (oes)

Another way to state item 1. is to say that p ~ o implies p@s ~ g@s. The proof proceeds by

induction on the derivation of p ~ . The reflexivity, symmetry, and transitivity cases are

immediate. We analyze the cases in which an axiom is applied at the root, as well as closure

under composition contexts:

1. Rule ~-Assoc. Let p = ((p1 5 p2) 5 p3) ~ (p1 3 (p2 5 p3)) = 0. Then p@s = ((p10s ;
p205) 5 p3@s) ~ (p1@s 5 (p2@s 3 p3@s)) = 0@s can be derived applying the ~-Assoc rule.

2. Rule ~-Perm. Let u ~ g} ; pb be derived from g < p1 3 po. Then note that
1S < 1 S 3 o s holds by the SApp rule, also using the straightforward fact that s < s s,
given that s is a term, ¢.e. it has no occurrences of rule symbols. Then by the generalized
~-Perm rule (Prop. [121)) we have that (1 s)” ~ (11 5)” 5 (12 8)°. Moreover, by confluence
of flattening (Prop. [96]), we have that (us)” ~ (1} 5)” 5 (115 5)°, as required.

3. Congruence (left of a composition). Let p = (p’ 5 7) ~ (¢/ 5 7) = o be derived from
p' ~ o’. Then by TH we have that p'@s ~ ¢’@s, so p@s = (p'@s ; T@s) ~ (c'@s ; T@s) = 0@s.

4. Congruence (right of a composition). Similar to the previous case.

<

» Theorem 130 (Soundness and completeness of flat permutation equivalence). Let T+ p:
s—=wt:Aand Tt o:s —t' : A The following are equivalent:

1. p~o
2. p~o?

Proof. The implication (2 = 1) is immediate, given that reduction % in the flattening
system F is included in permutation equivalence (Lem. [100)) and, similarly, flat permutation
equivalence is included in permutation equivalence (Lem. [114)).

For the implication (1 = 2), we proceed by induction on the derivation of p ~ o. In

the proof, sometimes we implicitly use the fact that 2y s strongly normalizing (Prop. )
and confluent (Prop. . In particular, note that (p ; 0)” = p” ; 0 and more in general
K(p1,-- .y pn)” = K(0%,...,p%). In the inductive proof, the cases for reflexivity, symmetry,
and transitivity are immediate. We analyze the cases when a rule is applied at the root, as
well as congruence closure under rewrite constructors:
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1. ~-IdL. Let p< 5 p ~ p. Let p” = K(u1, ..., pn). Note that (p°) = p5. Then:

b

Src

(P 5 p)

— ((pb)src)b ; pb since by Lem. src Dy src)b

= ()50 since (p°)%"c = s’
= (1) 5 K(pas s n)
K(((u5)" 3 1), - .-, ftn) by Lem. [[T5]
~ wal, ey ) since 1 < pi© 5 p1 by Lem.

2. ~-IdR. Similar to the previous case. Let p ; p®® ~ p. Let p’ = K(u1, ..., f1n). Note that
(pb)tgt _ utgt
tet,

P3P = s (p®)
— pb ; ((pb)tgt)b since by Lem. tgt * tgt)b
= 5 () since (p")®" = u%gt
K{pn, s pin) 5 (iEY)" since (pb)tgt = [

= K(

~ K(uty. o, (pn 5 (148)°)) by Lem.

~ K{ui, ..., lin) since i, < iy 3 pE by Lem. [116
A Hn”

=

3. ~-Assoc. Let (p;0);7~p;(0;7). Then

((p30)57)0 = (P 30")57
pb. b

4. ~-Abs. Let (\z.p) ; (A\z.0) = Az.(p ; o). It suffices to show that ((\z.p) ; (\z.0))” =
Az.(p 3 0)°. Indeed:

Az.(p; o) 5N (Az.p) 5 (\x.0) by F-Abs
2y x (A\z.p%) 5 (\z.0?)
= (Oap) s (o))

5. ~-App. Let (p1p2) 5 (0102) =~ (p1 3 01) (p2 5 02). Consider the Ps-normal forms of each
rewrite:

W) Ph =
1<ﬂ1)'~'ap’p> Ug:

M=K
7=K

pno=ft and vy =0 (*)
For the first equality, note that p; and o; are composable, so ptlg —gn o3¢ are fn-
equivalent terms. Moreover, by Rem. [84/and Lem. [87| we have that (p})%" =4, pi&" and
(05 =g, o5, This means that u8 =g, [i5, so by confluence and strong normalization
of flattening p» = ¥, Similarly, for the second equality, since ps and o9 are composable,
we have that v» = 0.
Furthermore, we claim that the two following conditions hold:
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b« ~
@) prpz =~ Kal(pa v, (e 7)) 5 Ka{ (A
b o srn . C e .
(D) 0105 2 By (i 20 (i )Y 3 Rl 50 (2% 5,))
To prove (I), note that:
P1 P2
b

b *
=i K)o (7)) s Ke (1)’ (% vm)’) by Lem. [[24
= Ky (1 v, oo (i 1)) 5 Ko (A v1)s -, (7% 1)?) by the claim (%) above

The proof of (IT) is symmetric to the proof of (I).
To conclude the proof of the ~-App case, let us rewrite the left-hand side. We use the

associativity rule (~-Assoc) implicitly:

(p1p2) 5 (0102)

LA g<1<w;>b,... (1n 1) 3 K (A 1), (A o)) 5
Ri{(in vh)s o (i )Y 5 Ko (A 1), (A 9g))
by claims (I) and (II)
~ K () s R v () 5
Ko{(A% 11, (0% vn)’) 3 Ko (A 01", (B2 ,)°)

by Lem.
On the other hand, rewriting the right-hand side:

(p1301) (p2 5 02)
(Ka(pans s pin) 5 K, oo fip)) (Ko (v, ooy vm) 5 Ko (D, -, D)
© R {((p ) () 5 K (7)o (i 1)) 5

Ko (1 1), oo (B vim)) 5 Ra (" 1), -, (5F° D))

*

b
—
b
—

by generalized F-App3 (Lem. [106
K1<(/’['1V1<)b7"'a(lunyl)> Ki(( 1Vf)7-- (i v*)’) 5
Ko((Af 1), (B vm)) 5 Ka{(R) 21)°, -, (A 29)°)
6. ~-BetaTR. Let (\z.s)p ~ s{z\\p}, and suppose that p* = K(uy,..., ). First note

that, (Az.s)p Ly x K((Ax.s) 1), ..., (Ax.s) uy)). Indeed, if n =1 this is immediate, and
if n > 1 this is a consequence of the generalized F-App2 rule (Lem. [106]). Hence:

I
*
>

© o K((Aes) ), -5 (As) )
* K(s{z\pa}, ... s{z\un}) by F-BetaM (n times)
Kis{x\p1},...,s{x\un}) by Rem.

(Az.s)p

I+ Is

Ts |l

* K<5{x\\ul}7"'a8{x\\ﬂn}>b
i s{e\K(t1, -, tin) } by Lem. [127]
& s{z\p} by Lem.

7. ~-BetaRT. Let (\z.p) s ~ p{z\s}, and suppose that p* = K(ju1, ..., u,). First note that
(Az.p)s Dy x K((Ax.p1) 8, ..., (Ax.puy) 8). Indeed, if n = 1 this is immediate, and if n > 1
this is a consequence of the generalized F-Abs and F-Appl rules (Lem. [106]). Hence:

Azp)s &% K(OAz)s,..., () s)
2 K {a\s}. ... pofa\s}) by F-BetaM (n times)
= K{uf{e\s},...,ua{2\s}) by Rem.[d
= K{u,eeo s ) {a\s)
& p{x\s} by Lem.
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8.

10.

~-Eta. Let Az.px ~ p where x ¢ fv(p). Let p” = K(u1, ..., u,). It suffices to note that
(\z.px)® = p°. Indeed:

Az.px 2y \e.p’ x
= AzK(U1,..., )
Py * A K{(p1 x), ..., (pn ) by generalized F-Appl (Lem. [106])
A K(A\x.(p1 @), ..., Ax.(up z)) by generalized F-Abs (Lem. [106)
Py K1,y fon) by F-EtaM (n times)
= pb

Note that we may apply the F-EtaM rule because, for each 1 < ¢ < n, we have that
x ¢ fv(p;). This in turn is justified by noting that = & fv(K(1, ..., tn)) = fv(p”), which
is a consequence of the fact that flattening does not create free variables.

. Congruence under an abstraction. Let Ax.p ~ Az.c be derived from p ~ ¢. Consider

their %-normal forms, p* = Ky (u1, ..., pn) and 6® = Ko(v1, ..., vp,). By IH we have that
P’ ~ o”. Then:
b
Az.p = ArKi (U1, ln)
O Ky DL -y AT ) by generalized F-Abs (Lem. [106)
b, «
S Ky ((Azpn)’, . (Azag)?)
~  Ko{(Az.1)’,...,(A\z.vp)°) by Lem. as p° ~ o”
L Ko(Az.v1, ..o, AT vp)
&% Az kKo (V1y vy Um) by generalized F-Abs (Lem. [106)
& Aro

Congruence under an application. Let p; p2 = 01 09 be derived from p; = o7 and

. b .
p2 & 09. Consider the —-normal forms of each rewrite:

and  pt=pt (x)

For the first equality, note that pg R 09, S0 p3° =g, 05° are fn-equivalent terms
by Lem. [52] E Moreover, by Rem. and Lem. [87 E we have that (p5)° =gy p3° and

1 =8y 7', so by confluence and strong normalization

(o) =3y UQ'C This means that v5
of flattening 1/1 = 1/1 . Similarly, for the second equality, since p; = o1, we have that

ur = ,up. Then:

P1 P2
Bt Ki((un i, (v )?) 5 Ko (2% 11)P, - (4% vn)?) by Lem. [I2)
~ R(( ) ()Y s Ka{(uh 1), (i vm)®) by Lem. [129]as pf ~ of
~ R (v )Y s Ra((d 20), -, (uh 29)7) by Lem. [129]as py ~ o3
= Ki((fin 7)., (fip 07%)°) s Ko (A D1)°, ..., (if Dg)°) by the claim (x) above
2 0109 by Lem.
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11. Congruence under a composition. Let p; ; p2 = 01 ; 02 be derived from p; ~ o0

and ps = 09. Then:
(pr3p) = pspb
~ )50 by IH

= (01;02)

E Projection for Flat Rewrites

E.1 Projection for multisteps
» Lemma 131 (Matching). If (0 1 ... ptn)’ = (001 . ..

Proof. We begin with a few auxiliary definitions. Let N be the set of n-hole term contexts
generated by the following grammar:

N:=0O|Ax.N|xN;...N, | cNy...N,

Moreover, if §¥ = y1,...,y, is a sequence of variables, we write x ¢ for the application

TY1...Yn. We prove an auxiliary result.

Claim. Let V be a set of variables, and let N(x141, ..., Z,yn) be a term such that, for all
1 <4 < n, the variable x; is not in V' nor bound by the context N, and furthermore all the
variables in the sequence y; are either in V' or bound by the context N. Suppose moreover
that p1,..., fin, V1, ..., Vy are multisteps whose free variables are disjoint from V', and
such that N(u191, ... ,uny}'L)" =N, .., Vny];}b. Then /J,E» = Vf foralll < <n.
Proof of the claim. By induction on N:

1. N=0: Then n = 1 and by hypothesis (1 97)” = (v191)°. Note that the variables in

71 do not occur free in pg nor in v5. Then:

1 o AYL-1 Y1 repeatedly applying F-EtaM
b - -
=AY (i yl)b
=  Mi.(vi91)” by hypothesis
b . . .
<% Ay g
A 1 repeatedly applying F-EtaM

Hence by confluence of flattening (Prop. we have that u? = 1/?, as required.

2. N = A\z.N: By hypothesis, we have that (Az.N' (11 93, - . ., tin U))” = (N2.N (1 91, - - -
Then:
- - b - -

N {191, i) — AzN{u1y1,...,unyn))z by F-BetaM
- . .
HF ANy g, i Gn))’ 2
= (AeN(nyi,...,vn9n))’ 2 by hypothesis
b, . .
(A2 Nyl Un ) 2
N N (1 Y,y Vn Un) by F-BetaM

Hence by confluence of flattening (Prop. we have that:

V(1 gt i) =N (11, v i)

Applying the TH with the set of variables V' U {2} we conclude that pu? = v for all
1<i1<n.

I/n)b then u? = z/f foralll <i<n.
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3. N=2zN;y...N,,: Then there exist non-negative integers 0 = ig < i3 < io < ... <4, =n
such that zNj ...Ng has ig holes for every 1 < k < m. In particular:

- —\b - > \b - - \b
N<M1y17---7/~1'nyn> :ZN1<:u’ioyi07"~nui1 yll) "'Nm<:ui(m71) yi(m71)7"'7uimyim>

And similarly:

N<V1 y_i? o VUn y_ﬁ>b = ZN]_(l/io y;(n ey Vi y?1>b .. -Nm<yi(m_1) yi<,:_1)a ey Vi, yi_:n>b

So for each 1 < k < m we have that

o b - b
Nk </1”i(1€71) yi(k,na sy iy y1k> - Nk<l/i(k71) yi(k,lp sy Vi ylk>

Applying the TH for each value of k, we conclude p? = v? for all 1 <i < n.
4. N=cN;...N,,: Similar to the previous case.

Src

To conclude the proof of the lemma using the claim, recall that ¢°¢ is in normal form and

a rule-pattern, so it can be written as ¢ = Axy ... 2, N((z1¥1), ..., (zn yn)). Note that

Src

all of the variables in y; are bound by N because ¢°° is a rule-pattern. Moreover note that

(@ p1 - pn)” = N1 G, s pin G)” = N1 G, v )" = (0
taking the set V = &, we obtain that ME = uf for all 1 <14 < mn, as required. |

Src

vi...vp)°. By the claim,

» Lemma 132 (Projection for compatible multisteps). Let p T v. Then there exists a unique
& such that pffv = &.

Proof. Straightforward by induction on the derivation of u 1 v. |

» Lemma 133 (Projection of variables). Let yu and v be multisteps such that ji° = v° = = and
w1 v. Moreover, let pjfv = &. Then £ =z

Proof. By induction on the derivation of p 1T v. Note that this judgment can only be derived
by the CVar rule, given that, in any other case, the head of p is either a constant ¢ or a rule
symbol p, which in turn implies that the head of 4° is either a constant or a rule symbol,
contradicting the fact that p* = .

This means that g = Ay1 ... yn.2 1 ... fhyy and v = Ay1 ... Yn.2 V1 ...V Where p; T v;
for all 1 < i < n. Note that the head of 1> must be z, so z = 2. Moreover, by confluence
of flattening (Prop. , W= Oyr .. oynx . opw2) The term \yp ...y pf ...l is
already in F-BetaM-normal form so, given that the contraction of an F-EtaM redex does
not create F-BetaM redexes, there is a reduction sequence Ayi ... ¥y,.T /J? ... u?n ni)*]:,EtaM T
using only the F-EtaM rule. Given that each F-EtaM-reduction step erases exactly one
abstraction and exactly one application, it must be the case that n = m and ,u',l’» = y; for all
1 <7 < n. Using a symmetric argument, we have that 1/2 =y, forall 1 <i<n.

To sum up, the situation is that y = Ay; ... yp.xp1 ... up and v =Ayy ... yp.xv1 ...V
with u? = 1/2b = y; for all 1 < ¢ < n. Note that uj/v = £ where £ must be of the form
A1 Ynx &y & and v = & for all 1 <4 < n. By IH, for each 1 < i < n we have
that ff = y;. To conclude, note that:

&€ = Oyrynxéh ... 8)
(M1 -+ Yn.ZY1...yn)" by confluence of flattening (Prop.
=z using the F-EtaM rule (n times)
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» Definition 134 (Compatibility). We give explicit names for the compatibility rules given in

the body:
i T i T i T
(s T i)z CVar (i ¥ vi)iza CCon -lf;———L—L-CRum
ATy i T ATy 7 AT.c it M.cT N0l T \T.07
i T Vi)is i T i)
TV pger (ﬁf 0 " CRuleR

Ao T AE. ™7 AT N\E.oP

» Lemma 135 (Coherence of projection). Let uy,v1, o, ve be multisteps such that:
1. p1 Tvr and po T e

2. ph = pby and 18 = v}
3. ,U,1///l/1 = 51 and ILLQ///VQ = 52
Then & = &.

Proof. During this proof we use the following notion of arity: a multistep u is said to be
n-ary if its type, under the corresponding typing context, is of the form 4; — ... = A4, — «
where « is a base type.

The proof proceeds by induction on the derivation of p1 1 1. Note that the last rule
used to derive ps 1T vo must be the same as the last rule used to derive puy T vq. For
instance, it cannot be the case that p; 1 11 is derived using the CVar rule and pus 1T vs is
derived using the CCon rule, because this would mean that g3 = Axy ... Tn.y g11 - . - g1m and
M2 = AT1...Tp.Clg1 ... top and furthermore, by hypothesis, 1’ = pb, which is impossible,
given that the head of pf is a variable 3 whereas the head of 1 is a constant c. Recall that
the left-hand side of a rule must be headed by a constant, so using similar arguments this
can be shown for all the other cases as well.

The only remaining possibilities are when @y 1T 11 and po 1 1o are derived using the
same rule. The core of the argument in these cases is to apply the IH using the matching
lemma (Lem. . The difficulty is that, in the equalities 1} = p% and 1? = 14, flattening
includes F-EtaM reduction, so we need to provide extra arguments to be able “align” the
normal forms.

We only study the CRulel case (the remaining cases are similar). That is, suppose that
p1 T vp and po 1 1o are derived by the CRulel rule. Then:

We have that gy = Az1...2p.0011.-- 1m and v; = Axy...2,.0°V11 ... V1, wWhere

1 T forall 1 <i<n.

We have that po = Azq...2p.0 pi21 ... ftog and vy = Axy ... 2,95 1oy ... oy Where pg; T

vo; forall 1 <i<gq.

Note that py ff/rn = Ay ... 20811 - .. E1m Where py; 11, = &1 for all 1 < i <mn.

Note that poffve = Ax1 ... 2p.0&01 ... 2 Where pig;fve; = &o; for all 1 <14 <gq.

Given that, by hypothesis, 5 = b, we know that o = 9. Suppose that p is N-ary for some
N > 0 and that ¢ is M-ary for some M > 0. Then, since they all have the same types as
11, we know that vy, uo, o must also be N-ary. Similarly, since ¢° has the same type as
0, we know that it is M-ary. Note that n,p < N and m,q < M. Moreover, note that p,

has n explicit abstractions, it is N-ary, and its body is (M — m)-ary, son + M —m < N.

Similarly, p+ M —q < N. Consider the multisteps p}, v1, uh, v4 that result from py, vy, pio, va
by performing n-expansions in order to “complete” the number of arguments in the body, to
match the arity M:
,ull = Az ... TnZ(n41) -+ - L(n+M—-m)-Q H11 - - - H1m L(n41) - - - T(n+M—m)
Src

VI = AT1 . T (1) - Tk M=) -0 V11 -+ - Vim T (g 1) - - - T(nt-M—m)
Mo = A1 .o TpT(pi1) + - T(pp M—q)-Q 121 + - - fh2g T(p41) - - - T(p+M—q)
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Uy = A1 .. TpL(pg1) - - L(pp M—q)- 0" V21 -+ V2q T(p41) - - - L(pt M—q)
Note that by defining:

M1 = V1; def Tpti—m forallm+1<i< M

[i2; = Un; def Tpri—q Tforallg+1<i<M

we have that the following equalities hold:

By = ATL. . T(pp M—m)-P ML - 1M
Vi o= AT T M) P VLD VM
Mo = ATL...T(pyM—gq)-P P21 - - HoM
Vé = )\.Tl :L'(erM q)- psrc .. UVanr

Before going on, we need to establish two auxiliary facts:
[A] Note that (1)) = p} = puy = (15)°. Then we have that:

PH1L- - IM T(nt-M—m+1) -+ - TN

L pizy.. . e by F-BetaM (N times)
D (W) @y

= (uy)’x...xN as remarked

Dy PH21 - - H2M T(py M—q+1)--- TN Dy F-BetaM (NN times)

By confluence of flattening (Prop. this implies that:

(pprr ... i T(n4-M—m41) - - - xN)b = (ppo1 - - pHom T(p+M—q+1) -+ - - 33N)b

Since g is a “rigid” symbol, from this we obtain that pf; = u3; holds for all 1 < i < M.
[B] On the other hand, note that (1)* = v = v} = (/4)* so we have that:

14 V11-~-V1Mx(n+M—m+1)-~-zN

2 Vixy...TN by F-BetaM (N times)
b« /\b

— (1/1) r1...TN

= (W)’x...xN as remarked

Dy P Va1 . VoM T(pyri—q41) --- TN Dy F-BetaM (IV times)

By confluence of flattening (Prop. this implies that:

b

Src

Src
(P vi1...vim T(n4+M—-m4+1) -+ TN)

= (p V21 ... V90 x(erM,(Hl) ce QL‘N)
By the matching lemma (Lem. , from this we obtain that 1/?1- = v}, holds for all
1<i< M.
To conclude the proof, we consider two symmetric cases, depending on whether m < ¢ or
q < m. Without loss of generality, suppose that m < ¢. Note that:
[C] For every i such that 1 < i < m all of the following conditions hold:

w1 T v p2; T vog
Ngi = Hgi v = l/gi by [A] and [B]
w1 v = & w2 Ve = &ai

so by TH we have that &, = &5,.
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[D] For every i such that m < i < ¢ we have that 4}, = 1}, = Z(n4i_m) by definition,
and therefore p}; = 13, = 2(,4;—m) by [A] and [B]. Hence by Lem. we have that
fgi = T(nti—m)-

[E] Thus we may build the following chain of reductions:

A1 .. xn.081. - &1m) 1. TN

B 0. b T(nt1)---TN by F-BetaM (n times)
A g{?l...ﬂmx(nﬂ)...xz\;

Ly x 081 - & Tnt1) - - - TN by [C]

= 0818 nin) g T(pr1) .- n by [D]

2y 0821 &2g T(pt1) -+ - TN

2 (Az1...2p.0821...&2g) X1 ... TN by F-BetaM (p times)

Finally, we have:

fg = ()\xl...xn.g&l...flm)"
= (Az1...oenv.(Az1. . 200801 Eam) T1 - - xN)b by confluence using F-EtaM
= (Az1...an.(Az1.. . xp.08o1 .. Eog) 21 ... xN)" by confluence and [E]
= (Az1...2p.0801 .. .£2q)b by confluence using F-EtaM
&
<

» Definition 136 (1-expanded source). If u is a multistep in 7j-normal form, we write <"
for the source of p in which the sources of rule symbols are also n-expanded. More precisely:

<" = z
< o
o< def g ifo:s—t: A€ R and s is the T-normal form of s
(Az.p)<" L Np.s<T
(h) E T

Note that p<7 % * 5 so, in particular, (u<T)? = (pu5¢)> = <.

11:69

» Lemma 137 (Constructor/rule matching). Let p = Ax1 ... Zn.Cl1 ... fhn aNAV = AY1 ... Yp.OV1 ... Vq.

Let p:lg = 1rg: A€ R and let I,r be the —5 -normal forms of ly, ro respectively. Suppose
that u*'c =g, V' and, moreover, that ;1 and v are in V>, 7-normal form. Then there exist
multisteps &1, ..., &q such that:

n= ()\xl...:cnl&u-fq)o

and (&5M° = (v")° for all 1 <i < q.
Furthermore, the multisteps & can be chosen in such a way that they are in v, T-normal
form, and the number of applications in each multistep &;, for all 1 < i < k, is strictly less
than the number of applications in p.

Proof. Note that the condition p*¢ =g, v*' implies that (u*<)” = (v*)’. Then also
(<> = (v<7)°. By Lem. this implies that:

(u=")° = (v=<")° (6)
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Suppose | = Az1.... Az dry...r. From @ we have:
Azt apepy ) = oyl e

Since ¢ uf <1 and lu e Vq<ﬁ have base types, then n = p and we may assume that

m

x; =y, for all 1 < i < p. Moreover,
(cuy™. . psmye = (v ... V;ﬁ)o
Therefore d = ¢, ¢ = k and m = &/, and:

(17" = (rf\ " A=\ "D

for all 1 < i < m. Note that each r; is part of the pattern of the rewrite rule . By
orthogonality of R, there exist &, ..., & such that:

wi = (ri{zi\&} .. {z\&})° foralll<i<m

(€5M° = (wM)°  forall1<i<k
Therefore:

LW=AT1 . T L e by = (A1 L&y ER)°

Furthermore, we claim that each &;, for 1 < ¢ < k, can be chosen in such a way that
it is in ~, 7-normal form and with strictly less apphcatlons than p. First, note that if the
& are not in ~»-normal form, then we may take fl = & instead, and we still have that
=Lyl & 6)° = Aoy .. an.l €. . &)° by confluence of flattening (Prop. .
So let us assume that the & are in —»-normal form. Furthermore, suppose that & is of
arity N, 7.e. its type is of the form A; — ... - Ay — « with a a base type, and
suppose that & = Aw; ... wyr.£ where £ is not a A-abstraction. Note that M < N. Take
g}- =AWy . WA WAL - - WNE WA - - . wn. Note that each él is in r>-normal form.

To conclude, we claim that = (Az1...2,.L& ... &)° and that each & has strictly less
applications than u. To see this, note that each variable z1, ..., zg. occurs free exactly once
in the body of [, applied to different bound variables. More precisely, for a fixed index
1 <4 < k there is exactly one 1 < jo < m such that z;, occurs free in r;. Then the multistep
that results from substituting in r; each z; by éi other than for ¢ = 7y contains exactly one
occurrence of z;, applied to N variables, where N is the arity of éio, that is, it is of the form:

ri{z\&} - {2601 \So -1 HZGo+1) \EGio+1 } - - - {26 \&k } = Clzip w1 - .. wiv)

where wq, ..., wy are bound by C and the hole of C is not applied. As a consequence, we
have that:
o= AT1...Tp.CUL ... ig—1 C((é0 W1 ... WN)®) fig+1 - - - Hm

AL ... TpCp e plig—1 C{(Awr ..  wN &g W41 - - WN) WL -« . WN)®) figt1 - - - thim
= ATy...Tp.ClY - fig—1 C{&ig WATL1 « - WN) [hig+1 - - - o

Hence, since p is in -normal form, and &, was41 - .. wn is a subterm of p which is not applied,
we know that &, was4+1 ... wy is in P-normal form. Hence &;, = Awy ... wn.&y War+1 - - - WN
is also in -normal form.
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Finally, note that (Azy ... xnlél e ék)o is in >, 7-normal form and that p” = (VST F S §k)b =

(Axq ... mnlfl .. fk)b so by Lem. w = (Axy... xn.éél . ék)o. Moreover, for each
1 <y < k the multistep &, = Ax1...2n.&, Tar41 - - - N has the same number of applic-
ations as &, Tar+1 - - - Tar, which is a subterm of u, and has strictly less applications than

. <

» Lemma 138 (Compatibilization of coinitial multisteps). Let u,v be multisteps such that

u = v, Then there exist multisteps fi, 0 such that i T U and moreover i’ = i’ and 0* = 1°.

/src

Proof. We begin with a few observations. Recall that if u Ly p' then p%¢ =g, p'*', which is
a consequence of Rem. 4] and Lem. [87] This means that, without loss of generality, we may
assume that p, v are in ~, J-normal form. Note that, given this assumption, we have that
<7 and <7 are in F-normal form. Moreover, (u<7)* = (u*°)* = (1) = (v<7)°’. From
this, by Lem. we have that (u<7)° = (v<7)°.

The proof proceeds by induction on the sum of the number of applications in  and v,
using the characterization of flat multisteps (Lem. . We consider three cases, depending
on whether the head of p is a variable, a constant, or a rule symbol:

1. Variable, p = Ay ... Zp.y 1 - .. ftan- Note that (u<7)° = Azy ... 2.y (u57)°. .. (uS7)°.
Since (u<7)° = (v¥<7)°, the head of v cannot be a constant or a rule symbol. Hence
the only possibility is that v = Azy...2,.yv1 ... vy, Furthermore, it can only be the
case that p = n and ¢ = m and (u;7)° = (") for all 1 < ¢ < m. This in turn
implies that ¥ = v* for all 1 < i < m. Hence, by IH, for each 1 <1 < m, there exist
multisteps such that fi; T ; where i = 2 and #? = v?. To conclude, note that taking
pi=Axy...xpyfiy... i and U := Axy ... 2.y D1 ... Uy, we have that i T 2 by the CVar
rule, and moreover fi” = y° and ©” = 1.

2. Constant, 1 = A&y ...T,.Cp1 ... fm. Notethat (u<7)° = Az ... zp.c(ur™)° ... (uoh)°.
Since (v<7)° = (u<")°, the head of v cannot be a variable. We consider two cases, de-
pending on whether the head of v is a constant or a rule symbol:

2.1 Constant, v = Azy...zp.cvy ... The proof of this case proceeds similarly as for
case |1} when the heads of i and v are both variables.

2.2 Rule symbol, v = Azy...2,.0v1...7;. Recall that we assume that ;1 and v are in
7-normal form. This implies that n = p. Then (v<7)° = (Azy...2,.0<" I/fﬁ . yq<i)°.
By Lem. there exist multisteps £1,. .., &, such that = (Az1...2,.0°7& ... &,)°
and (£°M)° = (u=7)° for all 1 < i < q. Moreover, each & has less applications than .
So by IH, for each 1 < i < ¢ there exist multisteps such that él 1 U; where éf =& and

b

©? = v?. Taking ji := ATy x0T E L &g and D = Az ... Tp.001 ... Dy We have

that 1 0. It is easy to note that 7* = 1. Moreover:

Po= (... xn.g<?§l L&)
O T L SR by confluence of flattening (Prop.

ATy . 20T Er ... 6,)°)” by confluence of flattening (Prop.
b

(
W

Since (v<7)° = (u<7)°, the head of v cannot be a variable. We consider two cases, de-
pending on whether the head of v is a constant or a rule symbol:
3.1 Constant, v = Azy...xp.cvy ... The proof of this case proceeds symmetrically
as for case[2.2] when the head of 4 is a constant and the head of v is a rule symbol.
3.2 Rule symbol, v = Az1...2p.0v1...v5. Recall that we assume that p and v are in

7-normal form. This implies that n = p. Then (v<7)° = Azy ... 2,. (9T v .. v,

7.

3. Rule symbol, jt = Azy ... Zp.0 41 . .. ftm- Notethat (u<7)° = Az ... 2n. (07T .. uSht
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Note that this implies that (0<7 puy"...v57)° = (I<Tv" .. .vS7)°. By orthogonality,
this means that ¢ = ¢ and m = ¢, and moreover (u;")° = (v;~")° for all 1 < i < m.
By IH, for each 1 < i < m, there exist multisteps such that f; T ©;, where ﬂ? = u?
and Af = Vf. Taking ft = Ax1...Tp.041 - - iy, and 0 = A2y ... Tp.001 - .. Uy it is then
easy to check that fi 1 », and moreover i = i’ and ?° = 1.

<

» Lemma 139 (Projection of a substitution). Let 1 /fvn = & and usffve = &. Then

p{\p2}ffri{z\va} = §i{x\&}

Proof. By induction on the derivation of py /v1 = &;1:

1. ProjVar: Let y/fy = y. If y # x, it is immediate. If y = x, note that us /s = & by
hypothesis.

2. ProjCon: Let c//c = c. This case is immediate, as c{z\p2} = c{z\1n} = c{z\&} =c.

et is closed, so o{x\p2} =

3. ProjRule: Let oo = o"*'. This case is immediate, as g
o{z\v2} = o and 0" {z\{2} = 0"

4. ProjRulel: Let g/ = p. This case is immediate, as ¢ is closed, so o{x\u2} =
ofr\&} = ¢ and ¢ {z\12} = ™.

5. ProjRuleR: Let ¢°/J/o = o". This case is immediate, as ¢* and o'" are closed, so
o {x\pu2} = 0°° and o{z\12} = o and B {x\&} = o

6. ProjAbs: Let Ay.py Jf A\y.v1 = Ay.&1 bederived from pq Jf1n = &. By IH py {a\p2} Jfra{z\v2} =
&1 {x\&}, so applying the ProjAbs rule \y.ui {z\u2} /A Ay.vi{z\v2} = Ay.&{x\&2}.

7. ProjApp: Let p11 pa2/fvi1 viz = €11 &12 be derived from pqy Jfr11 = €11 and pys s =
2. Then by IH ppi{a\p2}ffrin{a\ve} = &u{z\&} and po{a\p} friz{a\ve} =
§12{x\&2}, so applying the ProjApp rule (p11 p12){z\p2} J (i1 vig){z\ve} = (€11 §12){z\E2}-

|

» Lemma 140 (Compatibilization of projection). Let p//v = £. Then there exist multisteps
i, 0, & such that:

u%*ﬂandu%*ﬁandf&*g
it o
mjjo =€

Proof. If p 1 v holds, we are done. By strong normalization of flattening (Prop. it

W=

suffices to show that if u/j/v = £ and p 1 v does not hold, then there exist steps p A iv and

v+ & and 13 A é such that i//v = f . The proof proceeds by induction on the derivation

of uj/v = £. Note that rules ProjVar, ProjCon, ProjRule, ProjRuleL, and ProjRuleR cannot
apply, as then we would have that o 1 v. The remaining possibilities are:

1. ProjAbs: Let Az.uf/ xz.v = Ax.£ be derived from pj/v = £. By IH there exist steps
I A i and v 2y o and v e é such that /o = é Applying the ProjAbs rule, we obtain
that A\z.2f/Az.0 = Az.€ as required.

2. ProjApp: Let uy poffvi va = &1 & be derived from py /vy = & and po ffvs = . We
consider three subcases:

2.1 If py T v1 does not hold. Then by IH there exist steps j; AN fi1 and 14 AN 71 and
& »£> él such that f, J/in = 51. Then we have that g uo »i> 11 po and vy vo »i> 2R
and &1 & A él & and, applying the ProjApp rule, fiy ps /91 vo = él &

2.2 If p1 1 1 holds and ps 1 vo does not hold. Similar to the previous case.
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2.3 If both u; 1 v; and pg T v hold. If py and v1 do not start with a A-abstraction,
then it can be checked by case analysis on the rules defining the judgment u; 1 v; that
1 p2 T v1 ve holds, contradicting the hypothesis. For example, if puy T v7 is derived
using the CVar rule, with the assumption that p; does not start with a A-abstraction, we
would have that uy = y 11 ... g1, and v1 = yviy ... v1, with py; Ty foralll <i <n.
And from this we would have, using the CVar rule, that y p11 ... pi1n pi2 Ty V11 - - - Vin Va.
The argument is similar for the other rules besides CVar.

This means that py = Az.pf and v1 = Ax.vj. Note, moreover, that the judgment
w1 //vi = & can only be derived by the ProjAbs rule, so & = Ax.&] with p} v = &.
To conclude note that by taking fi := p; {z\p2} and 7 := v/ {z\1r} and £ := &} {z\&}
we have that = (Ax.u}) pe Dy fand v = (Az.vy) va 2% p and E=(Ax.8)) & Ly é.
Moreover, i /P = 5 is a consequence of Lem. ﬁ

<

» Proposition 141 (Existence and uniqueness of projection). Let u, v be such that p™c =g, v>°.
Then:

1. Existence. There ezist |1, D,é such that i’ = p’ and 0° = v° and jffv = EA

2. Compatibility. Furthermore, i and ¥ can be chosen in such a way that i T D.

3. Uniqueness. If (/)" = 1’ and (0')" =" and J/ |0 = € then (£')> = €.

Proof. Note that u* =v¥, so by Lem. there exist multisteps [, 7 such that i1 7 and
moreover i” = y* and ©* = 1°. By Lem. this implies that there exists a multistep é such
that fi//0 = £. This proves items 1. and 2.

For item 3., suppose that 2/, 7/, € are such that (2/)” = p” and (2/)’ = v* and 2/ JJ9’ = €.
By Lem. this implies that there exist multisteps 4", 2", € such that 7/ Dy i’ and
» 2% " and 14 Dy €", and moreover 0/ 10" and p” JJo" = €". Note that 2> = 3/ given
that 2’ Ly 2. Similarly, 2" = """ and £* = £””. Hence by Lem. we may conclude that
& = &% as required. <

» Proposition 142 (Properties of the projection operator).
1 /v = (u/v)

2. pfv=p /v

3. u/p=p* and, as particular cases:

b

s/s=s wx/r=x <c/c=c /o=~

4. pu/ut =y’ and, as a particular case, o/ = o

5. u*/pu=p» and, as a particular case, 04/o0 = o*

6. (\z.p)/(A\ew) = Aa.(u/v))

7. (1 p2)/ (v va) = ((p1 /1) (pa/12))° provided that 1 /vy and po/ve are defined.

Proof. We prove each item:

1. u/v = (u/v)’: By definition there exist i, 7,& such that f° = 4’ and 2” = 1 and
Al = € where i/ = &. Then pfv = & = (&) = (u/v)’.

2. p/v =’ /v”: By definition of /v there exist fi, 0, such that 4° = p” and ?” = v* and
AJJo = € where /v = €. Then since 4> = (4°)" and v’ = (°), the triple f,7, £ also
fulfills the conditions for the definition of y” / v*. But Prop. [141| ensures uniqueness, so
plv =28 =u /v

3. pu/p = p®: Tt suffices to note that p//u = '8 holds, as can be checked by induction on
I
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4. pu/p* = p’: Tt suffices to note that p /s = p, as can be checked by induction on .

w*/p = p¥: It suffices to note that psc//u = u'8*, as can be checked by induction on u.

6. (\z.p)/(Az.v) = (A\x.(1u/v))": Observe that the left-hand side of the equation is defined
if and only if the right-hand side is defined, given that (Ax.p)% =g, (Az.v)*° if and only
if p*¢ =g, 1°', which is easy to check.
By definition of u/v there exist fi, 0, € such that o = u” and »* = v* and pjfo = €
where /v = €. Then note, by confluence of flattening (Prop. , that (A\z.p)° =
Az.?)> = Az.p”)’ = (Ma.p)® and, similarly, (Az.9)* = (Az.v)’. Moreover, by the
ProjAbs rule, \z.fiff \x.0 = A\z.£. By uniqueness of projection (Prop. this means
that (Az.p)/(z.v) = Az.€)’” = Oa.£)’ = Oa.(u/v))’.

7. (1 p2)/(viv2) = ((u1/v1) (u2/v2))°: Observe that, if the right-hand side of the equation is

Src

defined, then the left-hand side is also defined, given that if 5 =g, 1" and p5° =g, v5
then (1 o)™ =py, (v1v2)%°.

Note that, by hypothesis, the right-hand side of the equation is defined. By definition
of py1 /11 there exist fiy, 1,&; such that /~L1 = /1,1 and 1/1 = 1/1 and fi1 J/in => & where

w1/ = 51 Similarly, by definition of ug/ug there exist [is, Vg,fg such that ﬂz uz and

D5 = v and g f/ Dy = & where pg /vy = §2

Note, by confluence of ﬂattemng (Prop. [96)), (fi1 f12)? = (45 13)° = (1% p3)” = (1 HQ)b
and, similarly, (2, 192)b = (1 1/2) Moreover by the ProjApp rule, #1 ug///ﬁl Dy = &1 &9,
By uniqueness of projection Prop. [141| this means that py o /vy ve = (§1 52) = (&)

(11 /1) (p2/12))".

(&,

A

» Example 143. Let o: Az.cx — Az.dx. Then:

Az.(Az.cz)x)/(Az.0)

[T
’;’;’;’;
Q.
S
-

» Lemma 144 (Cube lemma). Given multisteps p,v,& such that pi*c =g, V> =g, £, the
following equality holds:

(/) (&/v) = (n/€)/(v/€)

Proof. The proof proceeds by induction on the number of applications in the ~», 7j-normal

form of p. Note by Prop. [[42] that, without loss of generality, we may assume that yu, v, and

¢ are in v, F-normal form. The head of 1 may be a variable, a constant, or a rule symbol.

We consider three cases:

1. 1 headed by a variable, p = AZ.y py ... . Then since p and v are coinitial, the
head of v must be y, and since we assume that the multisteps are in 77-normal form,
v =AC.yv ...V, Similarly, since u and £ are coinitial, £ = A\Z.y & ...&,. Then:

(u/v)/(€/v) = Ly ((u/v1)/(/n1)) - ((4n/vn)/(€n/vn)))" by Prop.[[42]
= Ay ((1/6)/ (1 /&) - (/&) / (n/€n))) by TH
= WO/ /6

2. u headed by a constant, ;1 = AZ.cpy...u,. Then since p and v are coinitial, the
head of ¥ may be a constant or a rule symbol. We consider are two subcases:
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2.1 v headed by a constant. Then the head of v must be the constant c, and since the
multisteps are in 77-normal form, v = AZ.cv; ...v,. Note that, in turn, as u and £ are
coinitial, the head of £ may be a constant or a rule symbol. So we consider two further
subcases:

2.1.1 £ headed by a constant. Then the head of £ must be the constant c, and since
the multisteps are in 7-normal form, £ = AZ.c&;...&,. The proof of this case is
similar to case [T} when the heads of all three multisteps are variables.

2.1.2 ¢ headed by a rule symbol. Then since the multisteps are in 7-normal form,
E=AT.0& ...&. Since p and & are coinitial, by Lem. there exist multisteps
M5 e e ey g i +, -normal form such that pu = (AZ.0* 1} . .. pg)® where each p; has
strictly less applications than i, and such that p} and &; are coinitial. Similarly, since
v and & are coinitial, by Lem. there exist multisteps v1,...,v; in >, Tj-normal
form such that v = (AZ.¢“ v ...1,)° and such that, for each 1 <1i < ¢, v and §;
are coinitial.

Before proceeding, note that, using Prop. [[42] we have:

(0/0")/(e/™) = (0¥/09)/(e/0")
04/o

QP

o> /o
(0%/0)/(e%/0)
(0"/0)/(*/0)

Then:

(n/v)/(&/v)
= ((AZ.0™py .o pug) /(N0 vy ... ) [ (AT 0&1 ... &)/ (NE.0 vy .. vp))
by Prop.
= (AZ((¢/2) /(o)) (1h /v1) /(&1 /1) - - (g /ve) [ (€a/ V)
by Prop.
= (AZ.((¢"/0)/(¢"/0)) (h /v1) /(&1 /v)) - (g /vi) [ (Eal Vi)’
by the preceding remark
= (A((e/0)/(07/0) (1 /&) (W1 /&) - - - (i /€0) ] (v /€0)))°
by TH
= ((AZ. ™y pg) [(AT.081 ... &)/ (AZ.0™ v .. vg) /(AT 061 .. &)
by Prop. [142]
= (/&/w/¢)
by Prop. [142]

2.2 v headed by a rule symbol. Then since the multisteps are in 7-normal form,
v = AZ.ov1 ...y, Note that, in turn, as p and £ are coinitial, the head of £ may be
a constant or a rule symbol. If the head of £ is a constant, this case is symmetric to
case when v is headed by a constant and & by a rule symbol. If the head of £ is a
rule symbol, then since the multisteps are in 7-normal form, { = AZ.0&; ... ;. Since p
and v are coinitial, by Lem. there exist multisteps i, ...,y in >, 7-normal form

3 ASrc

such that p = (AZ.0* ] ... p1;)® where each p} has strictly less applications than p,
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and such that u; and v; are coinitial. Then:

(n/v)/(&/v)
= (A2 py .. pg)/(AEovr .. 1)) /(AT 081 ... &) /[ (ATovr .. 1))
by Prop. [142]
= (AZ((e7/0)/(0/0)) (1 /1) /(&1 /1)) - - ((Hl/va) [ (Ea/Va)))
by Prop. [142]
= (AZ.((e"/0)/(0/0)) ((u1/&1)/ (1 /€0)) - - (g /&) (Va/ &)
by TH
(AZ.0™ph - i) /(AT 0&1 .. &) [ (AT.ovr - vg) /(AT 01 ... &)
by Prop.
(/&) (v/€)
by Prop.

3. 1 headed by a rule symbol, = AZ.opy ... . Then since g and v are coinitial, the
head of ¥ may be a constant or a rule symbol. We consider two subcases:

3.1 v headed by a constant. Then since the multisteps are in 7j-normal form, v =
AZ.cvy...Vy. By Lem. there exist multisteps v/, ...,7/, in +>, f-normal form such
that v = (AZ.0 v ... v},)° where u; and v are coinitial. Moreover, since p and £ are
coinitial, the head of £ may be a constant or a rule symbol. We consider two further
subcases:

3.1.1 ¢ headed by a constant. Then since the multisteps are in 7-normal form,
£ = Ab.c& ... &, By Lem. there exist multisteps &, ..., & in v, 7-normal
form such that & = (AZ.g* &} ... £,)° where p; and & are coinitial. Then the proof
proceeds similarly as for case 2.1.2]

3.1.2 ¢ headed by a rule symbol. Then since the multisteps are in 7-normal form
and by orthogonality, £ = AZ.0&; ...&,. Then the proof proceeds similarly as for
case [2.1.2] noting that, by Prop.

(0/0")/(0/0) = o/0
QP
o> /o”

(e/0)/(e*/0)

3.2 v headed by a rule symbol. Then since the multisteps are in -normal form, the
head of £ may be a constant or a rule symbol. If the head of £ is a constant, this case
is symmetric to case [3.1.2] when v is headed by a constant and £ by a rule symbol.
If the head of ¢ is a rule symbol, then by orthogonality, £ = AZ.0&; ...&,. Then the
proof proceeds similarly as for case 2.1.2

<

E.2 Projection for rewrites

» Lemma 145 (Rewrite/rewrite generalizes rewrite/multistep and multistep/rewrite projections).
If 1 is a flat multistep and p a coinitial flat rewrite then:

Lou/tp=p/p

2.p P pu=p/p

Proof. Ttem 2. is immediate by definition of p /3 p. For item 1, we proceed by induction on

p:
1. Multistep, p=v. Then p /*v=p/v=p /?v=1p/3v.
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2. Composition, p = p; ; p2. Then:

(/' p1) /' p2
= (u/"p)/Pp2 byIH
= (u/p1)/Pp2 by IH
= M/S(Pl;/)z)

N/l (p1 5 p2)

<

» Definition 146 (Size of a flat rewrite). If p is a flat rewrite, we write |p| for the number of
multisteps in p. More precisely:

def
wl =1

def
psol = lpl+ o]
» Lemma 147 (Size of a projection).
1

A /Mol = ul
2. |p /? ul=1p|
3. |p /2ol =1pl
Proof.

1. By induction on p. If p = v, then |u /* v| = |u/v| =1 = |u|. If p = p1 5 p2, then by TH
we have that | /" (p1 5 p2)| = |(1 /" p1) /" p2l = |1 /" prl = |ul-

2. By induction on p. If p = v, then |v /2 u| = |v/u| =1 = |v|. If p = p1 ; p2, then by TH
we have that [(p1 5 p2) /2 ul = |(pr /2 1) 5 (o2 /2 (/" p))l = lpr /2 ul + o2 /2 (/!
pu)l = lp1l + lp2| = lp1 5 pal.

3. By induction on o. If 0 = p, then by item 2. |p /3 u| = |p /? u| = |p|. If 0 = 01 ; 02 then
by IH we have that |p /° (013 02)| = |(p /° 01) /? 02| = |p /° 01| = |p-

<

» Lemma 148 (Rewrite/rewrite projection of a sequence). If (p1 3 p2) and o are coinitial flat
rewrites, then:

(prsp2) [P o=(p1 />0);5(p2/? (0 /° p1))

Proof. We proceed by induction on [p;| 4 |p2| + |o|. We consider two cases, depending on
whether ¢ is a multistep or a composition:
1. Multistep, 0 = p. Then:

(prsp2) P = (pr3p2) /1
= (m /2w o2 /> (/" 1))
= (p /*1)5(p2 /* (u/? p1)) by Lem. [[45]

2. Composition, ¢ = 01 ; 09. Then:

(13 p2) /2 (015 02)

((p1 5 p2) 2 01) /2 02

((p1 /2 01) 5 (p2 /2 (01 /2 p1))) /2 02 by IH

((pr /2 01) [P 02) 5 ((p2 /2 (01 /2 p1)) /P (02 /? (p1 /? 01))) Dby IH

(p1 /% (01502)) 5 (p2 /2 (01 /2 p1) 5 (02 /2 (p1 /? 01)))) by definition
(p1 /% (015 02)) 5 (p2 /2 (015 02) /2 p1)) by IH

To apply the IH the first time, note that |p1]| + |p2| + |o1] < |p1] + |p2| + |o1 5 02]- To
apply the TH the second time, note that by Lem. we have that [p1 /3 o1] + |p2 /3
(a1 /2 pO)| +loa| = [p1] + |p2] + 02| < [p1] + |p2| + |01 5 02| To apply the IH the third
time, note that |o1| + |o2| + |p1] < |p1] + |p2] + |o1 5 2.
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<

» Convention 1. From this point on, we overload p/o to stand for p /* o (if p is a multistep),

p /? o (if o is a multistep), or p /> o (in the general case). Note that Lem. and Lem.
ensure that this overloading is “safe”.

F Properties of Projection for Flat Rewrites

» Lemma 149 (Basic properties of rewrite projection). Let p stand for a flat rewrite. Then
the following hold:

L p¥/p=p*
2. p/pt=0p
Proof.

1. p*/p = p»: By induction on p. If p = p is a multistep, then p*/pu = p* by Prop. If
p = p1; pe, then:

(P13 p2)%/(p135p2) = (pi'/p1)/p2 by definition
= % /p by TH
= p/po as pi¥ =g, p3°©
= by IH
(P15 p2)”

2. p/p* = p: By induction on p. If p = p is a multistep, then p/pu<® = p* = pu by Prop. m
using the fact that p is flat by hypothesis. If p = p; ; p2 then:

p1sp2)/ (P15 p2)

( )

(p1/(p1 5 p2)%) 5 (p2/((p1 5 p2)¥/p1)) by Lem. [T4§
(p1/(p1 5 p2)%) 5 (p2/ (P /p1))
( 95 (
( )

= (p1/(p15p2)") 5 (p2/PT) by item 1. of this lemma
= (p/p) 5 (p2/p3 as p1 3 p3° = p© and pif = p3°
P13 P2 by IH

<

» Definition 150 (Splitting, up to flattening). We write yu; & o 3 s if there exist multisteps
Wbyl such that iy < i 3 p, and morcover (1) = and (1)’ = pz and (1)° = ps.

» Lemma 151 (Projection of a splitting over a multistep). If p1 < p2 3 us and v is an
arbitrary multistep coinitial to py, then (u1/v) & (po/v) 5 (us/(v/u2)).

Proof. Suppose that p; < s 5 3. Recall from Prop. that 11 /v does not depend on
the representative of p; (up to flattening), and similarly for ps/v and us/(v/us2). Hence
by Lem. we may assume without loss of generality that pq is in —,7-normal form. We
may also assume without loss of generality that v is in ~, 7-normal form. We show that
(u1/v) & (12/v) 5 (us/(v/pe)) holds, by induction on the number of applications in p; and
by case analysis on the head of j;, using the fact that it is in ~, 7-normal form:

1. 11 headed by a variable. Then uy = AZ.y 11 .- - p1n- Note that py < po 3 us must
be derived by a number of instances of the SAbs rule, followed by n instances of SApp
rule, followed by an instance of the SVar rule at the head. Hence po = AZ.y o1 - - - fion
and p3 = ATy p31 - - - U3n With p1; < po; 5 us; for all 1 <4 < n. Moreover, since pu; and
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v are coinitial and in »i>, 7-normal form, we have that v = AZ.y vy ... v, where u1; and v;
are coinitial for each 1 < i < n. Then by Prop. we have:

/v = ALy (par/v1) ... (p1n/vn))’
pa/v = ALy (par/v1) ... (p2n/vn))’
ps/w/pe) = (AZy(usi/(vi/p21)) - (Han/(Wn/p2n)))"

Note that, by IH we have that p;/v; & W2i/Vi 5 psi/ (Vi /p2i). Hence:

AZ.y (p1/v1) - (fan/vn) & ALy (p21/v1) - - - (M2n/Vn)
3 ATy (par/(vi/p21)) - - - (wan/(Vn/b2n))

This in turn implies that (u1/v) & (u2/v) 5 (ps/(v/u2)).

2. p1 headed by a constant. Then p; = AZ.c 17 - .. pi1,. Note that py < po 5 ps must
be derived by a number of instances of the SAbs rule, followed by n instances of SApp
rule, followed by an instance of the SConst rule at the head. Hence py = A@.c o1 - . . fion
and p3 = AZ.Cc 31 - . . 3, where p1; < po; 5 ps; for all 1 < i < n. Moreover, since p; and
v are coinitial and in >, 7-normal form, the head of v must be either a constant or a rule

symbol. We consider two subcases:

2.1

2.2

v headed by a constant. Then v = AZ.cvy ...v,. The proof proceeds similarly as
for case [T} when the heads of i1, f12, 13, v are all variables.

v headed by a rule symbol. Then v = AZ.gv; ...v,. By Lem. we have that 1 =
(AZ.0=Tphy oo pyg)° and pg = (A0S py ... pi5,)° and pg = (AZ.0%7 pfy ... pi5y)°
where p}; and v; are coinitial for all 1 < ¢ < ¢, and each uf, has strictly less
applications than u;. By Prop. we have that:

prf/v = (AZ.(0%/0) (Hhy/r1) - (Hig/Vq))
pa/v = (AZ.(0%/0) (thy/11) - (1hy/Vq))
ps/(v/pe) = (AZ.(0%/(0/0%)) (b1 /(v1/1h1)) - - - (ihy/ (va/ 1ih1)))"

Furthermore, note that, since <" is a rule-pattern, yu}, is of the form Ay.u; and a
renaming of pf; occurs in 4 in a certain position. Similarly, p5; and pf; are of the form
Ay.py; and Ay.pfy; respectively, and they occur in po and pg respectively, in the same

position. Then, since p1 < pg 3 i3, we have that pf, < pb, 5 ph; holds for all 1 <4 < g.

So we may apply the IH to conclude that (u};/v;) & (uh;/vi) 5 (uh; /(vi/ph;)) holds
for all 1 <4 < g. Moreover, note that (09/0) < (094/0) ; (04/(0/0")), given that
0¥/0 = 0" and 0%/(0/0") = 0¥/0 = ¢* by Prop.[142] and o> < o” ; o*, which is
immediate given that ¢® has no rule symbols. Hence:

N2 (0%/0) (W /1) - (Hhy/ve) & AT(0%/0) (thy /1) - - (1hy V)

i A0/ (0/0") (uin /(vi/par)) - - (3e/ (Va/Ho1))

This in turn implies that (u1/v) & (n2/v) 5 (us/(v/pe)).

3. pu1 headed by a rule symbol. Then u; = AZ.op11 - .- p1n- Note that pu; < o 5 us
must be derived must be derived by a number of instances of the SAbs rule, followed by

n instances of SApp rule, followed by an instance of either SRuleL or SRuleL at the head.

We consider two subcases:

3.1

SRuleL: Then po = AZ.o 21 ... p2n, and pz = AT.0%" 31 ... u3, where p1; < fo; 3 p3s
for all 1 <4 < n. Since pu; and v are coinitial, the head of v must be a constant or a
rule symbol. We consider two further subcases:
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3.1.1 v headed by a constant. By Lem. we have that v = (AZ.0<" vy ...1p)°,
where p1; and v; are coinitial for all 1 < i < n. By Prop. we have that:

/v = Qz.(o/e™)(p/v). . (pin/vn))
pa/v = (Ax.(0/¢) (par/1) ... (pan/vn))’
ps/(w/pe) = (Aw.(®/(e/0))(par/(vi/p21)) - - (usn/(Vn/ p2n)))’

By IH we know that (u1,/v;) & (2i/vi) 5 (usi/(vi/pai)) for all 1 < i < n. Moreover,

note that o/p* = p and o*/(0%/0) = 0% /0™ = o” by Prop. and that
0 < o3 0. Hence:

AZ.0 (p11/v1) . (Han/vn) & AZ.0 (po1/v1) - - - (2n/Vn)
3 AZ.0% (31 /(v1/p21)) - - - (an/ (Vn/p2n))

This in turn implies that p; /v & wa/v s us/(v/p).
3.1.2 v headed by a rule symbol. Then by orthogonality v = AZ.gv; ... v,. By Prop.[142]
we have that:

/v (Az.(0/0) (a1 /v1) - - (Han/vn))’
pia /v (Az.(0/0)(p21/v1) - . (H2n/vn))°
ps/(v/p2) = (Az.(0%/(0/0))(p3r/(vi/p21)) - - - (t3n/ (Wn/b2n)))

Then the proof proceeds similarly as for case when the head of v is a constant,
noting that o/0 = o* and that ¢*/(o/0) = 0® /0™ = o* by Prop. and that
ot & ptet s otet,

3.2 SRuleR: Then pg = AZ. 0% poy . .. pion, and ug = ANZ.0 p31 - - - i3y, Where p1; < o 5 3
for all 1 <4 < n. Since pu; and v are coinitial, the head of v must be a constant or a
rule symbol. We consider two further subcases:

3.2.1 v headed by a constant. By Lem. we have that v = (AZ.0<"vy...1,)°,
where pq; and v; are coinitial for all 1 <4 < n. Hence:

/v = Ax.(e/e”) (ur/m1) .. (pin/vn))
pa/v = (Az.(0/0") (pa1/v1) . .. (t2n/vn))’
ps/(wipe) = (Az.(0/(¢/0™)) (uar/(v1/p21)) - - - (tsn/(Vn/ pi2n)))’

Then the proof proceeds similarly as for case noting that o/0* = o, that
04/0% = 0%, and that o/(0%/0Y) = 0/0* = ¢ by Prop. and moreover that
0E 0" 50

3.2.2 v headed by a rule symbol. Then by orthogonality v = AZ.ov; ...v,. Hence:

p/v = (Ax.(o/0) (p11/11) - - (p1n/vn))
pa/v = (Az.(¢"/0) (a1 /1) .. (p2n/vn))’
ps/(v/pe) = (Ax.(o/(0/0")) (msr/(wi/p21)) - - (t3n/(Vn/p2n)))"

Then the proof proceeds similarly as for case noting that o/0 = ¢”, that

04/0 = 0%, and that o/(0/0%) = 0/0 = o” by Prop. and moreover that
o8t & et ; ptet,

<

» Lemma 152 (Projection of a splitting over a rewrite). If u1 < usg 3 us and p is an arbitrary
. o b
flat rewrite coinitial to py, then (u1/p) < (u2/p) 5 (us/(p/u2)).
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Proof. By induction on p.

1.
2.

Multistep, p = v. Then this is an immediate consequence of Lem. [I51]
Composition, p = p; ; p2. By IH, we have that: u;/p1 & p2/p1 s pa/(p1/p2), that
is, there exist multisteps ji, fio, fi3 such that fi; < fig ; fi3 and such that i} = u1/p1
and iy = pa/p1 and i = p3/(p1/pe). Applying the TH again, we have that fi1/ps &
fia/p2 5 fi3/(p2/fi2). Finally, recall that by Prop. m, projection does not depend on
the representative of the equivalence class (up to flattening), so we have the following
equalities:

mi/(prsp2) = (ma/p1)/p2 = f/p2
p2/(p1 5 p2) (12/p1)/p2 fiz/ p2
us/((p1 s p2)/12) (us/(p1/m2))/(p2/(p2/p1)) = f[3/(p2/f2)

This means that (i /(p1 5 p2)) & (ua/(p1 5 p2)) 3 s/ ((p1 5 p2)/1i2)) holds, as required.
|

» Lemma 153 (Projection of a multistep over a splitting). If 1 < po 5 us and v is an
arbitrary multistep coinitial to py, then v/py = (v/u2)/ps.

Proof. Suppose that y1 < o ; p3. Recall from Prop. [142] that v/u; does not depend on the
representative of uq (up to flattening), and similarly for (u/u2)/ps. Hence by Lem. we
may assume without loss of generality that p is in ~,7-normal form. We may also assume

without loss of generality that v is in ~»,7-normal form. We proceed by induction on the

number of applications in p; and by case analysis on the head of uy, using the fact that it is
in >, 7-normal form.

1

. 41 headed by a variable. Then u; = AZ.y 11 - . . 1. Note that p1 < po 5 ug must

be derived by a number of instances of the SAbs rule, followed by n instances of the SApp
rule, followed by an instance of the SVar rule at the head. Hence pus = AZ.y o1 - - - tion
and p3 = AT.Y 431 - - - fhan, With p1; < po; 5 pg; for all 1 <4 < n. Moreover, since pp and
v are coinitial and in ~», m-normal form, we have that v = A\Z.y vy ... v, where uq; and v;
are coinitial for all 1 < ¢ < n. Then by Prop. we have that:

vim = AZy@a/pn) ... (Vn/pin))
(v/p2) /s = Ay ((vi/pa1)/ps1) - (Vn/t2n)/ sn))’

To conclude, note that, by IH we have that v;/p1; = (vi/12:)/ psi-

. 11 headed by a constant. Then py = AZ.c 11 ... pi1,- Note that p < pso 5 p3 must

be derived by a number of instances of the SAbs rule, followed by n instances of the SApp
rule, followed by an instance of the SCons rule at the head. Hence s = AZ.c o1 .. . tion
and ug = AZ.c u3q - - - 3n where pi; < o 3 ps; for all 1 <4 < n. Moreover, since pp and
v are coinitial and in ~»,7-normal form, the head of ¥ must be either a constant or a rule
symbol. We consider two subcases:

2.1 v headed by a constant. Then v = A\Z.cv; ...v,. The proof proceeds similarly as
for case[l} when the heads of u1, us, us, v are all variables.

2.2 v headed by a rule symbol. Thenv = AZ.ov; ...v,. By Lem. We have that py =
(AZ.oS" iy .. p1g)® and po = (AZ.0" iy ... 1i5,)° and pg = (AZ.0=" gy ... pi5g)°
where p}; and v; are coinitial for all 1 < ¢ < ¢, and each p}, has strictly less
applications than u;. By Prop. we have that:

vim = (AZ.(e/0%) (vi/phy) - (Vg/uly))’
(w/p2) /s = (A ((0/0)/0) (v1/1hy)/1ar) - - - (Va/ 1hg)/ 1))’
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To conclude, it suffices to note that o/0% = (0/0)/0* by Prop. [142]and that by TH
we have that I/Z/,uh (I/Z/,ugz)/,u& holds for all 1 < i < ¢. To be able to apply the TH,
note that u},; < uh, 3 ph; holds given that € is a rule-pattern. (The proof of this fact
is discussed in the analogous case in the proof of Lem. [151)).

3. p1 headed by a rule symbol. Then p; = AZ.0 11 .- - pi1n- Note that pu; & po 5 s
must be derived by a number of instances of the SAbs rule, followed by n instances of the
SApp rule, followed by an instance of SRuleL or SRuleR at the head. We consider two
subcases:

3.1 SRuleL: Then po = AZ.o 21 .. . flo, and g = AT.0%" 3y ... (3, where p1; < po; 3 s
for all 1 < ¢ < n. Since 1 and v are coinitial, the head of v must be either a constant
or a rule symbol. We consider two further subcases:

3.1.1 v headed by a constant. By Lem. we have that v = (AZ.0<"vy...1,)°.
By Prop. [[42] we have that:

vim = (AZ.(e%/0) (v1/p1) ... (vn/pan))
(v/p2)/us = (AE.((04/0)/0”) ((vi/p21)/ps1) - - - (Vn/p2g)/pi3n))

To conclude, it suffices to note that p4/0 = o® = o* /0® = (0¥/0)/0” by Prop.
and that by TH we have that v;/p1; = (v /12i) /13 holds for all 1 <i < n.

3.1.2 v headed by a rule symbol. Then by orthogonality v = Az.gv; ... v,. By Prop.[142]
we have that:

v/ (AZ.(0/0) (1 /p11) - - - (Un/p1n))"
(v/p2)/us = (AE.((e/0)/e™) (11/p21)/us1) - - - (Vn/ 112q)/ 1i3n))°

To conclude, it suffices to note that o/o = o® = o /0” = (0/0)/0” by Prop.
and that by TH we have that v;/p1; = (v;/12i)/ i holds for all 1 <i < n.

3.2 SRuleR: Then py = AZ. 0% poy . .. fion, and pus = AZ.0 u31 - - - i3y, Where p1; < o § i3,
for all 1 <+ <mn. Since puy and v are coinitial, the head of v must be either a constant
or a rule symbol. We consider two further subcases:

3.2.1 v headed by a constant. By Lem. we have that v = (AZ.0" vy ...1,,)°.

By Prop. we have that:

vim = (AZ(e%/0) (vi/p1). .. (va/p1n))
W/p2)/ps = (AZ((e%/0)/0) (v1/p21)/p31) . (vn/p2g) [ 13n))’

To conclude, it suffices to note that 0*/o = o® = 04/0 = (04/0%)/0 by Prop.
and that by IH we have that v;/p1; = (vi/p2i)/ps: holds for all 1 <i < mn.

3.2.2 v headed by a rule symbol. Then by orthogonality v = AZ.pv; ...v,. By Prop.[142
we have that:

vim = (AZ.(o/0) (vi/pm1) - (Vn/pin))
(/) s = (AE((e/e")/0) (11/p21)/1s1) - - (Vn/b2g)/13n))’

To conclude, it suffices to note that o/0 = o™ = 0/0 = (0/0*)/0 by Prop. and

that by IH we have that v;/u1; = (v;/pe2:)/psi holds for all 1 < i < n.
|

» Lemma 154 (Projection of a rewrite over a splitting). If u1 < us2 3 1s and p is an arbitrary
flat rewrite coinitial to py, then p/p1 = (p/p2)/ps.

Proof. By induction on p.
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1. Multistep, p = v. Then this is an immediate consequence of Lem. [I53]
opse b
2. Composition, p = pr 5 pa. Note by Lem. [15] that (1u1/p1) & (a/p1) 5 (1) (p1/112)
holds, that is, there exist multisteps such that fi; < fis ; fi3 and such that 5 = uy/p1
and 3 = p2/p1 and 3 = p3/(p1/p2). Then:

(P15 p2)/ 11

= (p1/m) 35 (p2/(11/p1))

= ((pr/p2)/13) 5 (p2/(p1/p1)) by IH

= ((pr/p2)/13) 5 (p2/i11) by Prop. [T42]
= ((p1/p2)/13) 5 ((p2/f2)/fis) by IH

= ((pr/p2)/13) 5 ((p2/(p2/p1))/(3/(p1/p2))) by Prop. [142]
= ((p1/12) 5 (p2/(p2/p1)))/ 13

= ((p13p2)/12)/113

<

» Proposition 155 (Congruence of ~ with respect to projection). Let p ~ o, and let T be an
arbitrary flat rewrite coinitial to p. Then:

1. 7/p=1/0
2. p/T~alT

Proof. We prove each item separately:

1. By induction on the derivation of p ~ o. The reflexivity, symmetry, and transitivity cases

are immediate. We analyze the cases in which an axiom is applied at the root, as well as

congruence closure below composition contexts:

1.1 Rule ~-Assoc. Let (p1; p2) 5 p3 ~ p13 (p2 5 p3). Then:

7/((p1 5 p2) 5 p3) = ((T/p1)/p2)/p3 = 7/ (p1 5 (P2 5 P3))

1.2 Rule ~-Perm. Let p1 ~ 15 5 p% be derived from pq < puo 5 p3. Then:

T/ =

1.3 Congruence,
Then:

T/(p35v)

1.4 Congruence,
Then:

/(v p)

(7/p2)/ps by Lem. [I54]
(t/u3)/u3 by Prop. [[42]

left of a composition. Let p ; v ~ 0 ; v be derived from p ~ o.

= (7/p)/v
= (r/o)/v byIH

= 7/(o;0)
right of a composition. Let v ; p ~ v ; 0 be derived from p ~ o.

= (r/v)/p
(t/v)/o by IH

= 7/(v;0)

2. By induction on the derivation of p ~ o. The reflexivity, symmetry, and transitivity cases
are immediate. We analyze the cases in which an axiom is applied at the root, as well as
congruence closure below composition contexts:
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2.1 Rule ~-Assoc. Let (p1 5 p2) 3 p3 ~ p1; (p2 3 p3). Then:

(p15p2)/7) 5 (p3/(T/(p1 5 p2))) by Lem.
(p1/7) 5 (p2/(T/p1))) 5 (p3/(7/(p1 5 p2))) by Lem. [T4§

((p1 5 p2) 5 p3)/T = E )

Epl/T) ; ((pz/(T/m;) 5 (p3/(T/(p1 5 p2)))) by ~-Assoc
(

(

2

p1/7) 5 ((p2/(7/p1)) 5 (p3/((T/p1)/p2))))
p1/7) 5 ((p2 5 p3)/(7/p1)) by Lem. [[4§
P13 (p2 5 p3))/T by Lem. [T4§]

2.2 Rule ~-Perm. Let p; ~ pj ; % be derived from ju; < g 3 uz. Then by Lem. m

we have that (u1/7) & (n2/7) 5 (ps/(T/p2)), that is, there exist multisteps such that
fi1 < fig 3 i3 and such that 4% = py /7 and 5 = po/7 and i = p3/(7/uz). Hence:

p/T = ﬂg
~ s by Prop. [[21} as fi1 < fi2 5 i3
(n2/7) 5 (u3/(7/12))
= (13/7) 5 (13/(r/p2)) by Prop.
(/"g 5 Ng)/T
2.3 Congruence, left of a composition. Let p ; v ~ o ; v be derived from p ~ o.
Then:
(p3v)/T = (p/7)5(v/(7/p)) by Lem.
~ (o/7);(v/(r/p)) by IH
= (o/7); (w/(1/o)) asT/p=rT/o, by item 1. of this proposition
= (ojv)/7 by Lem. [T4§]
2.4 Congruence, right of a composition. Let v ; p ~ v ; ¢ be derived from p ~ o.
Then:

(vsp)/T = (v/7);(p/(7/v)) by Lem.[14§]
~ (v/7);(e/(r/v)) by IH
= (vso)/T by Lem. [T48]

» Lemma 156 (Self-erasure). p/p ~ p*

Proof. By induction on p. If p = p is a multistep, then u/u = u* by Prop. If p=p13p2
then:

(P15 p2)/(prsp2) = ((p13p2)/p1)/p2
= ((pr/p1) 5 (p2/(p1/p1)))/ P2 by Lem. [[4§
= ((p1/p1)/p2) 5 ((p2/(p1/p1))/(p2/(p1/p1))) by Lem. 14§

~ (pY/p2) 5 ((p2/(pr/p1))/(p2/(p1/p1))) by IH and Prop. [I55]
(p3/p2) 3 ((p2/(p1/p1))/ (p2/(p1/P1))) as ¥ =g, p3°

= 0% 5 ((p2/(p1/p1))/(p2/(p1/p1))) by Lem.

= (p2/(pr/p1))/(p2/(p1/p1)) by ~-IdL and Thm. [130]

= (p2/p})/(p2/pPY) by IH and Prop. [155]

= (p2/p)/(p2/p3) as pf¥' =gy p3°
p2/p2 by Lem.

~ p¥ by IH

= (Pl §P2)'
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» Lemma 157 (Multistep permutation). Let u,v be coinitial multisteps. Then:

s (v/p) = v (p/v)
Proof. Recall that if 4> = (/)* and v* = (v/)°, then u/v = i/ /v' by Prop. Moreover,

by soundness of flattening Lem. m if 11 is a step and ' is its ~—, 7-normal form, then u ~ p'.

Hence, to prove the statement of the lemma, it suffices to show that p; (v/p) = v (u/v)
assuming that y, v are coinitial multisteps in —,7-normal form.
The proof proceeds by induction on the number of applications in u, and by case analysis
on the head of u:
1. © headed by a variable. Then y = AZ.y ;... u,. Since p and v are coinitial, the
head of v cannot be a constant or a rule symbol, and in fact it must also be y, that is
v=ACyvi...V,. Note that:

s (v/p)
= (ANypr...pn)s (Myvi...vn)/ A2y pa ... pn))
= (\yp...pn); ALy (i/m) ... (va/pn)) by Prop. [[42]
~ (Aypr..opn) s Ay (v1/p) - (Vn/ i) by Lem. [100]
~ ATy (prs (/i) - (a5 (Vn/bn) by ~-Abs, ~-App

Similarly:

v (u/v) = A2y (v1 5 (a/v1)) - (Wn 5 (in/vn))

Moreover, by TH we have that u; 5 (v;/u;) = v; 5 (ni/v;) for all 1 <4 < n, so:

Ay (pa s (vi/pn)) - (pn s (Vn/pn)) = AZy (15 (pa/v1)) - (Va5 (n/vn))

2. u headed by a constant. Then y = AZ.cpy ... uy,. Since p and v are coinitial, the
head of v can be either ¢ or a rule symbol p. We consider two subcases:
2.1 v headed by a constant. Then v = AZ.cvy ...v,. The proof of this case proceeds
similarly as for case [I] when the heads of y and v are both variables.
2.2 v headed by a rule symbol. Then v = AZ.pv; ...v,. By Lem. we have that
p1 = (AZ.0<"py ... py)® where i and v; are coinitial for all 1 <4 < ¢, and each y;
has strictly less applications than p. Note that:

(MZ.ovy ... vg) [ (AE.0<T p) ... p1}))°)
(AZ.(0/ ™) (w1 /1) - - (vg/ 1))’ by Prop. [142]
NE(0/ ") /11) - (vg 1)) by Lem. [I0D

AT )

R~ . ;
(0 (/PN 3 (/1) - (1 3 (vafpil))) by ~-Abs, ~-App
Similarly:
v (u/v) = (.05 (07/0)(v1 5 (11 /v1)) - - (Vg 5 (kg /vq)))
Note that:
05 (0/0™) = ™50 by Prop. [[42]
- by ~-IdL
= 0;0% by ~-IdR
~ o;0% by Lem. [I00]
— Q ; (QSYC/Q)
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Moreover, by IH we know that u} 3 (v;/p)) ~ v; 5 (ul/v;) for all 1 < i < g. Hence:

AZ.(0%¢ 5 (0/0™)) (ph 5 (vi/my)) - (g 5 (vg/ 1asy))
~ M0 (07/0) (v s (uy/v1) - (vg 5 (g /vq))

3. 1 headed by a rule symbol. Then p = AZ.0 41 .. . . Since p and v are coinitial, the
head of v can be either ¢ or a rule symbol g. We consider two subcases:

3.1 v headed by a constant. Then the proof of this case proceeds similarly as the proof
for the symmetric case when the head of p is a constant and the head of v is a
rule symbol.

3.2 v headed by a rule symbol. Then by orthogonality v = AZ.ov; ...v,. Proceeding
similarly as for case [I], we have that:

ws v/ AE.(0/(0/0)) (15 (Wi/p1)) - (kn 5 (Vn/1in))
v (u/v) AE.(0/(0/0)) (15 (u1/v1)) -+ - (Vn 5 (pn/vn))

By IH we have that p; 5 (v;/pi) = v 5 (ui/v;) for all 1 < i < n, so:

~
~
~
~

M. (o/(e/0)) (15 (v1/p1)) + - (kn 5 (Vn/1in)
~ AZ.(o/(e/0)) (v15 (ua/v1)) .- (vn 5 (bn/vn))

» Lemma 158 (Rewrite permutation). If p,o are coinitial flat rewrites then:
pi(a/p)~as(p/o)

Proof. We proceed by induction on p:
1. Multistep, p = u. To prove p; (o/pn) ~ o 5 (u/o) we proceed by a nested induction on
o:

1.1 Multistep, 0 = v. By Lem. [157] we have that p 5 (v/p) ~ v ; (u/v). By Th
this implies that u° 3 (v/p)” ~ 1”5 (u/v)?. But p and v are flat, and by Prop. we
know that u/v = (u/v)’” and v/p = (v/p)°. Hence u 3 (v/p) ~ v 3 (u/v).

1.2 Composition, o0 = 01 ; 02. To alleviate the notation, we work implicitly modulo the
~-Assoc rule. Note that:

pi((o1502)/p) = s (o1/w) 5 (o2/(pw/o1))
~ o1 (p/o1); (o2/(n/o1)) by IH
~ o1302;5((u/o1)/o9) by IH
= 015025 (u/(01502))

2. Composition, p = p; 5 p2. To alleviate the notation, we work implicitly modulo the
~-Assoc rule. Note that:

prsp2s(a/(prsp2)) = p1sp2;((a/p1)/p2)
~ p1;(a/p1); (p2/(o/p1)) by IH
~ o;(pi/o);(p2/(c/p1)) by IH
= 05 ((p13p2)/0) by Lem. [14§]
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G Projection for Arbitrary Rewrites

In this subsection we prove properties of the generalized projection operator.

» Lemma 159 (Projection of abstraction). The following hold:

1. If p is a flat multistep and p is a coinitial flat rewrite, then (Az.p)’ /& (Az.p)® = (Ax.(u /*
p)).

2. If p is a flat rewrite and p is a coinitial flat multistep, then (\z.p)* /2 (Az.p)’” = (Mx.(p /2
)’

3. If p,o are coinitial flat rewrites, then (M\x.p)® /> (\z.0)* = (\z.(p /2 0))".

Proof. We prove each item separately:
1. We proceed by induction on p:
1.1 If p = v, then:

Az.p)® /Y (Azv)? ( /(Az.v)” by definition
((Az.p)/(Az.v))’ by Prop. [[42]
(Az.(p/v))° by Prop. [142]
(Az.(u /P v))’ by definition

1.2 If p = p1 5 p2, then:

Az.p)” /* O (prs p2)) = Q) /T (Azp1)” 5 (Aa.p2)’) by Prop. fg
= (Oz.p) /M Ax.p1)?) /P (A\z.p2)’ by definition
= (z(p /' p1)) /[t (a.p2) by TH
= (/" p) /M p2)) by IH

Az (i /" (p1 5 p2)))° by definition
2. We proceed by induction on p:
2.1 If p = v, then:
A\z.v)’ /2 Az.p)® = (Az.v)’/(Az.p)’ by definition

= (az.(v/wp)° by Prop. [142]
= (\z.(v/?p))” by definition

2.2 If p = p1 ; p2, then:

(Az.(p1 5 p2))” /? (M’ p)’

((Az.pob () /2 (A by Prop. [
= (el /2 Oen)) s (Mwpe) /2 (Mo [ (py)?)) by definition
= ((A\z.py)” /? ()\x 1)) 5 (Az.p2)® /2 Ma.(p /Y p1))?) by item 1 of this lemma
= Oadon 2 0) s Oalon /2 (1) o)) by TH
= Oallp 205 (0 2 (0 [ )Y by Prop. [0

(Az.((p1 5 p2) /2 1)) by definition

3. We proceed by induction on o:
3.1 If 0 = p, then:
Az.p)® /2 Az.p)® = (Az.p)® /2 (M)’ by definition
= (Oa.(p /) by item 2 of this lemma
= (Oa.(p /2 ) by definition
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3.2 If 0 = 01 § 09, then:

(Az.p)” /> (Az.(o1 5 ; 02))’
Me.p)® /3 (Az.o1)’ 5 (\z.09)") by Prop.
()\x p) /3 ()\x a1)’) /3 ()\x 02)” by definition

I
A~ N N N~

>¢

)

~

w

Q

—

~—

—

~

w

—~

Az.02)° by IH
= Asa((p [P o1) [P oa)) by TH
Me.(p /3 (015 02)))° by definition

Lemma 160 (Projection of application). The following hold:
If w1, po are flat multisteps and p1, p2 are flat rewrites such that py and py are coinitial

and po and py are coinitial, then (p p2)’ /" (prp2)” = (1 /* p1) (2 /" p2))’
2. If p1, p2 are flat rewrites and 1, po are flat multisteps such that p1 and py are coinitial

and py and iy are coinitial, then (py p2)° /2 (i pi2)” = ((p1 /2 1) (p2 /? 112)).
3. If p1,p2,01,02 are flat rewrites such that p1 and o1 are coinitial and py and o9 are

coinitial, then (p; pz)b /3 (o1 Uz)b =((p1 /2 o1) (p2 ? 02))b.

Proof. We prove each item separately:

-V

1. Using the fact that Dy s strongly normalizing (Prop. , we proceed by induction on the

length of the longest reduction p; po Dy (p1 pg)", considering four cases, depending on
whether each of p; and ps is a multistep or a composition:
1.1 If both are multisteps, 7.e. p;1 = v; and ps = vg:

(g /L vl = (o o) /(v 2’ by definition
= ((p p2)/(v1 1)) by Prop.
= ((m/m1) (n2/v2))’ by Prop.
= ((u1 /" 1) (o /P 1))* by definition

1.2 If p; = 11 is a multistep and py = po1 § p22 iS & sequence:

(1 p2)” /* (1 (p21 5 pa2))’

p1 pi2)” /(1 p21)b 5 (V1% pa2)”) by Prop.
(1 Mz) /(i P21) ) /! ( v pzz) by definition
(pa /M on) (2 /* p2r)) /! (Vigtp 2)’ by TH
((WaARZY /1 vi®) (2 /' p21) /1 p22))” by TH

(1 /M (15 0%) (2 /Y (p21 5 p22))) by definition
(/1

(

(v1500) (2 /* (p21 5 p22)))’ by Prop.
251 / v1)) (p2 / (p21 3 P22)))b by Prop. since v ; 1/1> ~ 1

To justify that the ITH may be applied, note that v (p21 5 p22) »i> (v1p21) 3 (u}gt 022).
1.3 If p; = p11 3 p12 is a sequence and ps = 15 is a multistep, the proof is similar as for

(
(
(
(
(
(
(

the previous case.
1.4 If both are sequences, i.e. p1 = p11 § p12 and ps = pa1 § P22:

(1 Hz)b /1 ((p11 3 p12) (P21 3 P22))b
(1 p2)” /* (((p1a ;P12)P‘3rf))b 5 (035 (p21 5 p22))") by Prop. [96]
= ((pp2)’ /* ((p11 5 p12) P55))°) /1 (P15 (p21 5 p22)) by definition
= (1 /* (115 p12) (p2 /P p35))° /* (035 (p21 5 p22)) by IH
= (1 /M (115 p12)) /1 i) ((p2 /M P55) /* (p21 5 p22)))° by IH
= (1 /* ((p11 5 p12) 3 P12)) (p2 /2 (055 5 (par 5 p22)))) by definition
= ((1 /* (115 p12) 5 P%2)) (p2 /" (P35 (P21 ;Pzz))))b by Prop. [96]
(/Y (115 p12)) (p2 /* (p21 5 p22)))° by Prop. [153]



P. Barenbaum and E. Bonelli 11:89

To justify that the IH may be applied, note that (p11 5 p12) (p21 3 p22) A (p11 3 p12) PIT 3

08 (pa1 p22). To justify the last equality, note that (p11 ; p12) 5 Pl ~ p11 3 p12 and
<. . .

P21 3 (,021 H ,022) ~ P21 3 P22

2. Using the fact that D is strongly normalizing (Prop. , we proceed by induction on the

length of the longest reduction p; po 2y (p1 p2)’, considering four cases, depending on
whether each of p; and ps is a multistep or a composition:

2.1 If both are multisteps, i.e. p; = v1 and ps = vy:

vi o)’/ (1 pi2)’ by definition

) 2 () = (v
(i 2)/(mps2) by Prop.
(
(

(v /1) (v2/p2))’ by Prop.
(v1 /% 1) (va /? p2))’ by definition

2.2 If p; = v1 as a multistep and py = po1 5 p2o is a sequence:

(v1 (p21 3 Pzz)) / (k1 pr2)
= ((v1p21) 5 (A pa2) )/ (p1 p2)’
by Prop. [96]
= (11 p21)" [ (pap2)’) 5 (15 pa2) /2 ((pa p2)” /* (v1p21)"))
by definition
= ((v1p21)" /2 (p1112)°) 5 (V% pa2)” /2 (1 /1 1) (2 /* p21)))

by item 1. of this lemma

= (1 /2 ) (p21 /? 12))" 5 (V" /2 (pa /P 1)) (p22 /2 (p2 /* 1))

by IH

= (1 /2 ) (p21 /? 12))" 5 (11 /% p2)*® (p22 /2 (p2 /* p21)))
by (x))

= ((v1 /2 1) ((p21 /2 p2) 5 (p2z /% (2 /P p21))))°
by Prop. [96]

= ((n /2 p1) ((p21 5 paz) /2 Mz))b

by definition

To justify that the IH may be applied, note that vy (p21 3 p22) AN (v1p21) 3 (I/;gt p22).
To justify the (x) step, note that:

(V% 2 (o))
(oo 2 ([P ). ) by Prop. [96]

= (oo(ua /Po) 2 (Ml/lyl)---)b

= (o SPe)”) by Lem. [T49]

= (. Pu)”.) by Lem. [I57 and Lem. [52]
(N CZWANT - by Prop. [96]

2.3 If p1 = p11 5 p12 as a sequence and py = Vo is a multistep, the proof is similar as for
the previous case.

2.4 If both are sequences, i.e. p1 = p11 3 p12 and py = pa1 5 paz, let s = ((p21 3 p22) /?

CSL 2023
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(n2 /1 p35))" and t = ((p11 3 p12) /% p1)'®; then:

((p11 5 p12) (P21 3 P22))b /2 (1 H2)b
= (((p113 P12) P5))" 5 (P15 (P21 5 p22))") /2 (pa p12)’
by Prop. [96]
= (((p11 5 p12) P55)° /% (1 112)°) 5 (P35 (p21 5 p22))° /2 ((pa p2)” /' ((p11 5 p12) p55)°))
by definition

= (((p11 5 p12) PEE)° /% (1 112)°) 5 (P15 (P21 3 p22))° /2 ((pa /* (p11 s pr2)) (2 /P p55))°)
by item 1. of this lemma

= (((pr1 3 p12) /2 1) (55 /2 12))” 5 (P15 /2 (ua /* (p11 5 p12))) ((p21 5 paz) /2 (2 /' P55)))
by TH
= (((pr15p12) /? 1) 9)° 5 (PS5 /2 (p1 /* (p11 5 p12))) ((p21 5 p22) /2 (p2 /* P5E)))°
by (1)
= (((p11 3 p12) /2 111) 8)° 5 (£ ((p21 5 p22) /% (p2 /* p5E)))°
by (x2)
= (((p11 5 p12) CM)((Pm 5 p22) /2 (w2 /* p35)))°
by Prop. |96
= (((p115 pr2) /? 1) ((p21 5 pa2) /? p2))’
by (x2)

To justify the (%1) step, note that:

(opSF ) = (N e by Prop. [06]
(iR )
= (..pu5..) by Prop. [142]
= (op2 /P o)™ ) by Prop. [142]
= (e /D by Prop. [7G
= (- ((p21 5 p22) /7 (p2 /M p5E))Y-)
= g . ((921) s paz) /2 (p2 /' p3F))€...)" by Prop.
To justify the (x2) step, note that:
(- P12/ (11 /M (p115 p12))) - )
(coepBo /2 (/M (115 p12))) )" by Prop. [[42]
= (ool /M (pr1s p12))* /2 (1 /' (115 p12)))--.)" by Prop. [142]
= (- (/" (115 pr2))” - )b by Prop. [[42]
= (..((prrspr2) 2 )™ ...) by Lem. [I57] and Lem. [52]
= E -((Pl;bE p12) /* p)E L) by Prop. [96]
= (...t...

To justify the (x3) step, note that:

(coopz /T p3s..) (...p2/p%s...)" by definition
= (...p2/p...)> by Prop. [142] since po and po; are coinitial
= (... by Prop. [142]
(copa...) by Prop. [96]

To justify that the IH may be applied, note that (p11 5 p12) (p21 3 p22) Dy (p11 5 p12) P35
tgt
P13 (P21 pa2).
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3. Using the fact that LAEN strongly normalizing (Prop. , we proceed by induction on the

length of the longest reduction oy o9 Ly (o1 02)", considering four cases, depending on
whether each of o1 and o9 is a multistep or a composition:
3.1 If both are multisteps, i.e. 01 = pu1 and o9 = uo:

(prp2)” /* (pap2)” = (prp2)” /* (pp2)” by definition
= ((p1 /% 1) (p2 /? p2))’ Dy item 2. of this lemma
= ((p1 /> 1) (p2 /* p2))’ by definition

3.2 If o3 = p1 is a multistep and g2 = 091 ; 022 IS a sequence:

p1 pz)b /3 (a (021 5 022))°

Plpz) /3 ((p 1021) ( t1 Uz)b) by Prop. [96]
= ((p1p2)’ /? (1o2)’) /3 (13 022)" by definition
= ((p1 /? 1) (p2 / 021)) /2 (i 22)” by TH

(
((pr /* pa) /3 #1 ) ((p2 /2 021) /® 022))" by IH

(o1 /2 (15 155) (p2 /2 (021 5 092)))" by definition

(o1 /3 (a5 1%)) (p2 /? (021 5 022)))° by Prop. [96]

(o1 /3 1) (p2 /2 (021 5 022)))" by Prop. since iy 5 pb ~ p1

N N N N N N N

To justify that the TH may be applied, note that py (021 5 022) AN (11, 091) 3 (;Ltlgtagg).
3.3 If o1 = 011 5 012 is a sequence and o9 = py is a multistep, the proof is similar as for
the previous case.

3.4 If both are sequences, i.e. 01 = 011 ; 012 and 09 = 091 § T99:

P1 02)b /3 ((0’11 5 012) (021 5022))b

p1p2)’ /2 (((o11 ;Ulz)ﬂirf)b 3 (015 (021 5 022))") by Prop. [06]

(p1p2)" /2 (011 5 012) 055)") /2 (Uizt (021 5 022))" by definition
(p1 /3‘ (0115 012)) (p2 /% 055))" /2 (015 (021 5 022))° by IH

((p1 /2 (0115 012)) /* 015) ((p2 /? 055) /2 (021 5 022)))" by IH

(p1 /2 ((011 5 012) 5 Utgt)) (p2 /? (05 5 (021 5 022)))) by definition
(p1 /2 (0115 012) 5 0%3)) (p2 /2 (0% 5 (021 5 022))))" by Prop. [96]

(p1 /3 (011 5 012)) (p2 /® (021 5 022)))° by Prop. [I55]

To justify that the TH may be applied, note that (o171 5 012) (021 ; 022) A (011 3
012) 05 5 018 (091 022). To justify the last equality, note that (011 5 012) 5 0% ~ 011 3
o12 and 05Y 5 (021 5 022) ~ 091 5 Taa.

<

Proposition 161 (Properties of projection for arbitrary rewrites).

>
1. (\2.p))(Az.0) &% Az.(p/o)

2. (p1p2)/)(o102) < P (p1/)/o1) (p2)o2), if p1,01 are coinitial and pa, 02 are coinitial.
3. pff(o1502) = (p)o1) /o2 and (p1 5 p2) /o = (p1/o) 5 (p2// (o p1))
4. pfp =~ p'e
5. Ifp=o thenT/)p="1)o and pj/T ~ c)T.
6. ps5(o)p)=0o;(pfo)

Proof. We prove each item separately:

CSL 2023
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1. Projection of abstraction:

Reductions in Higher-Order Rewriting and Their Equivalence

(A\z.p)J(\x.0) = (Az.p)’/(Ax.0)” by definition
= (\z.p")’/(A\z.0”)’ by Prop. g
= (Az.(p/o”)) by Lem. [I59]
& Ax(p’)ob)
= JAx.(p)o) by definition
2. Projection of application:
(prp2)/(0102) = (p1p2)/(0102) Dy definition
ef
= (ph6h)/(0h 03)" by Prop. [0
def
= ((p1/a}) (p3/03))" Dby Lem.
»
& (py/o3) (ph/o8)
= (p1)o1) (p2/o2) by definition
3. Projection of composition:
On one hand:
pf(o1;09) = p°/(65505) by definition
= (0°/d})/03
= (pflo1)/o5 by definition
= (pflo1)?/oy as pjloy is flat by construction
(pflo1)Joa Dby definition
On the other hand:
(p13p2) o = (p13p2) /0’ by definition
= (p}5p)/0
= (p1/0") 5 (p5/(0"/p}))
= (p/0) ;5 (p3/(c/p1)) by definition
= (p1)o); (p5/(c)p1)’) as a/p; is flat by construction
= (p1/9); (p2/(a/p1)) by definition
4. Self-erasure:
poflp = p’/p° by definition
~ ()" by Lem.
&{* tgt
p

It suffices to recall that flat permutation equivalence (~) and flattening (
included in permutation equivalence (~
. Congruence of projection: Let p ~ ¢. By Thm. this means that p” ~ o”. Then:

On one hand:

T)p = T°/p° by definition
= 7°/0* by Prop. 55
= 7/c by definition
On the other hand:
p/T = p°/m by definition
~ o”/r° by Prop. 55

o/t by definition

»L) are both

).
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6. Permutation:

p;(afp) = p3(a”/p’) by definition
b
=05 (00)p)
~ 0”3 (p’/a”) by Lem.[T5§
»
& o (0)o?)
= o3 (p)o) by definition

It suffices to recall that flat permutation equivalence (~) and flattening (r£>) are both
included in permutation equivalence (=2).

G.1 Characterization of empty multisteps

» Lemma 162 (Characterization of empty multisteps). Let p be a flat multistep. Then the

following are equivalent:

1. pis a term, ie. p=s.

2. There exists a term s such that p ~ s.

3. There exists a term s such that if . ~ p then there exists a composition context K such
that p = K(s,...,s).

4. There exists a term s such that if 4 ~ v then v = s.

Proof.

(1 = 2) Let pp = s. Then it is immediate as p ~ s.
(2 = 3) Let u ~ s and suppose that u ~ p. We claim that there is a composition
context K such that p = K(s,...,s). First, note that we have that s ~ p. This means that
there is a sequence of applications of the axioms defining flat permutation equivalence
such that s = pg ~ p1 ~ p2... ~ p, = p. We proceed by induction on n. If n =0, it is
trivial taking K := [J. For the inductive step, it suffices to show that if p; is of the form
pi = K(s,...,s) then p;y; is of the form p; =K'(s,...,s). The case for the ~-Assoc rule
is immediate. The interesting case is the ~-Perm rule. There are two subcases, depending
on whether the ~-Perm rule is applied forwards or backwards:

1. Forwards application of ~-Perm. That is, p; = S(s) and p; 1 = S(i} ; p}) where
S is a composition context and s < u; ; pe. Given that s has no rule symbols, it is
easy to check by induction on s that g3 = s and ps = s. This concludes the proof of
this case.

2. Backwards application of ~-Perm. That is, p; = S(s; s) and p;+1 = S{u1) where
W< po 5 pug and ug = ug = s. Note that uy is a flat multistep. To finish the proof, it
suffices to show that, uy = s = ps. This is implied by the following claim.

Claim. Let 1 < pup 5 p3 where pfy = ug = s for some term s. Then p; = pa = ps.
Proof of the claim. We proceed by induction on pq, following the characterization of
Ps-normal multisteps, There are three subcases, depending on the head of pq:

2.1 u; headed by a variable. Then u; = AZ.x 111 ... v1,. The judgment py < ps 3 ps
must be derived by a number of applications of the SAbs rule, followed by n
applications of the SApp rule, followed by an application of the SVar rule. Hence
o = AT Vo ..., and ugz = AZ.x V31 ... V3,, where moreover vy; < vo; 5 v3; for
all 1 <i < mn. Since pb = pf then also pj; = pf; for all 1 <4 < n, and moreover
ph; must be a term (7.e. without occurrences of rule symbols), for otherwise there
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would be a rule symbol in 3. Then by IH we have that pf, = ub, = uj; for all
1 <i < n. This concludes the proof.

2.2 u; headed by a constant. Similar to the previous case, when p; is headed by a
variable.

2.3 u; headed by a rule symbol. We argue that this case is impossible. Indeed, if
w1 is of the form AZ.pvqy ... 11, then the judgment py < us 5 s must be derived
by a number of applications of the SAbs rule, followed by n applications of the
SApp rule, followed by an application of either SRuleL or SRuleR at the head. If the
judgment is derived by an application of SRuleL at the head, then we have that
fo = AT.0V1 ... V9, and 3 = AT.0% 131 ... 3, and moreover that p1; < fo; 5 p3s
for all 1 < ¢ < n. But this is impossible, given that ug would contain a rule symbol,
contradicting the fact that p3 = s. Using a similar argument, we note that the
judgment cannot be derived by an application of the SRuleR rule at the head.

(3 = 4) Suppose that there exists a term s such that if g ~ p then p is of the form

p = K(s,...,s). Moreover, suppose that u ~ v. Then by hypothesis ¥ must be of the

form K(s,...,s). Since v is a multistep, containing no compositions, then k(=)0 and

indeed v = s.

(4 = 1) Suppose that there exists a term s such that if g ~ v then v = s. Then in

particular, since p ~ u, we have that y = s.

<

» Definition 163 (Empty multistep). A multistep p is said to be empty if u = s for some
term s, i.e. if it does not contain rule symbols. Note that, when u is flat, this condition is

equivalent to any/all of the conditions in Lem. .

» Remark 164. Even if p’ is empty, p is not necessarily empty. For example, (A\z.c) g is

non-empty, but its s-normal form is ¢, which is empty.
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